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I. THE SACHDEV-YE-KITAEV MODEL

The Sachdev-Ye-Kitaev model (SYK) is written in terms of N Majorana fermions W;, for N even.
The Sachdev-Ye-Kitaev model is defined by the Hamiltonian

H= 0 3 Juabatsbeba= 3 Juveatatvibetba

" a,b,e,d a<b<c<d

for 1 Majorana fermions and Jupeq the anti-symmetric coupling tensor, and each independent ele-
ment J.... is a random real number chosen from a Gaussian distribution with average (J....) = 0 and

variance dependent on parameter J: (JQ) = 3]!VJ32 . The Hilbert space dimension is L = 2N/2 n the
limit N — oo, the model can be solved for any 8J := A. The SYK model has an emergent conformal
symmetry, making it a “nearly” 1-dimensional conformal field theory (CFT7) and is thus is a toy
model for “nearly” AdS/“nearly” CFT (NAdS2/NCFT), a version of traditional AdS/CFT where
we relate quantum-mechanical systems with quantum gravity systems in certain limits. This model

can be solved at large N and large 8J in the % expansion. We define the spectral form factor:

(Z(B+)Z" (B —it))s
(Z(8))3

g(t) ==

and study its behavior, shown in Figure 1.

In the region before the dip time, we can understand this curve gravitationally in the % expansion.
In the region after the dip time, we can understand this curve in the % expansion using random
matrix theory (RMT). In this report, we discuss the both expansions. In the former region, because
g(t) is self-averaging, rather than thinking about the average of the square, we can just think about
the average (Z(8 + it));. The computation of this quantity is very involved, and we sketch this
calculation; in the report, we provide explicit computations for several key steps.

II. NAdS;/NCFT: CORRESPONDENCE FOR SYK

We rewrite the disorder average of the spectral form factor in terms of bilocal antisymmetric fields,
integrate out the Gaussian couplings J;;x1, integrate out the fermions via a lagrange multiplier field,
and consider the saddle point of the resulting action. By introducing and integrating out fluctuations
in these bilocal fields, we get an exactly-solvable symplectic integral with action exactly that of
Dilaton gravity.

. N
(Z(B+it))y = dQexp{-—5——— | Sch(¢,7)dr}
Diff(S1)/SL(2,R) (B+it)J

where Sch is the Schwartzian derivative used in Dilaton gravity.

III. ANALYTIC RAMP FOR A GUE RANDOM MATRIX HAMILTONIAN

If we compute (Z) for an (L x L) GUE random matrix as our Hamiltonian, the curve to the right
of the dip time looks quite similar to the same region in Figure 1. This is made explicit in the
report.
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FIG. 1: log-log plot of g(t) for the SYK model. The time of min[g(t)] is known as the “dip time,” and the two time regions before
and after this dip time are effectively described by different effective theories, with respective order perturbations. Source: A.

Lau.

IV. ANALYTIC RAMP FOR SYK

We then analytically derive the ramp behavior of the SYK model, starting with the general
definition of ZZ*, taking GUE statistics and using the effective Schwartzian derivative theory to
find a numerical solution that looks fairly close to the exact solution mentioned (which exists). We

derive this in the report.
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What are the quantum dynamics of black holes? Does such a system follow quantum-chaotic behavior at late times? In this
report we use the Sachdev-Ye-Kitaev Model (SYK) to give some guidance for these questions. The SYK model is a
frequently studied model in physics due to its relationship with black holes. Here we illustrate what the SYK model is and
why it can be used to model black holes at late times. We then characterize its behavior in certain limits and conclude that
the late time behavior of this model, and therefore late time behavior of horizon fluctuations in large anti-de Sitter (AdS)
black holes, are governed by random matrix dynamics, a hallmark of a quantum chaotic system. The main tool we’ll use for
this argument is the spectral form factor which uses an analytically continued partition function in order to establish this
connection.

V. THE SACHDEV-YE-KITAEV MODEL

The Sachdev-Ye-Kitaev model (SYK) is written in
terms of N Majorana fermions ¥;, for N even.

Definition 1. Majorana fermions satisfy the algebra
Viyj + b = 285,15 € {1,..., N} (4)

where N is even. These live in a Hilbert space of dimen-
sion L = 2N/2. We treat the v;s as L x L representations
of this algebra.

Example 1. For N = 2, we have

V1= <(1) 01) V2 = G (1)> 5)

Definition 2. The Sachdev-Ye-Kitaev model is de-
fined by the Hamiltonian

1
H = E Z Jabcdwawbwcwd (6)
a,b,c,d
= Z Jabcdwawbwcwd (7)
a<b<c<d

for a,b,e,d € {1,...,N}. Japea is the anti-symmetric
coupling tensor, and each independent element J.... is a
random real number chosen from a Gaussian distribu-
tion with average (J...) = 0 and variance dependent on
parameter J: (J2) = 31!\;]32, The ]\3,—; factor is just for
normalization convenience; the important part is the de-
pendence on J.

Remark 1. The most general form of the Hamiltonian
introduces a parameter q, representing the interactions of
q of the N fermions at a given time:

H=i?% >

1<iy <. <ig<N

Jiryeyiq Wiy Wi, (8)

where

() = UL ©

The numerical factors and factors of N are used to sim-
plify the large N limit, and the i factor is to make the

Hamiltonian hermitian when ¢ = 2 mod (4). Notice
that, if we have odd %, the model is not time-reversal-

symmetric. For this reason we consider ¢ = 4, as this
model represents the dominant interactions at low en-
erqy.

We can see that, since there is no spatial dependence,
this models a (0+1)-dimensional quantum mechanical
system. In the limit N — oo, the model can be solved
for any 8J := A. The Sachdev-Ye-Kitaev model has an
emergent conformal symmetry and is thus is a toy model
for “nearly” AdS/“nearly” CFT, a version of traditional
AdS/CFT where we relate quantum-mechanical systems
with quantum gravity systems in certain limits. It is
thus a model of a system living in O-space and 1-time,
and it is related to a quantum gravity system in 1-space
and 1-time. This model can be solved at large N and
large 8J in the % expansion. The way to do this is
to integrate over the couplings J.... and taking the dis-
order average, that is the average over the ensemble of
random couplings. This results in a complicated theory
with large parameter NV, which allows one to solve it in an
expansion in % One can show that correlation functions
in this model in the % expansion agree with correlation
functions of fields propagating in a 2-dimensional black
hole. If we analytically continue the partition function
Z(B) = Trle PH] to B + it, we get

Z(B +it) = Trle PH-HY (10)

L
_ Z e BEm—iEnt (11)
m=1

If ¢ is small, we are summing positive quantities. But
as t grows, we are summing different phases, which give
partial cancellations in the sum, so Z(8+it) will decrease
in time. Z(B + it) does not, however, decrease to zero.
It will become small but still oscillate, and at very large
times it will have recurrences back to its original value.

Remark 2. In computing the quantity Z(f + it) in the
2-dimensional gravity theory, we run into trouble. We
believe that black holes are finite-entropy quantum sys-
tems, and for finite-entropy quantum systems this quan-
tity should not go to 0. But in the perturbative expansion
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FIG. 2: g(t) for N = 34, L = 2'7, 3J = 5. Single and averaged
over 90 samples. Source: A. Lau.

in the gravitational theory, it turns out that Z(f + it)
does go to 0. This is an example of the black hole in-
formation problem. As of now this is a major problem
in theoretical physics.

We seek to understand Z(8+it) in the SYK model. We
want to compute this quantity in the disorder average:
(Z) ;. Here there is a problem, however. We have a
continuous spectrum, and this quantity can and does go
to zero. We rectify this by noticing that, for a given
realization of the model, the typical value of Z(8 + it)
will not be zero.

Definition 3. Instead we define the spectral form fac-
tor:

(Z(B+it)Z*(B —it)) s
(Z(B)5

and this should not go to zero.

g(t) == (12)

Cotler et. al. in' compute g(t) for N = 34,L =
217 BJ = 5 using 90 independent samples. The result
is a figure like that of Figure 2.

The initial plateau is of order g(t) ~ L?; there are no
phases in the sum, and we sum up L terms, and square it
to get g(t). The initial drop is referred to as the slope, the
minimum is referred to as the dip, the increase is referred
to as the ramp, and the plateau is just the plateau. At
the plateau g(t) ~ L, and this occurs at time ¢t ~ L. The
time of the dip is not known. The graph in blue is the
qualitative behavior of a single J. The oscillations are
of order the function itself (the function is self-averaging
until the dip time).

In the region before the dip time, we can understand
this curve in the % expansion. In the region after the dip
time, we can understand this curve in the % expansion.
First we discuss the former expansion. In this region,
because g(t) is self-averaging, rather than thinking about
the average of the square, we can just think about the
average (Z(8+1it)) ;. The computation of this quantity is
very involved; we outline the calculation as in?, specifying
explicit calculations for several steps.

VI. NAdS;/NCFT: CORRESPONDENCE FOR
SYK

Definition 4. We define the Euclidean propagator as
G(1) = (T(¢(7)(0))) (13)
= ((r)p(0)6(7) — (L(0)p(T)0(-7)  (14)

and the bilocal function
G(Tl,TQ):G(Tl—Tg) (15)

At large N this field is equal to the two-point function of
the fermions

| X
G(m1,72) = N > (Wi(m1)i(r2)) (16)
i=1
Definition 5. We define the self energy X(7,7') by
S(r, 7)) =%(r —7), (17)
1

= —iw — B(w), (18)

Q

(w)
S(r) = J2IG(r)]? (19)

At B = 0o, we take w to be continuous, and at finite (3,
2r

we take w = F(n + ).
At strong coupling, we ignore the first term in (18) to
get the approximation

/ ' G(r, VS ") = ~5(r =) (20)
N(r,7") = JA[G(r,)]? (21)

Under the reparametrization 7 — f(7), we see that

P [ 135G, F U I (22)

1
==0(f(r) = f(7")) = =50 = 7)) (23)
=i |
Thus this equation is invariant under the reparametriza-
tion group Dif f(R). The ansatz for G is

Ge(r) = (24)

ﬁsyn(ﬂ

for b a parameter determined by inserting this ansatz
into the simplified equations. The exact solution of
this form has its Dif f(R) symmetry spontaneously bro-
ken by SL(2,R), and we compactify R to S! by the
reparametrizations f(7) — e*™7/8 giving us the sym-
plectic manifold Diff(S')/SL(2,R). Such symmetry
makes the SYK model a nearly conformal field the-
ory, or NCFTj. This gives rise to duality with nearly
anti-de Sitter spaces, and thus NAdSy/NCFT; duality.

The computation of (Z(8 +it))s is very involved, and
we give a sketch here of the computation performed by



Maldacena and Stanford in®, with a few explicit calcu-
lations. We compute the disorder average of 2 copies
(replicas) of the partition function, labeled by «, 8=1,2

(Z2(B+it)2(8 —it))s (25)
/Dw DJijki exp{— az T}t (26)

ijkl
2 1 p
x exp{— ;/dT(Q zijwf“?w? (27)
1
= D TSR} (28)
gkl

where « is the replica index and a is an (unimportant in
the long run) parameter. Because J;;1; is a Gaussian, we
perform the integration

[Pren(S Sly [drdsuutvgvier - artyly (@9)

o ijkl

cxp{4(4, = [ ardna( Z Wl )" (30)

;;/dnd‘rz(; SUEEVl () (1)

where the last inequality follows from the fact that there
are 4! terms for any fixed ijkl and the antisymmetry
of Jijr and the anticommutation of the 1; fields. Our
expression becomes

(z (5+z’t) (B*it)h: (32)

/ Dwaexp{”ZZ Jarorgvr )

Nzﬁj / dﬁdm(; SO 69

This gives a bilocal action for the fermions. We can inte-
grate out the fermions if we introduce a field G*? (1, 72)
and set it equal to % vazl P (T1)’¢£3 (12). The moti-
vation for this is the fact that the above contains an
O(N) symmetry via ¥4 — »pO0Ty = ;9pt. To in-
troduce this into our path integral, we use the analogous

= [ dke'**:

§(GP (11, m2) — *Z#’a Y] (r2)) o< (35)

af

/diaﬁ(ﬁ,m)exp{_gZ(ﬁﬁz)(éaﬁ(ﬁvﬁ) (36)

2(r)wl(m)}  (37)

an

where 2% (71, 75) acts as a Lagrange multiplier. Insert-

ing this into our expression yields

(Z(B+it)Z(B —it)).s (38)
- / D DGPDE exp{ (39)
— Z Z /dTldTQ (1) (40)
af=11i=1
X (6°P5(y — 1) — 2P (7, 72))¢ﬁ(72)] (41)
_ ,Z/d7—1d7'2 NZ ’8(7'1 TQ)G (7'1 7'2> (42)
_ %@aﬂm,n»‘*)} (43)

Integrating out the fermions, we have

[posent @y
- Z Z /d7'1d7'2 (1) (6“P5(m — )0, (45)

af=1i=1
—iaﬁ(ﬁﬁz))%ﬁ(ﬁ)]} (46)

_ exp{g S logdet(6°90, — $°%)}  (47)
ap

yielding our new expression

(Z(B+it)Z(B—1it)); = (48)

/ DGADES exp( S > logdet(5°0, — 7)) (49)
af

1 - -
X exp{§ Z / dTldTQ(NZaﬁ(Tl, TQ)GQB(Tl, 72) (50)
af

~LRE . m) ) (51)

Next we assume a replica symmetric saddle point GoP =
§°P@G. Plugging this in, we get

(Z(B+it)Z(B —it)) (52)
_ / DG’Diexp{—M(—glogdet(& SR (53)
+%/dTldTQ(Ni(Tl,Tg)é(Tl,TQ (54)
LN Gy )

Here we define fluctuations o, g such that

G=G+ L S=21|Glo (56)

IG\

The measure is invariant dGdY = dgdo. We expand the
action to second order in g and o and using the saddle



point equation G = (9, — )1, we get the action
N

SRTYE

x G(m1 — 713)G(12 — T4)|G(73 — T4)|0 (T3, T4)

1 1
+ 5/dTldTQ[g(Tl,TQ)O'(ThTQ) — §J23g(7'1,72)2]

/ dry - drao(r, ) 3G — )| (57)
(58)

Integrating out o, we get

2
5= (G - )| (60)

xG(11 — 73)G (12 — 4)|G(rs —)|] 7' —=1)g  (61)

Now we go to low energies (the low-temperature limit)
and use the conformal expressions G, .. By including
the leading non-conformal term in the above action, we
consider a small reparametrization 7 — 7.(7) and evalu-
ate the action on 6.G.. The result is

2
B

where « is a constant. Generalizing to finite
reparametrizations 7 — ¢(7), we take the expansion

}éf’”(o)Tz
50T ()

a [P
s=N5 [Cargler - CRre @)

¢(7) = $(0) + ¢’ (0)(7 +

Thus, plugging in [ dr(¢”)? — de(%)Q. This, up to a
total derivative, gives the action as

B a " 3 (b// 9
With this action S, we finally get
(Z(B+it)); = (65)

N
/XdQeXp{m/Sch((b, T)dT} (66)

where Sch(¢,7) is the Schwartzian derivative q;;:/ —

2(27)? and ¢(r) € X = Dif f(S')/SL(2,R).

Remark 3. This functional integral can be computed ex-
actly via the Duistermaat-Heckman theorem. It is an in-
tegral over a symplectic manifold of an exponential of a
generator of a U(1)-symplectomorphism of that manifold.
The integrals are then easy to compute:

(Z(B+it)) (67)
N
:/}(dQeXp{m/SCh(¢vT)dT} (68)

— ;e(ﬁﬁgtu (69)

(B +it)J]3

This action is exactly the theory of our 2-dimensional
black hole; the entire Dilaton gravity theory is ex-
actly this integral over the Schwartzian derivative. This
AdS/CFT calculation establishes the link between these
fermions and the black hole.

The partition function (Z (8 +it)); at large values of ¢
behaves proportionally to t=5. Squaring this expression
yields t—3, and it turns out that this explains the region
of the curve before the dip time quite closely, so therefore
this region can be explained gravitationally. It remains
to explain the region of the curve post dip time. This
can be explained by random matrix theory (RMT).

VII. ANALYTIC RAMP FOR A GUE RANDOM
MATRIX HAMILTONIAN

If we compute (Z) for an (L x L) random matrix as
our Hamiltonian, the curve to the right of the dip time
looks quite similar to the same region in Figure 2. The
SYK model has a particle-hole symmetry

Ng
P= KH(@ +¢) (70)

i=1
with K an anti-linear operator.

Remark 4. The ensemble of the random matrix depends
on N; it is periodic mod 8:

1. When N =2 or 6 mod(8), P symmetry maps even
and odd parity sectors to each other. The sectors
do not have anti-lineary symmetry, and the corre-
sponding ensemble is GUE.

2. When N =0 mod(8), P maps the sectors to them-
selves with P2 = 1. The corresponding ensemble is
GOE.

3. When N = 4 mod(8), P still maps the sectors to
themselves, but this time with P> = —1. The cor-
responding ensemble is GSE.

Remark 5. While to the left of the dip time the curve
for a random matriz doesn’t agree with that of the SYK
result, it has the same behavior of t=3. The reason for
this is that the behavior can just be described by the mean
density of eigenvalues, which vanishes like a square root
for the random matriz. Plugging in this vanishing be-
havior to compute Z translates to the power 6_%, so the
square root vanishing of the density of states gives similar
behavior. Below we make this explicit.

The GUE ensemble of Hermitian matrices M of rank
L has the ensemble average given by

L
Zove = [ [[dMyexpl-5Trbr) (1)
2%
Remark 6. The natural perturbative parameter in SYK
1 %, while in RMT we expand in % ~e N



The partition function for such an M is then
Z(B,t) = Trle” M= (72)
with the usual spectral form factor
(Z(B+it)Z(B—it)),
(Z(B))5
In the large L limit, we can describe the eigenvalues by

physical density p(\) and unit normalized density p()) :=
P
17

(73)

. To make this precise, we have
/ (V) = L (74)
/ ) = 1 (75)

This gives us a new way to write Zgug:

ZauE = /Dﬁ()\)e_s, (76)

L

S = i / dAp(A)N? (77)

2
12 / D drap( M)A log M — o (78)

For large L, S has a saddle point given by the Wigner
semicircle law:

(P(N))cue = ps(A) = %\/ 4—\2 (79)

Remark 7. Notice that here the average eigenvalue spac-
e 1
ing is .

In plotting the spectral form factor along time, we sim-
ilarly get a slope, dip, ramp, and plateau. Before the dip

time, g(t) is dominated by the disconnected piece given

by

(Z(B+it))y - (Z(B—it))s
(Z(8)5

We first study the behavior when this term dominants

(pre-dip time). To simplify calculations, we work in in-

finite temperature S = 0, although the resulting expres-
sion is also true at finite temperature. We have

2
; LJy(2t
20+ t)ovs = [ g e = LA
—2
where J; is a Bessel function of the first kind. At late
times the partition function decays as t?,%, so we get

ga(t) = (80)

(81)

~ (53)
Thus the late time decay of g(t) pre-dip time is ~ 5.
This is because ps(A) vanishes as a square root near the
edge of the spectrum.

Post-dip time, g(t) is dominated by

ge(t) := g(t) — ga(t) (84)

lﬂ”
E
=
-
: 10* 107 10°
FIG. 3: log-log plot of g(t) for GUE random matrices.

Produced in' by treating two samples of the eigenval-

ues of 2'2—dimensional matrices as a single sample of a
213 _dimensional matrix. Source: A. Lau.

Remark 8. In this post-dip time domain, g(t) and g.(t)
are almost equal, but g.(t)’s ramp extends to very early
times, giving better perturbative control.

Again working in infinite temperature (8 = 0), we
write

ge(t) = / dAdAaRa(A1, Ay )etPr—A2)t (85)

where we define
Ra(A1, A2) = (6p(M1)0p(A2))cuE (86)

is the connected pair correlation function of the unit-
normalized density g, with dp(A) = p(A) — ps(A) the
fluctuation around the mean eigenvalue via the Wigner
semicircle law.
Definition 6. [t is a result of RMT that near the center
of the Wigner semicircle Ro(A1, A2) is given by the square
of the sine kernel plus a delta function:

sin2(L[)\1 — /\2])

(mL[A1 — X2])?
Notice that our expression for g.(t) is a Fourier trans-

form. Taking the Fourier transform of both of these
terms, we get

1
RQ(/\l, )\2) = + E(S(/\l — )\2) (87)

t
ge(t) ~ S E for t < 2L, (88)
1

This explains the plot in Figure 3.
Remark 9. One can do this without an appeal to the
sine kernel; one can derive

1
Ro(M, \o) = ——2(7_‘_1;()\1 )2

perturbatively from the action.

(90)



VIII. ANALYTIC RAMP FOR SYK

To analytically derive the ramp behavior of the SYK
model, we start with the general definition of ZZ*:

(Z(B+it)Z(B —it))  (91)
= [ dudralpn)pia)e O 0 (o)

We take GUE statistics

(p(A1)p(A )> (p(E))0(A1 = A2)  (93)

sin [m{p(E)) (1 — Xo)]
Hp) (1 - TETESESER) (o)

This gives us
(Z(B+it)Z(B—it)) = [(Z(B+a)>  (95)

(
+ / dEe2PF 2i

min(s- (p(E))  (96)
Next we use the effective Schwartzian derivative theory:

2m

Sch(p,T)dr}  (97)

0

where ag is a numerical coefficient depending on ¢ = 4,
X is the symplectic manifold Dif f(S')/SL(2,R), and J
sets the scale of the Hamiltonian for different values of g.

Definition 7. We define the specific heat c by
- 471’2&5
J

The classical and 1-loop contributions to this action
are given by

(98)

# expl 27r2Na5}
(BT)?/? BT

Remark 10. The theory turns out to be I-loop exact.
The proof of this is found in*.

71 (5) = (99)

We take into account the soft mode integral by dividing
the saddle-point expression for the partition function by
a factor of (8 + it)*/? (in the large N limit). The large
N free energy limit in the holographic is given by

c
— 1

) (100)
we find that the disconnected term g4(t) contributes

(z@B+ap? B
(Z(8))? (B2 + 22

Observe that the dependence on the exponent becomes

negligible when at ¢ ~> +/N and we have a power law

decay ~ i

log Z = N(eofB + so +

cNt?
o~ gz} (100

t 10° 107 108

FIG. 4: log-log plot of g(t) for the exact diagonalization so-
lution and the numerical solution. Source: A. Lau.

Remark 11. While this behaves similarly to the GUE
random matriz Hamiltonian above, the actual numerical
solution does not match that of the SYK model. However,
the ramp matches quite similarly, as we express below.

To evaluate the second term in (70), we use the so-

lution S(F) of the Schwinger-Dyson equations. In the
holographic limit, however, we have
S(E) = Nso+ +/2¢(E — Eq)N (102)

When we neglect 1-loop factors from the integral over FE,
we get

t cN
Gramp(t) ~ Py exp[—2Nsg — F] (103)
for # < eNso,
t cN B 9
gramp(t) ~ % eXp[*2N50 - ? - 07N log (27T€NSO )]
(104)
S tP
foreN°<£<ﬂ,and
3cN
gramp(t) ~ exp[_NSO - 7} (105)
46
for t, < t, where t, = 2meN*0t 55 This numerical so-

lution looks fairly close to the exact solution mentioned
above, but it is unknown how the true large N answer
for g(t) behaves. In Figure 4 the numerical and exact
solutions are sketched.

IX. CONCLUSION

We conclude that the late time behavior of the SYK
model, and therefore late time behavior of horizon fluc-
tuations in large anti-de Sitter (AdS) black holes, are
governed by random matrix dynamics, a hallmark of a
quantum chaotic system.
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