
Quantum Field Theory Problems
Alec Lau

Question 1. Consider the space D of continuously differentiable complex-valued functions f on

[0,1]. Consider the operator A on L2([0, 1]) with domain D, defined by A(f) = if ′. Is A symmetric?

What happens if one considers instead the domain Dα := {f ∈ D : f(1) = αf(0)}, where α is a

complex number with modulus 1? Written by Prof. Sourav Chatterjee.

Proof. We want to check if 〈Aψ|ϕ〉 = 〈ψ|Aϕ〉. This gives us 〈iψ′|ϕ〉, 〈ψ|iϕ′〉. Rewriting our bra-kets

into integrals, we have
∫ 1

0
(iψ′)∗ϕdx,

∫ 1

0
ψ∗iϕ′dx. Evaluating the former, we have

∫ 1

0
(iψ′)∗ϕdx =∫ 1

0
(−i)ψ′∗ϕdx = [−iψ∗ϕ]10 −

∫ 1

0
(−i)ψ∗ϕ′dx) 6=

∫ 1

0
iψ∗ϕ′dx. Thus, on this general a domain, A is

not symmetric.

If instead our domain is Dα, then, evaluating the same integral, we have
∫ 1

0
(iψ′)∗ϕdx =

[−iψ∗ϕ]10 −
∫ 1

0
(−i)ψ∗ϕ′dx = [−iψ∗(1)ϕ(1) + iψ∗(0)ϕ(0)] +

∫ 1

0
iψ∗ϕ′dx. Computing the first term,

we have [−i(αψ(0))∗αϕ(0) + iψ∗(0)ϕ(0)] = [−iα∗αψ∗(0)ϕ(0) + iψ(0)ϕ(0)] = (1−α∗α)iψ∗(0)ϕ(0).

Since α has modulus 1, α∗α = 1, and this term becomes zero and hence
∫ 1

0
(Aψ)∗ϕdx =

∫ 1

0
ψ∗Aϕ,

so A becomes symmetric on this domain.

Question 2. Recall the definition of the manifold Xm, the measure λm on Xm, and the Hilbert

space H = L2(Xm, dλm). Recall also the operator valued distributions a(p) and a†(p) on the bosonic

Fock space of H. Finally, recall the definitions of a(p) and a†(p). Assuming the commutation

relations for a(p) and a†(p) as given, prove that

[a(p), a†(p′)] = (2π)3δ(3)(p− p′)1

where 1 is the identity operator on the Fock space. Written by Prof. Sourav Chatterjee.

Proof. Integrating this operator in Schwartz space, we have
∫ ∫

d3p′

(2π)3
d3p
(2π)3 f(p)∗g(p′)[a(p), a†(p′)].

Since a(p) = a(p)√
2wp

, a†(p′) = a†(p′)√
2wp′

, we can conclude [a(p), a†(p′)] = 1√
4wpwp′

[a(p), a†(p′)]. The

first expression then becomes
∫ ∫

d3p
(2π)3

d3p
(2π)3

1√
4wpwp′

f(p)∗g(p′)[a(p), a†(p′)]. We know from the

notes that [a(p), a†(p′)] = δ(p − p′)1. We want to integrate this on our mass shell with respect

to our probability measure in order to apply our useful distribution. Since
∫
Xm

dλm(p)f(p) =∫
R3

d3p
(2π)3

1
2wp

f(wp,p), we have the equality
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∫ ∫
d3p
(2π)3

d3p′

(2π)3
1√

4wpwp′
f(p)∗g(p′)[a(p), a†(p′)] =∫ ∫

dλm(p)dλm(p′)
√

4wpwp′f(p)∗g(p′)[a(p), a†(p′)]

Integrating once, we find this is equal to
∫
dλm(p)

√
4w2

pf(p)∗g(p)1 =
∫
dλm(p)2wpf(p)∗g(p)1.

Going back to integrating over momentum space, we find that this is equal to
∫

d3p
(2π)3 f(p)∗g(p)1,

where 1 is the identity operator on our Fock space.

Now we consider
∫ ∫

d3p
(2π)3

d3p′

(2π)3 f(p)∗g(p′)(2π)3δ(3)(p−p′)1. Integrating once, we find this gives

us
∫

d3p
(2π)3 f(p)∗g(p)1, the exact result (up to a set of measure zero) as our original commutator.

Thus, [a(p), a†(p′)] = (2π)3δ(3)(p− p′).

Question 3. Consider the theory for massive scalar bosons of mass m. Let ϕ be the free field of

this theory, and let H0 be the Hamiltonian for free evolution. Give a formal proof of the relation

∂ϕ

∂t
= i[H0, ϕ]

Written by Prof. Sourav Chatterjee.

Proof. Suppose we have a Schwartz function f . Then, since H0 =
∫
R3

d3p
(2π)3wpa

†(p)a(p) and

ϕ(f) =
∫
R1,3 dx

4f(x)
∫
R3

d3p′

(2π)3
1√
2wp′

(e−i(x,p)a(p′) + ei(x,p)a†(p′)), we have

(H0ϕ)(f) =
∫
R3

d3p
(2π)3wpa

†(p)a(p)
∫
R1,3 dx

4f(x)
∫
R3

d3p′

(2π)3
1√
2wp′

(e−i(x,p)a(p′ + ei(x,p)a†(p′),

(ϕH0)(f) =
∫
R1,3 dx

4f(x)
∫
R3

d3p′

(2π)3
1√
2wp′

(e−i(x,p)a(p′ + ei(x,p)a†(p′)
∫
R3

d3p
(2π)3wpa

†(p)a(p)

Thus we have

[H0, ϕ](f) =
∫
R1,3 dx

4f(x)
∫
R3

∫
R3

d3p
(2π)3

d3p′

(2π)3
wp√
2wp′

A, where

A =

a†(p)a(p)e−i(x,p)a(p′) + a†(p)a(p)ei(x,p
′)a†(p′)− e−i(x,p′)a(p′)a†(p)a(p)− ei(x,p′)a†(p′)a†(p)a(p)

Factoring out scalars, we have

A = e−i(x,p
′)(a†(p)a(p)a(p′))− a(p′)a†(p)a(p) + ei(x,p

′)(a†(p)a(p)a†(p′)− a†(p′)a†(p)a(p))

Because [a(p), a(p′)] = 0 and [a†(p), a†(p′)] = 0, this is equal to

e−i(x,p
′)(a†(p)a(p′)a(p)− a(p′)a†(p)a(p)) + ei(x,p

′)(a†(p)a(p)a†(p′)− a†(p)a†(p′)a(p))

= e−i(x,p
′)[a†(p), a(p′)]a(p) + ei(x,p

′)a†(p)[a(p), a†(p′)]
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We know from the previous problem that [a(p), a†(p′)] = (2π)3δ(3)(p − p′). Also, notice that

[A,B] = AB −BA = (−1)(BA−AB) = −[B,A]. Thus, A becomes

e−i(x,p
′)(−1)(2π)3δ(3)(p− p′)a(p) + ei(x,p

′)a†(2π)3δ(3)(p− p′)

= (2π)3δ(3)(p− p′)(ei(x,p
′)a†(p)− e−i(x,p′)a(p))

Now, with this helpful rearrangement, we have [H0, ϕ](f) =

∫
R1,3 dx

4f(x)
∫
R3

∫
R3

d3p
(2π)3

d3p′

(2π)3
wp√
2wp′

(2π)3δ(3)(p− p′)(ei(x,p
′)a†(p)− e−i(x,p′)a(p))

=
∫
R1,3 dx

4f(x)
∫
R3

d3p
(2π)3

wp√
2wp

(ei(x,p)a†(p)− e−i(x,p)a(p))

Let’s take the time derivative of ϕ(f) and see what we get. Notice that (x, p) = twp +x ·p, so the

time derivative of e±i(x,p) = ±iwpe
±i(x,p). Thus, ∂ϕ∂t =

∫
R1,3 dx

4f(x)
∫
R3

d3p′

(2π)3
iwp′√
2wp′

(−e−i(x,p)a(p′)+

ei(x,p)a†(p′)). This is simply i times the previous expression we derived form the commutator.

Thus, ∂ϕ∂t = i[H0, ϕ], up to a set of measure zero.

Question 4. In ϕ4 field theory, compute the first order term in the perturbative expansion of the

scattering amplitude

〈p2,p3,p4|S|p1〉

Written by Prof. Sourav Chatterjee.

Proof. In a first order Dyson series expansion of S gives us 1 − ig
4!

∫
R d

4x : ϕ(x)4 : +O(g2). We

then have

〈p2,p3,p4|S|p1〉 = 〈p2,p3,p4|p1〉 − ig
4!

∫
R d

4x〈p2,p3,p4| : ϕ(x)4 : |p1〉+O(g2)

= 〈p2,p3,p4|p1〉 − ig
4!

∫
R d

4x〈0|a(p2)a(p3)a(p4) : ϕ(x)4 : a†(p1)|0〉+O(g2)

For the first term, we notice that 〈p2,p3,p4|p1〉 = 〈0|a(p2)a(p3)a(p4)a†(p1)|0〉. Applying the

first two operators we get either ground state back if p1 = p4 or 0 if not. Annihilating the ground

state with the third operator, we get 0, so in both cases 〈p2,p3,p4|p1〉 = 0. Focusing on the

integrand, we recall the following useful rules: 〈0|a(p)ϕ(x)|0〉 = ei(x,p)√
2wp

, 〈0|ϕ(x)a†(p)|0〉 = e−i(x,p)√
2wp

.

〈0|a(p2)a(p3)a(p4) : ϕ(x)4 : a†(p1)|0〉 = 〈0|a(p2)ϕ(x)|0〉〈0|a(p3)ϕ(x)|0〉〈0|a(p4)ϕ(x)|0〉〈0|a†(p1)ϕ(x)|0〉.

This expression is equal to (ei(x,p2+p3+p4−p1))/(
√

16wp2wp3wp4wp1) for each suitable contraction

diagram. Since the scattering involves 1 incoming particle and three outgoing particles, we want
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to consider all contraction diagrams of the "four all connected to the center ϕ(x) operator"-shape.

The ϕ(x)4 operator has 4 tails, to which the incoming and outgoing particles get connected. Since

there are 8 operators, there are (8 − 1)!! diagrams, and 4! diagrams of this type. Thus we

have 4! (ei(x,p2+p3+p4−p1))/(
√

16wp2wp3wp4wp1) terms. Sticking these back into our integral and

integrating, we get (− ig4! (4!)(2π)4δ(4)(p2 + p3 + p4 − p1))/(
√

16wp2wp3wp4wp1). Thus we have

〈p2,p3,p4|S|p1〉 = (−ig(2π)4δ(4)(p2 + p3 + p4 − p1))/(
√

16wp2wp3wp4wp1) +O(g2).

Question 5. 1. Derive Maxwell’s equations as the Euler-Lagrange equations of the action

S =

∫
d4x(−1

4
FµνF

µν), Fµν = ∂µAν − ∂νAµ,

treating the components Aµ(x) as the dynamical variables. Write the equations in standard

from by identifying Ei = −F 0i and εijkBk = −F ij. Construct the energy-momentum tensor

for this theory.

2. Construct the energy-momentum tensor for this theory. Note that the usual procedure does

not result in a symmetric tensor. To remedy that, we can add to Tµν a term of the form

∂λK
λµν , where Kλµν is antisymmetric in its first two indices. Such an object is automatically

divergenceless, so

T̂µν = Tµν + ∂λK
λµν

is an equally good energy-momentum tensor with the same globally conserved energy and

momentum. Show that this construction, with

Kλµν = FµλAν ,

leads to an energy-momentum tensor T̂ that is symmetric and yields the standard formulae

for the electromagnetic energy and momentum densities:

E =
1

2
(E2 +B2);S = E ×B
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Peskin & Schroeder 2.1.

Proof. 1. Let’s first calculate Fµν . Given our identification with Ei and Bi, we have

Fµν =



0 −Ex −Ey −Ez

Ex 0 −Bz By

Ey Bz 0 −Bx

Ez −By Bx 0


Treating Aν as our dynamical variables, we take

∂µ(
∂L

∂(∂µAν)
)− ∂L

∂Aν
= 0

∂µ
∂

∂(∂µAν)
[−1

4
(∂µAν − ∂νAµ)(∂µAν − ∂νAµ)] = 0

∂µ
∂

∂(∂µAν)
[−1

4
(2∂µAν∂µAν − 2∂νAµ∂µAν)] = 0

∂µ[−1

4
(4∂µAν − 4∂νAµ)] = 0

∂µF
µν = 0

With the identification F 0i = −Ei, F ij = −εijkBk, we have −∂E∂t − ∂iε
ijkBk = 0. Because I

always forget the Levi-Civita symbols, we recall that

εijk∂jvk = (∇× v)i

and thus −∂E∂t + εjik∂iB
k = 0, or

∇×B =
∂E

∂t
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2. With this construction, we have

T̂µν = Tµν + ∂λK
λµν

=
∂L

∂(∂µAγ)
∂νAγ − Lδµν + ∂λF

µλAν

= −Fµγ∂νAγ +
1

4
FµνF

µνgµν + ∂λ(FµλAν)

= Fµι(∂ιA
ν − ∂νAι) +

1

4
FµνF

µνgµν − ∂λFλµAν

= FµιF νι +
1

4
FµνF

µνgµν − (0)Aν

This is now a viable energy-momentum tensor. We now ˆT 00 and T̂ 0i:

ˆT 00 = F 0ιF 0
ι +

1

4
FµνF

µν

= EιEι +
1

4
FµνF

µν

We then have

〈, 〉 = tr(FµνFµν) =



1

−1

−1

−1





0 −Ex −Ey −Ez

Ex 0 −Bz By

Ey Bz 0 −Bx

EZ −By Bx 0





0 −Ex −Ey −Ez

Ex 0 −Bz By

Ey Bz 0 −Bx

EZ −By Bx 0



= tr(



−E2

−E2
x +B2

z +B2
y

−E2
y +B2

z +B2
x

−E2
z +B2

x +B2
y



This is equal to 2(B2 − E2). Thus we have that ˆTµν = E2 + 1
42(B2 − E2) = 1

2 (E2 +B2).

For T̂ 0i, we have

T̂ 0i = F 0jF ij +
1

2
(B2 − E2)g0i

= EjεjikB
kgmi +

1

2
(B2 − E2)g0i

= E×B = S
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Question 6. Consider the the field theory of a complex-valued scalar field obeying the Klein-Gordon

equation. The action of this theory is

S =

∫
d4x(∂µφ

∗∂µφ−m2φ∗φ)

(a) Find the conjugate momenta to φ(x), φ∗(x) and the canonical commutation relations. Show

that the Hamiltonian is

H =

∫
d3x(π∗π +∇φ∗ · ∇φ+m2φ∗φ)

Compute the Heisenberg equation of motion for φ(x) and show that it is indeed the Klein-

Gordon equation.

(b) Diagonlize H by introducing creation and annihilation operators. Show that the theory con-

tains two sets of particles of mass m.

(c) Rewrite the conserved charge

Q =

∫
d3x

i

2
(φ∗π∗ − πφ)

in terms of creation and annihilation operators, and evaluate the charge of the particles of

each type.

(d) Consider the case of two complex Klein-Gordon fields with the same mass. Label the fields

as φa(x), where a = 1,2. Show that there are now four conserved charges, one given by the

generalization of part (c), and the other three given by

Qi =

∫
d3x

i

2
(φ∗a(σi)abπ

∗
b − πa(σi)abφb)

where σi are the Pauli sigma matrices. Show that these three charges have the commutation

relations of angular momentum (SU(2)). Generalize these results to the case of n identical

complex scalar fields.
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Peskin & Schroeder, 2.2.

Proof. (a) We have that p(x) = ∂L
∂φ̇(x)

= ∂
∂φ̇(x)

∫
d4x(∂µφ

∗∂µφ−m2φ∗φ) = ∂
∂φ̇(x)

∫
d4x(∂µφ

∗gµν ∂
νφ−

m2φ∗φ) = ∂
∂φ̇(x)

∫
d4x(∂φ

∗

∂t
∂φ
∂t −∇φ

∗ ·∇φ−m2φ∗φ) = ∂
∂φ̇(x)

∫
d4x(φ̇∗φ̇−∇φ∗ ·∇φ−m2φ∗φ).

Thus, π = φ̇∗. Similarly, π∗ = φ̇. Since φ, φ∗ are the dynamical variables, the canonical

commutation relations are

[φ(x), π(y)] = [φ∗(x), π∗(y)] = iδ(3)(x− y),

[φ(x), φ(y)] = [φ∗(x), φ∗(y)] = [π(x), π(y)] = [π∗(x), π∗(y)] = 0

from quantization of the Klein-Gordon field given in the textbook. Given the equation for

the Hamiltonian, we have

H =

∫
d3x[

∑
a,b

πi(x)φ̇i(x)− L]

=

∫
d3x[π∗φ̇∗ + πφ̇− L]

=

∫
d3x[φ̇φ̇∗ + φ̇∗φ̇− L]

=

∫
d3x[2φ̇φ̇∗ − φ̇φ̇∗ +∇φ · ∇φ∗ +m2φ∗φ]

=

∫
d3x[φ̇φ̇∗ +∇φ · ∇φ∗ +m2φ∗φ]

=

∫
d3x[π∗π +∇φ · ∇φ∗ +m2φ∗φ]
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We want to compute i∂φ∂t via the Heisenberg Equation of Motion, so we calculate [φ,H].

i
∂φ

∂t
= [φ,H]

= [φ(x′),

∫
d3x(π∗π +∇φ∗ · ∇φ+m2φ∗φ)]

=

∫
d3x[φ(x′), π∗π +∇φ∗ · ∇φ+m2φ∗φ]

=

∫
d3x([φ(x′), π∗π] + [φ,∇φ∗ · ∇φ] +m2[φ, φ∗φ])

=

∫
d3xδ(3)(x′ − x)iπ∗(x)

= iπ∗(x)

i
∂π∗

∂t
= [π∗, H]

= [π∗(x′),

∫
d3x(π∗π +∇φ∗ · ∇φ+m2φ∗φ)]

=

∫
d3x[π∗(x′), π∗π +∇φ∗ · ∇φ+m2φ∗φ]

(integrating by parts) =

∫
d3x([π∗(x′), π∗π] + [π∗(x′), φ∗(−∇2 +m2)φ])

=

∫
d3xδ(3)(x′ − x)(−i)(−∇2 +m2)φ(x)

= i(∇2 −m2)φ

Since i∂φ∂t = iπ∗ and i∂π
∗

∂t = i(∇2 −m2)φ, so ∂2φ
∂t2 = (∇2 −m2)φ, which is the Klein-Gordon

equation.

(b) Since φ satisfies the Klein-Gordon equation, and, in the same way, so does φ∗, we take the

Fourier transform to gain more insight into ∇2φ:

φ(x) =

∫
d3p

(2π)3
eip·xφ(p)⇒

[
∂2

∂t2
+ (p2 +m2)]φ(p) = 0, [

∂2

∂t2
+ (p2 +m2)]φ∗(p) = 0

We write φ in terms of two real valued scalar free fields ψ1, ψ2, of which we already know the

theory:

φ =
ψ1 + iψ2√

2
, φ∗ =

ψ1 − iψ2√
2
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Since ψ1, ψ2 are independent free fields, both must satisfy the harmonic oscillator equation:

1√
2
[ ∂

2

∂t2 + (p2 +m2)]ψ1 = 0, ±i√
2
[ ∂

2

∂t2 + (p2 +m2)]ψ2 = 0⇒

[ ∂
2

∂t2 + (p2 +m2)]ψ1 = 0, [ ∂
2

∂t2 + (p2 +m2)]ψ2 = 0⇒

ω1 =
√
p21 +m2, ω2 =

√
p22 +m2

Since the frequencies of the oscillators have independent momentums and φ is not hermitian,

we create two different creation and annihilation operators:

ai =

√
ωi
2
qi +

i√
2ωi

pi, a
†
i =

√
ωi
2
qi −

i√
2ωi

pi, i ∈ {1, 2}

where q1 = φ, q2 = φ∗, p1 = π, p2 = π∗, with the notation in the spirit of Peskin and

Schroeder. These creation operators, given their frequencies, represent creating two different

particles with mass m. From the theory of a real-valued scalar free field, we know that

φ =

∫
d3p

(2π)3
1√
2ωp

(a1(p)eip·x + a†2(p)e−ip·x)

φ∗ =

∫
d3p

(2π)3
1√
2ωp

(a†1(p)e−ip·x + a2(p)eip·x)

The two different operators ensure that φ is not hermitian. From above we know that

π = φ̇∗, π∗ = φ̇, and, using our real-valued scalar free field as reference, we have

π =

∫
d3p

(2π)3
i

√
ωp

2
(a†1(p)e−ip·x − a2(p)eip·x)

π∗ =

∫
d3p

(2π)3
(−i)

√
ωp

2
(a1(p)eip·x − a†2(p)e−ip·x)
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Finally, we rewrite our Hamiltonian in terms of our operators:

H =

∫
d3x(π∗π +∇φ∗ · ∇φ+m2φ∗φ)

=

∫
d3x(

∫ ∫
d3pd3p′

(2π)6

√
ωpωp′

2
{a1(p)a†1(p′)ei(p−p

′)·x − a1(p)a2(p′)ei(p+p′)·x

− a†2(p)a†1(p′)e−i(p+p′)·x + a†2(p)a2(p′)ei(p
′−p)·x}

+

∫ ∫
d3pd3p′

(2π)6
1

2
√
ωpωp′

[−ipa†1(p)e−ip·x + ipa2(p)eip·x]

· [ip′a1(p′)eip
′·x − ip′a†2(p′)e−ip

′·x]

+m2

∫ ∫
d3pd3p′

(2π)6
1

2
√
ωpωp′

{a†1(p)a1(p′)ei(p
′−p)·x + a†1(p)a†2(p′)e−i(p+p′)·x

+ a2(p)a1(p′)ei(p+p′)·x + a2(p)a†2(p′)ei(p−p
′)·x})

=

∫
d3p

(2π)3
(
ωp

2
{a1(p)a†1(p)− a1(p)a2(−p)− a†2(p)a†1(−p) + a†2(p)a2(p)}

+
p2

2ωp
{a†1(p)a1(p) + a†1(p)a†2(−p) + a2(p)a1(−p) + a2(p)a†2(p)}

+
m2

2ωp
{a†1(p)a1(p) + a†1(p)a†2(−p) + a2(p)a1(−p) + a2(p)a†2(p)})

=

∫
d3p

(2π)3
[
ωp

2
{a1(p)a†1(p)− a1(p)a2(−p)− a†2(p)a†1(−p) + a†2(p)a2(p)}

+
p2 +m2

2ωp
{a1(p)a†1(p) + a†1(p)a†2(−p) + a2(p)a1(−p) + a†2(p)a2(p)}]

where in (70) the middle two terms have a positive sign because we subtract p ·p′ = p · (−p).

Furthermore, since p 6= −p, we can commute our operators. Thus we have the Hamiltonian

as

H =

∫
d3p

(2π)3
ωp{a1a†1 + a2a

†
2}

Since this Hamiltonian is constructed purely out of constants and operators whose eigenvec-

tors are momentum eigenstates, our Hamiltonian is now diagonalized. The indices 1 and 2

represent the two particles of mass m.

(c) This is just plugging in our values for momentum and position and integrating, like the

11



previous problem. We have

Q =

∫
d3x

i

2
(φ∗π∗ − πφ)

=

∫
d3x

i

2

∫
d3p

∫
d3p′

1

(2π)6
1

2
[(−i)(a†1(p)e−ip·x + a2(p)eip·x)(a1(p′)eip

′·x − a†2(p′)e−ip
′·x)

− i(a†1(p)e−ip·x − a2(p)eip·x)(a1(p′)eip
′·x + a†2(p′)e−ip

′·x)]

=

∫
d3p

1

(2π)3
1

4
([a†1(p)a1(p)− a†1(p)a†2(−p) + a2(p)a1(−p)− a2(p)a†2(p)]

+ [a†1(p)a1(p) + a†1(p)a†2(−p)− a2(p)a1(−p)− a2(p)a†2(p)])

=
1

2

∫
d3p

1

(2π)3
[a†1(p)a1(p)− a2(p)a†2(p)]

This means that this theory has two particle types: one created by a†1(p) and one created by

a†2(p). In examining [Q, a†i ] |n〉 for some state n-particle state |n〉, we can deduce the charge.

It is easy to see that [a1, a2] = 0, [ai, a
†
i ] = 1 since ψ1, ψ2 are independent fields. Thus

[Q, a†1] = a†1, [Q, a
†
2] = −a†2

This means that the charges are valued at 1 unit for particles created by a†1 and -1 for particles

created by a†2].

(d) For two complex scalar fields, the lagrangian is then

L = ∂µφ
∗
1∂
µφ1 −m2φ∗1φ1 + ∂µφ

∗
2∂
µφ2 −m2φ∗2φ2

We then have

jµ(x) =
∂L

∂(∂µφ1)
∆φ1 +

∂L
∂(∂µφ2)

∆φ2 +
∂L

∂(∂µφ∗1)
∆φ∗1 +

∂L
∂(∂µφ∗2)

∆φ∗2 − J µ

= ∂µφ∗1∆φ1 + ∂µφ∗2∆φ2 + ∂µφ1∆φ∗1 + ∂µφ2∆φ∗2 − J µ

→ Q =

∫
d3x(π∗1∆φ1 + π∗2∆φ2 + π1∆φ∗1 + π2∆φ∗2)

12



If we set

Φ :=

φ1
φ2


we rewrite our theory as

L = (∂µΦ)†(∂µΦ)−m2Φ†Φ

Q =

∫
d3x(Φ̇†∆Φ + (∆Φ)†Φ̇)

The symmetry of this lagrangian is

Φ 7→MΦ

for M ∈ U(2). We know that this system should have U(1) symmetry from the above

problem. Using the det : U(n)→ U(1) map, we have a short exact sequence

SU(2)→ U(2)→ U(1)

giving us U(2) = SU(2)× U(1). For this reason, since U(1) is just a complex number, each

conserved charge from this symmetry has the commutation relations of SU(2). In order to

put this into a continuous symmetry picture, we exponentiate an element σ ∈ SU(2) is a

factor i(α1, α2) and take α1, α2 → 1:

Φ 7→ ei(α1,α2)σΦ

∆Φ 7→ iσΦ

∆Φ∗ 7→ −iσΦ

13



SU(2) is generated by the Pauli matrices, so we have conserved charges

Qi = i

∫
d3x(Φ̇†σiΦ− Φ†σiΦ̇)

= i

∫
d3x(φ∗aσ

i
abπ
∗
b − πaσiabφb)

Generalizing to n independent identical complex scalar fields, we let Φ = (φ1, ..., φn)T , and

our symmetry becomes U(n) = SU(n) × U(1), meaning the charges we get are of the same

form as what we got, but replacing the σi with n−dimensional skew-hermitian matrices.

Question 7. Evaluate the function

〈0|φ(x)φ(y) |0〉 = D(x− y) =

∫
d3p

(2π)3
1

2Ep
e−ip·(x−y)

for (x− y) spacelike so that (x− y)2 = −r2, explicitly in terms of Bessel functions.

Proof. We have

D(x− y) =

∫
d3p

(2π)3
1

Ep
e−ip·(x−y)

=

∫ 2π

0

dφ

∫ π

0

dθ sin θ

∫ ∞
0

dp

(2π)3
p2√

p2 +m2
eipr cos θ

θ is the angle between p and (x− y), which also works for the conversion to spherical coordinates.

We then have

D(x− y) =
1

(2π)2

∫ ∞
0

dpp2√
p2 +m2

∫ π

0

dθ sin θ(

∞∑
n=−∞

Jn(pr)einθ)

=
1

(2π)2

∫ ∞
0

dpp2√
p2 +m2

∫ π

0

dθ sin θ(J0(pr) + 2

∞∑
n=1

inJn(pr) cos(nθ))

=
1

(2π)2

∫ ∞
0

dpp2√
p2 +m2

[2J0(pr) + 2

∞∑
n=1

inJn(pr)
cosnπ + 1

1− n2
]

=
1

2π2

∫ ∞
0

dpp2√
p2 +m2

[J0(pr) +

∞∑
n=1

J2n(pr)
2

1− 4n2
]

As in the book, the integrand has branch cuts on the imaginary axis starting at p = ±im, so we
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push the contour up to wrap around the upper branch cut. With ρ = −ip, we get

D(x− y) =
−i
2π2

∫ ∞
m

dρ
−ρ2

ρ2 −m2
[J0(iρr) +

∞∑
n=1

J2n(iρr)
2

1− 4n2
]

Question 8. Recall the Lorentz commutation relations,

[Jµν , Jρσ] = i(gνρJµσ − gµρJνσ − gνσJµρ + gµσJνρ)

1. Define the generators of rotations and boosts as

Li =
1

2
εijkJjk, Ki = J0i,

where i, j, k = 1, 2, 3. An infinitesimal Lorentz transformation can then be written Φ→ (1−iθ̇

L-iβ · K)Φ. Write the commutation relations of these vector operators explicitly. (For example,

[Li, Lj ] = iεijkLk.) Show that the combinations

J+ =
1

2
(L + iK) and J− =

1

2
(L− iK)

commute with one another and separately satisfy the commutation relations of angular momentum.

2. The finite-dimensional representations of the rotation group correspond precisely to the allowed

values for angular momentum: integers or half-integers. The result of part (a) implies that all finite-

dimensional representations of the Lorentz group correspond to pairs of integers or half integers,

(j+, j−), corresponding to pairs of representations of the rotation group. Using the fact that J = σ/2

in the spin-1/2 representation of angular momentum, write explicitly the transformation laws of the

2-component objects transforming according to the ( 1
2 , 0) and (0, 12 ) representations of the Lorentz

group. Show that these correspond precisely to the transformations of ψL and ψR given by

ψL → (1− iθ · σ
2
− β · σ

2
)ψL;

ψR → (1− iθ · σ
2

+ β · σ
2

)ψR;
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3. The identity σT = −σ2σσ2 allows us to rewrite the ψL transformation in the unitarily equivalent

form

ψ′ → ψ′(1 + iθ · σ
2

+ β · σ
2

),

where ψ′ = ψTLσ
2. Using this law, we can represent the object that transforms as ( 1

2 ,
1
2 ) as a

2×2 matrix that has the ψR transformation law on the left and, simultaneously, the transposed ψL

transformation on the right. Parametrize this matrix as

V 0 + V 3 V 1 − iV 2

V 1 + iV 2 V 0 − V 3


Show that the object V µ transforms as a 4-vector.

Proof. 1. First we calculate [Li, Lj ]. We assume that the metric is (+,−,−,−), as per the

convention in Peskin and Schroeder.

[Li, Lj ] =
1

4
(εimnJmnεjlkJ lk − εjlkJ lkεimnJmn)

=
1

4
εimnεjlk[Jmn, J lk]

=
1

4
εimnεjlki(gnlJmk − gmlJnk − gnkJml + gmkJnl)

=
1

4
εimnεjlki(−δnlJmk + δmlJnk + δnkJml − δmkJnl)

= i
1

4
(εimlεjknJmk + εimnεjmkJnk + εimnεjlnJml + εimnεjmlJnl)

(rewrite indices) = i(εimlεjklJmk)

= i(δijδmk − δikδjm)Jmk

= i(δjjJ
mm − Jji)

= −iJji

Since J ij = −i(xi∇j − xj∇i), we have J ij = −Jji. Notice that Lk = 1
2ε
kijJ ij , so J ij =

−εijkLk, so [Li, Lj ] = iJ ij = iεijkLk.
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Similarly, we look at [Ki,Kj ] = [J0i, J0j ].

[Ki,Kj ] = i(gi0J0j − g00J ij − gijJ00 + g0jJ i0)

= i(−J ij + δijJ00)

= −iJ ij

= −iεijkLk

Now we examine [Li,Kj ]:

[Li,Kj ] = [
1

2
εimkJmk, J0j ]

=
1

2
εimk[Jmk, J0j ]

=
i

2
εimk(gk0Jmj − gm0Jkj − gkjJm0 + gmjJk0)

=
i

2
εimk(δk0J

mj − δm0J
kj + δkjJ

m0 − δmjJk0)

=
i

2
εimk(δkjJ

m0 − δmjJk0)

=
i

2
(εimjJm0 − εijkJk0)

=
i

2
(εimjJm0 + εikjJk0)

= iεimjJm0

= −iεimjJ0m

= iεijmKm
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Knowing this, the commutation relations for J± are:

[J i+, J
j
+] = [

1

2
(Li + iKi),

1

2
(Lj + iKj)]

=
1

4
[Li, Lj ] +

i

4
[Li,Kj ] +

i

4
[Ki, Lj ]− 1

4
[Ki,Kj ]

=
1

4
iεijkLk +

i

4
iεijkKk − i

4
iεjikKk +

1

4
iεijkLk

=
1

2
iεijk(Lk + iKk)

[J i−, J
j
−] = [

1

2
(Li − iKi),

1

2
(Lj − iKj)]

=
1

4
[Li, Lj ]− i

4
[Li,Kj ]− i

4
[Ki, Lj ]− 1

4
[Ki,Kj ]

=
1

4
iεijkLk − i

4
iεijkKk +

i

4
iεjikKk +

1

4
iεijkLk

=
1

2
iεijk(Lk − iKk)

[J i+, J
j
−] = [

1

2
(Li + iKi),

1

2
(Lj − iKj)]

=
1

4
[Li, Lj ]− i

4
[Li,Kj ] +

i

4
[Ki, Lj ] +

1

4
[Ki,Kj ]

=
1

4
iεijkLk − i

4
iεijkKk − i

4
iεjikKk − 1

4
iεijkLk

= 0

2. In the (j+, j−) = ( 1
2 , 0) case, we have J+ = σ

2 in the spin− 1
2 representation of the rotation

group. To ensure this, we set L = σ,K = −iσ. Similarly, for the (j+, j−) case, we set

L = σ,K = iσ. The Lorentz operators are given by exp[−i 12 (θL ± iβK)] for J±. Taylor

expanding for infinitesimal θ, β, and neglecting >1 order terms of θ and β, the infinitesimal

transformations are given by

Φ→ (1− iθ · σ
2
∓ β · σ

2
)Φ

3. Notice that

V 0 + V 3 V 1 − iV 2

V 1 + iV 2 V 0 − V 3

 = V µσµ
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Thus the field is given by ψRV µσµψTLσ
2, and the field transforms by

ψRV
µσµψ

T
Lσ

2 → (1− iθ · σ
2

+ β · σ
2

)ψRV
µσµψ

T
Lσ

2(1 + iθ · σ
2

+ β · σ
2

)

Expanding this out, we have this equal to

(1− i

2
θjθj +

1

2
βjθj)(V 0 + V iσi)(1 +

i

2
θjθj +

1

2
βjθj) = (1− i

2
θjθj +

1

2
βjθj)V 0

+ V 0(1 +
i

2
θjθj +

1

2
βjθj)

+ (V iσi − i

2
θiV iσjσi +

1

2
βjV iσjσi)

+ (V iσi +
i

2
V iθjσiσj +

1

2
V iβjσiσj)

= (1 + βjσj)V 0

+ 2V iσi +
1

2
βjV i{σj , σi}+

i

2
θjV i[σi, σj ]

= (1 + βjσj)V 0

+ 2V iσi +
1

2
βjV i2δij +

i

2
θjV i2iεijkσk

= (1 + βjσj)V 0

+ (2σj − θjεijkσk + βi)V i

This is a Lorentz boost, so V 0 + V i = V µ is a Lorentz 4-vector.

Question 9. Derive the Gordon identity,

u(p′)γµu(p) = u(p′)[
(p′)µ + pµ

2m
+
iσµνqν

2m
]u(p),

where q = (p′ − p).

Proof. We see a iσµν in there, so we’ll probably want to establish some [γµ, γν ] in there, since this

commutator is equal to −2iσµν . In equation 3.46 in Peskin & Schroeder, we have, from the Dirac

Equation,

(γµpµ −m)u(p) = 0
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If we try to come up with a similar equation with the adjoint u†(p′), if we throw in a γ0 we get

the relation:

u†(p′)γ0(γµ(p′)µ −m) = 0

u(p′)(γµ(p′)µ −m) = 0

Thus we slip in an m factor to consider u(p′)γµmu(p) have

u(p′)γµmu(p) = u(p′)γµγνpνu(p)

u(p′)mγµu(p) = u(p′)γνp′νγ
µu(p)

Adding these two equations, we get

u(p′)2mγµu(p) = u(p′)(γµγνpν + γνγµp′µ)u(p)

We can express this in two ways, one where there is only γµγν and one where there is only γνγµ:

u(p′)2mγµu(p) = u(p′)(γµγνpν + γµγνp′µ + 2iσµνp′µ)u(p),

u(p′)2mγµu(p) = u(p′)(γνγµpν + γνγµp′µ − 2iσµνpν)u(p)

Adding these together, we get

u(p′)4mγµu(p) = u(p′)({γµ, γν}(pν + p′µ) + 2iσµν(p′µ − pµ))u(p)

Question 10. Let kµ0 , k
ν
1 be fixed 4-vectors satisfying k20 = 0, k21 = −1, k0 · k1 = 0. Define basic

spinors in the following way: Let uL0 be the left-handed spinor for a fermion with momentum k0.

Let uR0 = /k1uL0. Then, for any p such that p is lightlike (p2 = 0), define

uL(p) =
1√

2p · k0
/puR0 and uR(p) =

1√
2p · k0

/puL0.

20



1. Show that /k0uR0 = 0. Show that, for any lightlike p, /puL(p) = /puR(P ) = 0.

2. For the choices k0 = (E, 0, 0,−E), k1 = (0, 1, 0, 0), construct uL0, uR0, uL(p), and uR(p)

explicitly.

3. Define the spinor products s(p1, p2) and t(p1, p2), for p1, p2 lightlike, by

s(p1, p2) = uR(p1)uL(p2), t(p1, p2) = uL(p1)uR(p2).

Using the explicit forms for the uλ given in part 2, compute the spinor products explicitly and

show that t(p1, p2) = (s(p2, p1))∗ and s(p1, p2) = −s(p2, p1). In addition, show that

|s(p1, p2)|2 = 2p1 · p2.

Thus the spinor products are the square roots of 4-vectors dot products.

Proof. With the definition, we have

/k0/k1uL0 = γµ(k0)µγ
ν(k1)νuL0

= [2gµν − γνγµ](k0)µ(k1)νuL0

= k0 · k1uL0 − γνγµ(k0)µ(k1)νuL0

= 0− /k0/k1uL0

1. Thus /k0/k1uL0 must be 0.

For any lightlike p, the computation follows the same way.

/puL(p) =
1√

2p · k0
/p/p/k1uL0

=
1√

2p · k0
[2gµν − γνγµ]pµpν/k1uL0

= − 1√
2p · k0

/p/p/k1uL0

since gµνpµpν = 0 for p lightlike. That /puR(p) = 0 follows in the same way.

2. uL0 is the left Weyl spinor of a fermion with momentum k0. From 3.50 in Peskin and
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Schroeder, we have

us(k0) =


√
k0 · σξs

√
k0 · σξs


where s = 1 we’ll decide corresponds to the left-handed spinor, and s = 2 corresponds to the

right-handed one. For k0 = (E, 0, 0,−E), we have

uL0 = u1(k0) =



√√√√√√√
2E 0

0 0

ξ1
√√√√√√√
0 0

0 2E

ξ1


=
√

2E



1 0

0 0

 ξ1

0 0

0 1

 ξ1



Multiplying this by /k1 to get uR0, we have

/k1 =



0 0 0 −1

0 0 −1 0

0 1 0 0

1 0 0 0



→ uR0 = /k1uL0 =
√

2E



0 −1

0 0

 ξ1

0 0

1 0

 ξ1


=
√

2E



1 0

0 0

 ξ2

0 0

0 1

 ξ2



For ξ1 := (ξ1, ξ2)T , we therefore have ξ2 = (−ξ2, ξ1)T , and thus

uL0 =
√

2E



ξ1

0

0

ξ2


, uR0 =

√
2E



−ξ2

0

0

ξ1


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Multiplying these by 1√
2p·k0 /

p = 1√
2p·k0



0 0 p0 − p3 −p1 + ip2

0 0 −p1 − ip2 p0 + p3

p0 + p3 p1 − ip2 0 0

p1 + ip2 p0 − p3 0 0


to get

uL(p) and uR(p), respectively, we get:

uL(p) =
1√

p0 + p3



(−p1 + ip2)ξ1

(p0 + p3)ξ1

−(p0 + p3)ξ2

−(p1 + ip2)ξ2


, uR(p) =

1√
p0 + p3



(−p1 + ip2)ξ2

(p0 + p3)ξ2

(p0 + p3)ξ1

(p1 + ip2)ξ1



3. Writing out s(p1, p2), we have

1√
p
(1)
0 + p

(1)
3



(−p(1)1 − ip
(1)
2 )ξ∗2

(p
(1)
0 + p

(1)
3 )ξ∗2

(p
(1)
0 + p

(1)
3 )ξ∗1

(p
(1)
1 − ip

(1)
2 )ξ∗1



T

 0 Id

Id 0

 1√
p
(2)
0 + p

(2)
3



(−p(2)1 + ip
(2)
2 )ξ1

(p
(2)
0 + p

(2)
3 )ξ1

−(p
(2)
0 + p

(2)
3 )ξ2

−(p
(2)
1 + ip

(2)
2 )ξ2


=

1√
p
(1)
0 + p

(1)
3

1√
p
(2)
0 + p

(2)
3

[(p
(1)
0 + p

(1)
3 )(−p(2)1 + ip

(2)
2 )ξ∗1ξ1 + (p

(2)
0 + p

(2)
3 )(p

(1)
1 − ip

(1)
2 )ξ∗1ξ1

+(p
(2)
0 + p

(2)
3 )(p

(1)
1 + ip

(1)
2 )ξ∗2ξ2 − (p

(1)
0 + p

(1)
3 )(p

(2)
1 + ip

(2)
2 )ξ∗2ξ2]

For the last expression, the two terms in the bracket on the top line are of opposite sign if p(1)

and p(0) are swapped, and the same goes for the bottom line. Thus s(p1, p2) = −s(p2, p1).
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t(p1, p2) is calculated in the same way:

1√
p
(1)
0 + p

(1)
3



(−p(1)1 − ip
(1)
2 )ξ∗1

(p
(1)
0 + p

(1)
3 )ξ∗1

−(p
(1)
0 + p

(1)
3 )ξ∗2

(−p(1)1 + ip
(1)
2 )ξ∗2



T

 0 Id

Id 0

 1√
p
(2)
0 + p

(2)
3



(−p(2)1 + ip
(2)
2 )ξ2

(p
(2)
0 + p

(2)
3 )ξ2

(p
(2)
0 + p

(2)
3 )ξ1

(p
(2)
1 + ip

(2)
2 )ξ1


=

1√
p
(1)
0 + p

(1)
3

1√
p
(2)
0 + p

(2)
3

[−(p
(1)
0 + p

(1)
3 )(−p(2)1 + ip

(2)
2 )ξ∗2ξ2 + (p

(2)
0 + p

(2)
3 )(−p(1)1 + ip

(1)
2 )ξ∗2ξ2

+(p
(2)
0 + p

(2)
3 )(−p(1)1 − ip

(1)
2 )ξ∗1ξ1 + (p

(1)
0 + p

(1)
3 )(p

(2)
1 + ip

(2)
2 )ξ∗1ξ1]

Swapping p(1) and p(2) and taking the complex conjugate of this, we get

1√
p
(1)
0 + p

(1)
3

1√
p
(2)
0 + p

(2)
3

[−(p
(2)
0 + p

(2)
3 )(−p(1)1 − ip

(1)
2 )ξ∗2ξ2 + (p

(1)
0 + p

(1)
3 )(−p(2)1 − ip

(2)
2 )ξ∗2ξ2

+(p
(1)
0 + p

(1)
3 )(−p(2)1 + ip

(2)
2 )ξ∗1ξ1 + (p

(2)
0 + p

(2)
3 )(p

(1)
1 − ip

(1)
2 )ξ∗1ξ1]

which is equal to s(p1, p2) above.

We write |s(p1, p2)|2 = s(p1, p2)s(p1, p2)∗ as

1√
p
(1)
0 + p

(1)
3

1√
p
(2)
0 + p

(2)
3

[(A+B)ξ∗1ξ1 + (A∗ +B∗)ξ∗2ξ2]

× 1√
p
(1)
0 + p

(1)
3

1√
p
(2)
0 + p

(2)
3

[(A∗ +B∗)ξ∗1ξ1 + (A+B)ξ∗2ξ2]

where

A = (p
(1)
0 + p

(1)
3 )(−p(2)1 + ip

(2)
2 )

B = (p
(2)
0 + p

(2)
3 )(p

(1)
1 − ip

(1)
2 )
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Giving us

[|A+B|2(ξ∗1ξ1ξ
∗
1ξ1 + ξ∗2ξ2ξ

∗
2ξ2) + [(A+B)2 + (A∗ +B∗)2]ξ∗1ξ1ξ

∗
2ξ2]

(p
(1)
0 + p

(1)
3 )(p

(2)
0 + p

(2)
3 )

=
[|A+B|2((ξ∗1ξ1 + ξ∗2ξ2)2 − 2ξ∗1ξ1ξ

∗
2ξ2) + [(A+B)2 + (A∗ +B∗)2]ξ∗1ξ1ξ

∗
2ξ2]

(p
(1)
0 + p

(1)
3 )(p

(2)
0 + p

(2)
3 )

We assume ξ is normalized, so we first examine |A+B|2

(p
(1)
0 +p

(1)
3 ).(p

(2)
0 +p

(2)
3 )

:

|A+B|2 = ((p
(2)
0 + p

(2)
3 )p

(1)
1 − (p

(1)
0 + p

(1)
3 )p

(2)
1 )2

+ ((p
(1)
0 + p

(1)
3 )p

(2)
1 − (p

(2)
0 + p

(2)
3 )p

(1)
1 )2

= (p
(2)
0 + p

(2)
3 )2(p

(1)
1 p

(1)
1 + p

(1)
2 p

(1)
2 ) + (p

(1)
0 + p

(1)
3 )2(p

(2)
1 p

(2)
1 + p

(2)
2 p

(2)
2 )

− 2(p
(2)
0 + p

(2)
3 )(p

(1)
0 + p

(1)
3 )(p

(1)
1 p

(2)
1 + p

(2)
2 p

(1)
2 )

Dividing by (p
(1)
0 + p

(1)
3 )(p

(2)
0 + p

(2)
3 ), we get

|A+B|2

(p
(1)
0 + p

(1)
3 )(p

(2)
0 + p

(2)
3 )

=
(p

(2)
0 + p

(2)
3 )

(p
(1)
0 + p

(1)
3 )

(p
(1)
1 p

(1)
1 + p

(1)
2 p

(1)
2 )

+
(p

(1)
0 + p

(1)
3 )

(p
(2)
0 + p

(2)
3 )

(p
(2)
1 p

(2)
1 + p

(2)
2 p

(2)
2 )

− 2(p
(2)
1 p

(2)
1 + p

(2)
2 p

(1)
2 )

Noting that (p
(s)
1 p

(s)
1 + p

(s)
2 p

(s)
2 ) = (p

(s)
0 p

(s)
0 − p

(s)
3 p

(s)
3 ) = (p

(s)
0 − p

(s)
3 )(p

(s)
0 + p

(s)
3 ), since ps is
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lightlike for s ∈ {1, 2}, gives

|A+B|2

(p
(1)
0 + p

(1)
3 )(p

(2)
0 + p

(2)
3 )

=
(p

(2)
0 + p

(2)
3 )

(p
(1)
0 + p

(1)
3 )

(p
(1)
0 p

(1)
0 − p

(1)
3 p

(1)
3 )

+
(p

(1)
0 + p

(1)
3 )

(p
(2)
0 + p

(2)
3 )

(p
(2)
0 p

(2)
0 − p

(2)
3 p

(2)
3 )

− 2(p
(2)
1 p

(2)
1 + p

(2)
2 p

(1)
2 )

= (p
(2)
0 + p

(2)
3 )(p

(1)
0 − p

(1)
3 )

+ (p
(1)
0 + p

(1)
3 )(p

(2)
0 − p

(2)
3 )

− 2(p
(2)
1 p

(2)
1 + p

(2)
2 p

(1)
2 )

= 2p
(1)
0 p

(2)
0 − 2p

(1)
1 p

(2)
1 − 2p

(1)
2 p

(2)
2 − 2p

(1)
3 p

(2)
3

= 2p(1) · p(2)

Things get hairy if we examine (A+B)2+(A∗+B∗)2−2|A+B|2

(p
(1)
0 +p

(1)
3 )(p

(2)
0 +p

(2)
3 )

ξ∗1ξ1ξ
∗
2ξ2. We get the proof that

|s(p1, p2)|2 = 2p1 · p2 if either ξ1 or ξ2 is equal to 0, but if both are nonzero, this is not the

case:

A2+2AB +B2 + (A∗)2 + 2A∗B∗ + (B∗)2 − 2(A+B)(A∗ +B∗)

= A2 + 2AB +B2 + (A∗)2 + 2A∗B∗ + (B∗)2 − 2AA∗ − 2AB∗ − 2A∗B − 2BB∗

= (A−A∗)2 + (B −B∗)2 + 2[AB +A∗B∗ −AB∗ −A∗B]

= (2Im(A))2 + (2Im(B))2 + 2[A(B −B∗) +A∗(B∗ −B)]

= 4[Im(A)2 + Im(B)2] + 2[A2Im(B)−A∗2Im(B)]

= 4[Im(A)2 + Im(B)2 + 2Im(B)Im(A)]

= 4(Im(A) + Im(B))2

= 4[(p
(1)
0 + p

(1)
3 )ip

(2)
2 − (p

(2)
0 + p

(2)
3 )ip

(1)
2 )]2

If, say, p1 = (X,X, 0, 0) and p2 = (Y, 0, Y, 0), this is nonzero. For now, though, we can set

ξ = (1, 0)T , and complete the proof.
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Question 11. Recall that one can write a relativistic equation for a massless 2-component fermion

field that transforms as the upper two components of a Dirac spinor (ψL). Call such a 2-component

field χa(x), a = 1, 2.

1. Show that it is possible to write an equation for χ(x) as a massive field in the following way:

iσ · ∂χ− imσ2χ∗ = 0

That is, show, first, that this equation is relativistically invariant and, second, that it implies

the Klein-Gordon equation, (∂2 + m2)χ = 0. This form of the fermion mass is called a

Majorana mass term.

2. Grassmann numbers α, β satisfy αβ = −βα. A Grassmann field ξ(x) can be expanded in a

basis of functions as

ξ(x) =
∑
n

αnφn(x)

where the φn(x) are orthogonal c-number functions and the αn are a set of independent

Grassmann numbers. Define the complex conjugate of a product of Grassmann numbers to

reverse the order:

(αβ)∗ := β∗α∗ = −α∗β∗.

Show that the classical action,

S =

∫
d4x[χ†iσ · ∂χ+

im

2
(χTσ2χ− χ†σ2χ∗)],

(where χ† = (χ∗)T ) is real S∗ = S), and that varying this S with respect to χ and χ∗ yields

the Majorana equation.

3. We can rewrite the 4-component Dirac field in terms of two 2-component spinors:

ψL(x) = χ1(x), ψR(x) = iσ2χ∗2(x)
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Rewrite the Dirac Lagrangian in terms of χ1 and χ2 and note the form of the mass term.

4. Show that the previous action has a global symmetry. Compute the divergences of the currents

Jµ = χ†σµχ, Jµ = χ†1σ
µχ1 − χ†2σµχ2,

for the theories of parts 2 and 3 of this question, respectively, and relate your results to the

symmetries of these theories. Comstruct a theory of N free massive 2-component fermion

fields with O(n) symmetry.

5. Quantize the theory of parts 1) and 2). HINT: Compare the top two indices of the quantized

Dirac field.

Proof. 1. Transforming this expression by a Lorentz boost gives

iσ · ∂χ(x)− imσ2χ∗(x) −→ iσ · ∂χ(Λ−1x)− imσ2χ∗(Λ−1x)

= iσνgµν(Λ−1)µλ∂
λΛ 1

2
χ(Λ−1x)− imσ2Λ 1

2
χ∗(Λ−1x)

= Λ 1
2
Λ−11

2

iσνΛ 1
2
gµν(Λ−1)µλ∂

λχ(Λ−1x)

− imΛ 1
2
Λ−11

2

σ2Λ 1
2
χ∗(Λ−1x)

Noting that σ is a 2 × 2-representation of the Dirac algebra, we have Λ−11
2

σνΛ 1
2

= Λνλσ
λ.

Thus this last expression is equal to

Λ 1
2
Λνλiσ

λgµν(Λ−1)µι ∂
ιχ(Λ−1x)− imΛ 1

2
σ2χ∗(Λ−1x)

= Λ 1
2
[iσλgιλ∂

ιχ(Λ−1x)− imσ2χ∗(Λ−1x)]

= Λ 1
2
[iσ · ∂χ(Λ−1x)− imσ2χ∗(Λ−1x)]

= 0

Thus this equation is relativistically invariant.
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We have the system of equations

 ∂0 − ∂3 ∂1 − i∂2

∂1 + i∂2 ∂0 + ∂3


χ1

χ2

 = m

−iχ∗2
iχ∗1



−→



(∂0 − ∂3) ∂1 0 ∂2

∂1 (∂0 + ∂3) −∂2 0

0 −∂2 (∂0 − ∂3) ∂1

∂2 0 ∂1 (∂0 + ∂3)





Re(χ1)

Re(χ2)

iIm(χ1)

iIm(χ2)


= m



−Im(χ2)

Im(χ1)

−iRe(χ2)

iRe(χ1)



Thus we recast iσ · ∂χ− imσ2χ∗ = 0 as



(∂0 − ∂3) ∂1 0 ∂2 −m

∂1 (∂0 + ∂3) −∂2 +m 0

0 −∂2 +m (∂0 − ∂3) ∂1

∂2 −m 0 ∂1 (∂0 + ∂3)





Re(χ1)

Re(χ2)

iIm(χ1)

iIm(χ2)


= 0

Call this 4× 4 operator M . It is easy to see that

diagonal[∂2]/



(∂0 − ∂3) ∂1 0 ∂2

∂1 (∂0 + ∂3) −∂2 0

0 −∂2 (∂0 − ∂3) ∂1

∂2 0 ∂1 (∂0 + ∂3)



=



(∂0 + ∂3) −∂1 0 −∂2

−∂1 (∂0 − ∂3) ∂2 0

0 ∂2 (∂0 + ∂3) −∂1

−∂2 0 −∂1 (∂0 − ∂3)


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Let M t be defined as



(∂0 + ∂3) −∂1 0 −∂2 −m

−∂1 (∂0 − ∂3) ∂2 +m 0

0 ∂2 +m (∂0 + ∂3) −∂1

−∂2 −m 0 −∂1 (∂0 − ∂3)


We then have, acting on both sides of Mχ = 0 by M t,

M tMχ = diag[∂2 +m2]χ = (∂2 +m2)χ = 0

2. In considering the first term, we have, since iσ · ∂χ− imσ2χ∗ = 0,

χ†iσ · ∂χ = χ†imσ2χ∗ = χ∗1χ2 − χ1χ
∗
2

= χ∗1χ2 + (χ∗1χ2)∗

= Re(χ∗1χ2)

We proceed with the second term in the same way:

im

2
(χTσ2χ− χ†σ2χ∗) =

m

2
(χ1χ2 − χ2χ1 − χ∗1χ∗2 + χ∗2χ

∗
1)

=
m

2
(Re(χ1χ2)−Re(χ2χ1))

We expand the Lagrangian to get

L = iχ∗1(∂0 − ∂3)χ1 + iχ∗1(−∂1 + i∂2)χ2

+ iχ∗1(−∂1 − i∂2)χ1 + iχ∗2(∂0 + ∂3)χ2

+
im

2
[−iχ1χ2 + iχ2χ1 + iχ∗1χ

∗
2 − iχ∗2χ∗1]
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Varying both χ and χ∗, we get the Euler-Lagrange equations as

∂L
∂χ

= ∂µ
∂L

∂(∂µχ)
i

−mχ2

mχ1

 = i

∂0χ∗1 − ∂1χ∗2 − i∂2χ∗2 − ∂3χ∗1
∂0χ

∗
2 − ∂1χ∗1 + i∂2χ

∗
1 + ∂0χ

∗
2


imσ2χ∗ = iσ · ∂χ

∂L
∂χ∗

= 0

i

(∂0 − ∂3)χ1 + (−∂1 + i∂2)χ2 −mχ∗2

(−∂1 − i∂2)χ1 + (∂0 + ∂3)χ2 −mχ∗1

 = 0

iσ · ∂χ− imσ2χ = 0

3. In terms of χ1 and χ2, we have

(
χ†1 −iχT2 σ2

)
(i

0 1

1 0


 0 σµ∂µ

σµ∂µ 0

−m
0 1

1 0

)

 χ1

iσ2χ∗2



=

(
χ†1 −iχT2 σ2

)
(i

σµ∂µ 0

0 σµ∂µ

−m
0 1

1 0

)

 χ1

iσ2χ∗2


= iχ†1σ

µ∂µχ1 + iχT2 σ
2σµσ2∂µχ

∗
2 − χ

†
1miσ

2χ∗2 + χT2miσ
2χ1

= iχ†1σ
µ∂µχ1 + iχT2 σ

µ∂µχ
∗
2 − χ

†
1miσ

2χ∗2 + χT2miσ
2χ1

The mass term has the χ1,2 swapped and they are conjugates of each other.

4. The previous part has a global symmetry of χ1 → eiα1χ1, χ2 → eiα2χ2. When computing

∂µ(χ†σµχ), we start with the product rule:

∂µ(χ†σµχ) = ∂µχ
†σµχ+ χ†σµ∂µχ

= (χ†σµ∂µχ)† + χ†σµ∂µχ

= 2Re(χ†σµ∂µχ)

= 0
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This is zero because, as shown above, i× χ†σµ∂µχ is real. In the same way, we have

∂µ(χ†1σ
µχ1 − χ†2σµχ2) = 2Re(χ†1σ

µ∂µχ1)− 2Re(χ†2σ
µ∂µχ2)

= 0− 2Re((χT2 σ
µ∂µχ

∗
2)∗)

= 0

These are the Noether conserved Noether currents corresponding to the χ → eiαχ and

χ1 → eiα1χ1, χ2 → eiα2χ2 symmetries, respectively.

For an N -massive 2-component fermion system with O(N) symmetry, we first note that

symmetry is given by multiplying (χ1, ..., χN )T , where χ is a 2-component fermion field, by

O(N)⊗ Id2, where ⊗ is the Kronecker product. The action is then just taken from part 2:

S =

∫
d4x[


χ1

...

χN



†

i


σµ∂µ

. . .

σµ∂µ




χ1

...

χN

+
im

2
(


χ1

...

χN



T 
σ2

. . .

σ2




χ1

...

χN



−


χ1

...

χN



†
σ2

. . .

σ2




χ1

...

χN



∗

)]

This has O(N) symmetry, since, for

O(N) =


n11 ... n1N

...
. . .

...

nN1 ... nNN

 ,
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we have

(O(N)⊗ Id2)T


σµ∂µ

. . .

σµ∂µ

 (O(N)⊗ Id2)

= (O(N)⊗ Id2)T



σµ∂µ

n11
n11

 σµ∂µ

n12
n12

 ... σµ∂µ

n1N
n1N


σµ∂µ

n21
n21

 σµ∂µ

n22
n22

 ... σµ∂µ

n2N
n2N


...

...
. . .

...

σµ∂µ

nN1

nN1

 σµ∂µ

nN2

nN2

 ... σµ∂µ

nNN
nNN





=



σµ∂µ[1] σµ∂µ[0] ... σµ∂µ[0]

σµ∂µ[0] σµ∂µ[1] ... σµ∂µ[0]

...
...

. . .
...

σµ∂µ[0] σµ∂µ[0] ... σµ∂µ[1]



The calculation is done the same way for (O(N)⊗ Id2)T


σ2

. . .

σ2

 (O(N)⊗ Id2).

5. We take the hint given in Peskin & Schroeder, and examine the quantized Dirac field. We

showed in part 3 that a Dirac field can be written in terms of χ, so we combine these two

identities:

ψ =

ψL
ψR

 =

 χ1

iσ2χ∗2

 =

∫
d3p

(2π)3
1√
2Ep

∑
s

(aspu
s(p)e−ip·x + bs†p v

s(p)eip·x)
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Thus we have

χ1 =

∫
d3p

(2π)3
1√
2Ep

∑
s

(asp
√
p · σξse−ip·x + bs†p

√
p · σηseip·x)

χ∗2 =

∫
d3p

(2π)3
1√
2Ep

∑
s

(−iσ2asp
√
p · σξse−ip·x + iσ2bs†p

√
p · σηseip·x)

Taking the previous problem as guidance, we’ll let ξ1 =

1

0

 and ξ2 =

0

1

. From 3.144 in

Peskin & Schroeder, we know that

(vs(p))∗ =

 0 −iσ2

iσ2 0



√
p · σξs

√
p · σξs

⇒
−iσ2

√
p · σξs = (

√
p · σηs)∗,

iσ2
√
p · σηs = −(

√
p · σξs)∗

We can use this to get rid of the peskiny ηs, and use the identity σσ2 = σ2(−σ∗):

χ1 =

∫
d3p

(2π)3
1√
2Ep

∑
s

(asp
√
p · σξse−ip·x − bs†p iσ2

√
p · σ∗ξseip·x)

=

∫
d3p

(2π)3
1√
2Ep

∑
s

(asp
√
p · σξse−ip·x − bs†p

√
p · σiσ2ξseip·x)

χ2 =

∫
d3p

(2π)3
1√
2Ep

∑
s

(as∗p
√
p · σηseip·x − bs†∗p

√
p · σξse−ip·x)

=

∫
d3p

(2π)3
1√
2Ep

∑
s

(−as∗p
√
p · σiσ2ξseip·x − bs†∗p

√
p · σξse−ip·x)

Plugging this into our initial Majorana equation, we have

ip · σ
∫

d3p

(2π)3
1√
2Ep

∑
s

(asp
√
p · σξse−ip·x − bs†p

√
p · σiσ2ξseip·x)

= imσ2

∫
d3p

(2π)3
1√
2Ep

∑
s

(as∗p
√
p · σ∗ξseip·x − bs†∗p

√
p · σ∗iσ2ξse−ip·x)

= m

∫
d3p

(2π)3
1√
2Ep

∑
s

(as∗p
√
p · σiσ2ξseip·x − bs†∗p

√
p · σξse−ip·x)

Since (p ·σ)(p ·σ) = m2, the equation is satisfied if and only if as∗p = −bs†p . The computation
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for χ2 follows in the same way. Thus we have

χ1 =

∫
d3p

(2π)3
1√
2Ep

∑
s

(asp
√
p · σξse−ip·x + as∗p

√
p · σiσ2ξseip·x),

χ2 =

∫
d3p

(2π)3
1√
2Ep

∑
s

(asp
√
p · σξse−ip·x − as∗p

√
p · σiσ2ξseip·x)

To check that these satisfy the canonical anti-commutation relation, first we compute {χ1, χ
†
2}:

{χ1, χ
†
2} =

∫
d3pd3q

(2π)6
1√

2Ep2Eq

×
∑
r,s

[{asp, ar†q }
√
p · σξse−i(p·x−q·y)ξr†√q · σ

− {asp, ar∗†q }
√
p · σξse−i(p·x+q·y)ξr†iσ2√q · σ

+ {as∗p , ar†q }
√
p · σ(iσ2)T ξsei(p·x+q·y)ξr†

√
q · σ

− {as∗p , ar∗†q }
√
p · σ(iσ2)T ξse−i(q·x−p·y)ξr†iσ2√q · σ

=

∫
d3p

(2π)3
1

2Ep
[Epe

−ip·(x−y) − Epe
ip·(x−y)]

=
1

2
δ(3)(x− y)− 1

2
δ(3)(y− x) = 0

The other commutators are computed in a similar way. We have

{χ1, χ
†
1} = {χ2, χ

†
2} =

∫
d3p

(2π)3
1

2Ep
[Epe

−ip·(x−y) + Epe
ip·(x−y)]

= δ(3)(x− y)

With other conjugate-transpose combinations given, these translate to the commutators of

the operators in the quantized Dirac field, which all turn to 0. Therefore we have our

canonical anticommutation relations:

{χa, χ†b} = δ(3)(x− y)δab
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The conjugate momentum is iχ†, so the Hamiltonian is then

H =

∫
d3x[χ†iσj∂jχ−

im

2
(χTσ2χ− χ†σ2χ∗)]

We start with the first term:

∫
d3xχ†iσj∂jχ =

∫
d3xχ†qjσ

jχ

=

∫
d3x

∫
d3pd3q

(2π)6
1√

2Ep2Eq
×

∑
r,s

[ar†p ξ
r†√p · σσjqje−ix·(q−p)asq

√
q · σξs

+ ar†p ξ
r†√p · σσjqjeix·(p+q)as∗q

√
q · σiσ2ξs

+ ar∗†p ξr†(iσ2)T
√
p · σσjqje−ix·(p+q)asq

√
q · σξs

+ ar∗†p ξr†(iσ2)T
√
p · σσjqje−ix·(p−q)as∗q

√
q · σiσ2ξs]

=

∫
d3pd3q

(2π)3
1√

2Ep2Eq
×

∑
r,s

[ar†p ξ
r†√p · σσjqjδ(3)(q − p)asq

√
q · σξs

+ ar†p ξ
r†√p · σσjqjδ(3)(p+ q)as∗q

√
q · σiσ2ξs

+ ar∗†p ξr†(iσ2)T
√
p · σσjqjδ(3)(p+ q)asq

√
q · σξs

+ ar∗†p ξr†(iσ2)T
√
p · σσjqjδ(3)(p− q)as∗q

√
q · σiσ2ξs]

=

∫
d3p

2Ep

∑
r,s

[ar†p ξ
r†√p · σpjσjasp

√
p · σξs

+ ar†p ξ
r†√p · σ(−pj)σjas∗-p

√
−p · σiσ2ξs

+ ar∗†p ξr†(iσ2)T
√
p · σ(−pj)σjas-p

√
−p · σξs

+ ar∗†p ξr†(iσ2)T
√
p · σpjσjas∗p

√
p · σiσ2ξs]
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Notice that pjσj = 1
2 (p · σ − p · σ), so this becomes

=

∫
d3p

4Ep

∑
r,s

[ar†p ξ
r†((p · σ)2 −m2)ξsasp

+ ar†p ξ
r†((p · σ)2 −m2)iσ2ξsas∗-p

+ ar∗†p ξr†(iσ2)T ((p · σ)2 −m2)ξsas-p

+ ar∗†p ξr†(iσ2)T ((p · σ)2 −m2)iσ2ξsas∗p ]

Using the identity (p · σ)2 = E2
p + |p|2, we have (p · σ)2 −m2 = |p|2, so we have

∫
d3xχ†iσj∂jχ =

∫
d3p

1

2Ep

∑
s

[as†p |p|2asp − asTp |p|2as∗p ]

We now check out
∫
d3xm2 (χT iσ2χ):

∫
d3x

m

2
(χT iσ2χ) =

∫
d3x

m

2

∫
d3pd3q

(2π)6
1√

2Ep2Eq
×

=
∑
s,r

[asTp ξsT iσ2
√
p · σ√q · σξrarqe−i(p+q)·x

+ asTp ξsT iσ2
√
p · σ√q · σiσ2ξrar∗q e

−i(p−q)·x

+ as∗Tp ξsT (iσ2)T iσ2
√
p · σ√q · σξrarqe−i(q−p)·x

+ as∗Tp ξsT (iσ2)T iσ2
√
p · σ√q · σiσ2ξrar∗q e

i(q+p)·x]

=
m

2

∫
d3p

1

2Ep
×

∑
s,r

[asTp ξsT iσ2
√
p · σ√p · σξrarp

+ asTp ξsT iσ2
√
p · σ√p · σiσ2ξrar∗p

+ as∗Tp ξsT (iσ2)T iσ2
√
p · σ√p · σξrarp

+ as∗Tp ξsT (iσ2)T iσ2
√
p · σ√p · σiσ2ξrar∗p ]

=
m

2

∫
d3p

1

2Ep

∑
s

[−asTp mas∗p + as∗Tp m2asp]

Since χ†iσ2χ∗ = (χT iσ2χ)∗, we know that im
2 χ
†σ2χ∗ is − im2 χ

Tσ2χ. Thus the entire∫
d3x im2 (χTσ2χ− χ†σ2χ∗) term is

∫
d3p 1

2Ep

∑
s[a

s∗T
p m2asp − asTp m2as∗p ].
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Combining this with the first term, we have

H =

∫
d3p

1

2Ep

∑
s

[as∗Tp (|p|2 +m2)asp − asTp (|p|2 +m2)as∗p ]

=

∫
d3p

1

2

∑
s

[as∗Tp asp − asTp as∗p ]
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