Differential Topology Problems
Alec Lau

All uncredited problems written by Prof. Ralph Cohen.

Question 1. Let 7 : X 3 Xbea covering space. Let ® be a smooth structure on X. Prove that

there is a smooth structure ® on X so that 7 : (X, ®) — (X, ®) is an immersion.

Proof. First we have to show that X — X is a topological manifold. Since 7 is a local homeo-
morphism, X is locally Euclidean. Let p;, ps be distinct points such that 7(p1) = 7 (p2) € U C X,
for U an evenly covered open subset of X. Then the components of 7~1(U) containing p;,ps are,
by definition of a covering space, disjoint open subsets of X. If 7(p1) # 7(pz), since X is a mani-
fold, there exist disjoint subsets that contain m(p;), 7(p2). These map under 7! to disjoint open
subsets of X. Thus X is Hausdorff. For second-countable-ness, we are inspired by Proposition
4.40 in Lee. We check first that each fiber of 7 is countable. For x € X and an arbitrary point
p € 7 1(z). We consider a map 3 from (X, ) to 7~ *(z). Since the fundamental group of a
topological manifold is countable, if we can show surjectivity of such a map, we’re done. Choose
a homotopy class [f] € m1(X, z) of an arbitrary loop f : [0,1] - X with f(0) = f(1) = z. From
the path-lifting property of covering spaces, there is a lift of f given by f : [0,1] — X starting at
po. The Monodromy Theorem for covering spaces shows that f(1) € 7~ *(z) depends only on the
path class of f. Thus set 8 such that 8[f] = f(l) Since the components of X are path-connected,
for any point p € 7—1(x), there is a path § in X from po to p, and then f = wo f is a loop in
X such that p = S[f]. The set of all evenly covered open subsets is an open cover of X, and
thus has a countable subcover {U;}. m~!(U;) has one point in each fiber over U;, so 7~ 1(U;) has
countable components. All components of the form 7~!(U;) are thus countable and an open cover
of X. Since the components are second-countable, X is second-countable. Thus X is a topological
manifold.

For ® a smooth structure on X <~ X, we choose any point x € X such that there exist two
neighborhood pairs Uy, Uy, Vi, Vo C X such that 2 € UyNUs,x € ViNVa and 71 (Uy) # 71 (Us) C
X and V1, V5 are the domains of charts i1, 12, respectively, in ®. Since 7 is continuous and maps
U1, Uy homeomorphically, 7~ (z) € 7= (Uy) w1 (Uy). Since 1,y € ®, by 0tpy ! is smooth. Now

we define a smooth structure ® on X by composing the charts in ® with 7. To simplify notation,



we call U; = n= 1 (U; N V;),s = ¥y

U;NnVv; i= 172:

’(ZZ‘ZX—>R7I (1)

$i(U3) = ¢ o m(U;) (2)

See Figure 1. (ﬁi, 1@) are charts of X because (ji, U;NV;, and V; NV, are open, and the maps that

Figure 1: Charts on X

compose these charts are homeomorphisms: v;|v, v, is still a homeomorphism. Now we need to

check that the transition maps for these charts are smooth:

1oyt = (prom)o(ppom)! (3)

=(romor oy (4)

On V3 NVa, we have 7|y, a1, o™ viav, = Id|v,nv,- The identity map is smooth, so our transition
map is then 11 o9y ! which we know is smooth. By combining our maximal smooth atlas ® with

surjective w, we have thus created a smooth atlas ® on X. It remains to show that this smooth



atlas is maximal. There is no such chart (W, @) not contained in this atlas, because 7(W) is an
open subset of X, and thus has an open cover {U,, 1, } of charts in the maximal smooth atlas of

X:

¢(W) = (ana)‘(UaUQ)mﬂ—(W) o W(W) (5)
Since (/; can be written in this way, (W, (5) is contained in this smooth atlas. Thus this smooth
atlas is maximal, and 7(X,®) — (X, ®) is an immersion, as the charts with properly shrunken

domains have exactly one chart in X. O

Question 2. Consider the DeRham homomorphism
/:Qk(M) — CH(M;R) (6)

for each k. Prove that [ is a map of cochain complexes. That is,

/dw:(x/w) (7)

where § : C*(M;R) — C*TY(M;R) is the singular coboundary operator.

Proof. We start inductively. We want to show that the following diagram commutes:

() — oo R)

J# Js
QLM) — (R
We have that f € Q°(M) is just a C* function on M to R. Consider a singular chain element

o: A% — M in Cy(M). We have

/ f=Fo(A%) eR (8)

Thus [ f is clearly an element of Hom(Co(M),R) = CY(M;R). Now let o denote the singular

chain element o : [0,1] — M. Now we take the boundary homomorphism ¢ of this element in the



following way:

([ 1)) = ([ £)@) o)

y / Ho(1) - o(0)) (10)
y / Hlo(m) - ( / Hio(©) (11)
— fo(1)) - F(o(0)) (12)

Now we take our same f € Q°(M) and take d of f to obtain df = f'(t)dt € Q'(M). Taking the

De Rham homomorphism of this 1-form gives us, for o € C1(M),

( / af) (o) = / dp e, [ j(o(1) - flo(0) € R (13)

Now we proceed with the inductive step, which is to prove that this diagram commutes:

an(M) —— on(R)

Js Js
QL (M) L on (M R)
We proceed in the exact way as before: for w € Q"(M), we take ([w)(o), for o : A™ — M.
§(fw)(o) = (Jw)do X-,(=1) ([ £)()|[vo, .-, Di, ..., vn] € R. In the other direction of the diagram,
we have dw, then ([ dw)(c). This is equal to [ dw = [, w through Stokes’ Theorem. This is then

equal to the same thing: > ,(=1)([ f)(o)|[vo, s s, ...; vn] € R. Thus [dw =6 [w. O

Question 3. Suppose PP — M™ and Q9 — M™ are smoothly embedded closed submanifolds of
M™, which we also assume is closed. Suppose further that the submanifolds intersect transversely:
PPt Q1. Let vp — P be the normal bundle of PP in M™, and let PP — np be a tubular

neighborhood.

1. Show that the restriction of vp to PP N Q4,
(VP)P:DQQ(] — PPN Qq (14)

is isomorphic to the normal bundle of PP N Q7 in Q9.

2. Show that the space of np N Q7 is a tubular neighborhood of PP N Q7 in Q1.



Proof. 1. Call our smooth embeddings f : PP — M", g : Q¢ — M™. Since PP th Q?, we have

Df.(T,PP)® Dg,(T,Q9) =T, M", for all x € PP N Q4. Thus we have the diagram

Vp PR E— Z/M
zpmeql \

Vp PrNQU PP —> M™

~c S

PPAQI —S— Qq
where the square in the middle is commutative. We examine the pullback bundle of v, by
the inclusion ¢ : PP N Q7 — Q. We have, for the diagram

i*l/q —_— Vq

|

PPNQI —1s Q1
We have i*vy = {(q,v4) € PP N Q7 x V,|i(q) = mqa(vq)}. We have that v,|prnga consists of
those very v,, since the ¢ points in i*v, are also elements of PP N Q<. Thus we can associate

every normal vector in vp,|prnges Wwith a vector in v, over PP N Q1.

2. There really is not much to do here. Since a tubular neighborhood is diffeomorphic to a
neighborhood of the normal bundle, we need only consider a neighborhood of the normal
bundle of PP when restricted to PPN Q7. Since 7, is (up to diffeomorphism) a neighborhood
of a tubular neighborhood of PP, we have that n, N Q7 consists of P? N Q? and n,|prnqa.
Since this is v}, restricted to PPNQ4, we know from the previous problem that it is isomorphic
to a neighborhood of the normal bundle of PP N Q7 in @9, i.e. a tubular neighborhood of

PPN QY in QI

Written by Wojciech Wieczorek.

Question 4. Let ap < a1 < ... < ayp, be (n + 1) distinct nonzero real numbers. Consider g :

R — R given by
(20, oy T) = TE + .02 (15)

and let f be the restriction of g to the sphere S™. Show that f : S™ — R is Morse with 2(n + 1)



non-degenerate critical points. Find all critical points of f and compute their index, i.e. the number

of negative eigenvalues of the Hessian H f(x).

Proof. Since f is restricted to S™, we can, without loss of generality, substitute 2? for 1 — 22 —

. —a?_| — x| — a2 in our equation for g:
(o, ey zn) = (g — i)z + o + (o — )22 + oy, (16)

where there is no term with x;. We have thus condensed Df down to a map of n coordinates.

Taking the derivative of f now, we get
Df = (2(a0 — a)xo, 2(1 — @)X, oy 2(0n, — ) Ty), (17)

Where the it index is eliminated. If we take xz; = =£1, all other zxs must be zero to be in the
sphere, so this makes D f the zero vector, making the points when x; = 1 both 2 critical points.
Since we were doing this without loss of generality, we can repeat this for all n + 1 points. Since
each (n+ 1) x can be 1 or -1, we have 2(n + 1) critical points.

We observe that the Hessian of f is the matrix where the i*" ;" entry is %8};:]" We notice that
this is 0x;2(a; — ), so the Hessian is a diagonal matrix with 2(ay — «;) as its diagonal entries, in
order. Remember that all o are distinct. Since none of these are equal to zero, the determinant
of the Hessian must be ]n_[;é (ap — ;) # 0. Because det(H(f)) is nonzero and independent of

k=0,k#i
coordinates, all critical points are non-degenerate, so f is morse.

As we have shown before, the critical points are (1,0, ...,0), (0, £1,...0), ..., (0,0, ..., 1) (where
all indeces that are not 41 are zero). Since ap < a1 < ... < @, and the entries of the Hessian can
then be 2(ag—«;), 2(a1 —ay), ete., we can determine how many are negative entries. For the critical
points (0, ..., %1, ...,0), the number of indeces less than ¢ have negative values, as «; > than all of
those indeces’ as. The determinant of this Hessian is simply 2" (ag — a;) (a1 — ;)...(n — ),
where all (g — «;), Vk < i is negative. The eigenvalues of this Hessian are then all values such that
each one of these terms summed with the corresponding eigenvalue is 0, making the determinant

zero. For the (ax — «;) factors of the determinant, since they are negative, the eigenvalue to make

this factor zero must be negative, as (ax — a; — A) for A\ < 0 is positive. In conclusion, for the



critical points where the i*” entry is =1 and all others are zero, there are 7 negative eigenvalues. [

Question 5. Let M™ be a C° closed manifold, and let N™ C M™ be a smooth embedded subman-
ifold, where N™ is also assumed to be compact with no boundary. We say that N™ can be “moved
off of itself” in M if a tubular neighborhood n of N™ with retraction map p : n — N™ admits a

section o : N™ — n that is disjoint from N. That is, N"No(N")=0CncC M.

1. Suppose the dimensions of the manifolds satisfy 2n < m. Prove that N™ can be moved of

itself in M.

2. To see that the dimension requirement above is necessary in general, show that RP' C RP?

cannot be moved off of itself.

Proof. 1. Denote the embedding of N™ into M™ by e. By Proposition 8.10 in the book, for
any choice of € > 0, we can choose an embedding e isotopic to e such that, for any x €
N" |le(z) — é(z)|| < € and é(N™) N N™ =. Thus we can choose ¢ small enough that, for
any © € N, |le(x) — é(z)|| is such that é(N™) is within the tubular neighborhood 7, and
E(N™) N N™ =. This is because the only transversal intersection of two n—dimensional
submanifolds of an m—dimensional submanifold with 2n < m is the empty intersection. We

! is continuous, with image in 7, so the p map is such that poéoe™! = Id,

note that €oe™

1

where Id is a diffeomorphism of N™. Thus éoe~! is a section that is disjoint from N, and

so N™ can be moved off itself.

2. We treat RP™ as S/ ~, where x ~ —x. Thus when we embed RP! into RP?, we require
that the image of the embedding be an equator of S?/ ~. (The reason it must be an equator
is that if it weren’t, the image would cease to have z ~ —z) Thus we think about an equator
of S? under this quotient relation. Embedding another RP! into RP? yields two equators
in 52/ ~. Two equators of S? must intersect at two points, and these two points must be
antipodal points. However, under our quotient relation, these two points are the same point.
Thus the self-intersection number mod 2 of the embedding of RP! into RP? is 1. Therefore,
another embedding of RP! cannot be isotoped away from itself in that their intersection is .

O



Question 6. Prove that if n is even, RP™ does not admit a nowhere zero vector field. Use the

function

F:RP" SR (18)
n+1

fz1, ey Tnya]) = kai (19)
k=1

Proof. First we note that RP™ = 5" /(x1, ..., Zpt1) ~ (T1, oy Tng1)-
We can construct an atlas of RP™ consisting of charts ¢; with domain U; := {[x1, ..., Tpi1]|2; #

0}, such that

Yi([T1, oy Tng1]) = (X1/Ti5 oo, i1 /T4, Tig1 [Ty ooy Tg1 /T4) (20)

Thus we have
YR = U (21)
(@1 ooy Tim 1y Tige1s ooy Tge1) > [Ty ey Tim 1, L T 1, oony Trppt] (22)

Thus the composition

gi = foy; ! (23)
P! f
gi :R" — RP" - R (24)
is given by

Gi(T1, ey Bi 1, Tig1, oy Trgr) = 25+ (= D]y (25)
+i(l—af— .. —zf | —xf, — .. —a2) (26)
+ (i + D)2y + o+ x (27)

i—1 n+1
=Y (k—iaj+i+ > (k—i)} (28)

k=1 k=i+1



Computing the differential of this, we get

n+1
dg; = 2(k — i)agdag, k # i (29)
k=1

Thus we see that the only point at which this is zero is when 2 = 0,1 < k <n+ 1,k # i, and the
only point U; where this occurs in S™ under the quotient is at [0, ...,0,1,0,...,0], where the 1 is at
the 7" index.

In finding the index of a critical point u;, we calculate the Hessian matrix of f, in order to find
the number of its negative eigenvalues at u;. Hy; = %gmj = 2(k —14)dx;, where we remember that
k # i. Thus the Hessian is a diagonal matrix of with the k*" entry equal to 2(k —i). In calculating
the eigenvalues, we have the characteristic polynomial given by Z:ll (2(k—1) — M) =0,k # 4.
Thus the eigenvalues are given by A\, = 2(k —4),1 < k <n+ 1,k # i. Thus, for the critical value
of (0,...,0,1,0,...,0) where the 1 is in the " entry, we have i — 1 negative eigenvalues, and thus
an index of (i — 1)

Since f is a polynomial, it is smooth. We showed above that all eigenvalues of the Hessian of f at
critical points where 1 is in the i*" index (covering all critical points) are 2(k—i),1 < k < n+1,k # 1.
Since none of the eigenvalues are zero (we have that k # ¢), f is a Morse function by definition.

Since f is a Morse function, we use Corollary 11.9 in the notes (Morse’s Theorem) to calculate

the Euler characteristic:

X(M) = (=1)'ei(f) (30)

where ¢;(f) is the number of critical points of f having index ¢. In our case, for each index i, we

have one critical point, so ¢;(f) = 1. Thus we have

n+1

X(RP") = (~1) (31)

=0

Since parity alternates with each term in the sum, we have the following information: if (n + 1)
is even, then we have an equal number of 1s and -1s in our sum (since we omit one index since

k # i), and so x(RP™) = 0. Thus x(RP™) = 0if (n+ 1) is even, i.e. n is odd. If (n + 1) is odd,



there is one more addition of 1, so if (n + 1) is odd i.e. n is even, then x(RP™) = 1.

Therefore we know the answer. This is a result in the notes: we know from Proposition 9.15
that if a closed, oriented manifold N has nonzero Euler characteristic, then every vector field on
N must contain a zero. In the spirit of this question being worth 10 points, I’ll prove it here.

Suppose RP™ where n is even admits a nowhere zero vector field. Then by Corollary 9.10,
since TRP™ is a smooth vector bundle, then y(TRP™) = 0. Consider the diagonal embedding
A : RP" — RP™ x RP™ with Thom collapse map 7 : RP™ x RP™ — (RP™)"2, with Thom class

u € H"(N,, ). In the notes, Lemma 9.14 states that

x(va) = A*1*(u) € H"(RP™) (32)

We proved in the previous problem that, with RP", vao =2 TRP™. Thus

X(TRP™) = A*7*(u) € H*(RP") (33)

We then have A*7*(u)([RP™]) equals to Euler characteristic as shown on pg. 243 of the notes,
using Lemma 9.13. This means that x(TRP™) = x(RP™) = 0. But this is a contradiction, as we
in part d) that x(RP™) =1 for n even. Thus RP" cannot admit a nowhere zero vector field if n

is even. O

10



