Enumerative Geometry and String Theory
Exercises

Alec Lau

These are all the problems in the book of the title, written by Sheldon Katz.
Errata are my own unless otherwise noted.
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1 Warming up to Enumerative Geometry

Question 1.1. Use limits to verify the assertion that a root of a quadratic equation
goes off to infinity as its leading coefficient ay approaches 0 while a; remains finite.
Verify that two solutions go off to infinity as a; and ay both approach 0 (assuming
a, stays nonzero).

Proof. Recall the quadratic formula giving roots

—a; + y/a% —4aya,

2(10

X =

As we take gy — 0, we assume the discriminant a% — 4aya, is always positive,
2

as ag eventually will become less than :71. If the discriminant is negative, then
2
2

aya,, which must be positive, and will eventually decrease below ﬂ, making the
discriminant positive, and thus making its square roots defined in R. Thus we have
two roots of our quadratic equation as ay — 0.

2 a%—4a0a2
2|ay
numerator is 2|af|, which we’ve assumed is finite. Thus the limit of the distance

between the roots is

. 1 . 1 . /
lim — a% —4aya, = (lim —)(lim a% —4apa,) = ©
ap—0 |a0| ag—0 |a0| ap—0

The distance between the roots therefore goes off to infinity, so at least one root
must go off to infinity.

When (ay, a;) — (0,0), we first assume q, is sufficiently small. Then our roots
can be approximated using a Taylor expansion:

_ _ 4[1002 2
—ap x4/ a% — 4apa, a +a(l 2a° )+ 0(a) L a a :
5 — = +(z———)+0(qp)
aO 2(10 2(10 2a0 a

The distance between the two roots is . The limit as a; — 0 in the
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Thus our roots become —Z—2 + @(ag), —Z—‘ + Z—2 + @(a%). The limits as a; — 0 of
1 0 1

these two roots thus become —oo and oo, respectively. The limits as a; — 0 of

these two roots become =2 and —oo, which, then taking the limit for the first root

as a; — 0 puts the first 11m1t as —oo and the second as co. ]

Question 1.2. Prove that any two equivalence classes [a] and [b), for a,b in a
set S, are either equal or disjoint and that S is the union of all the equivalence
classes.

Proof. Suppose that we have two equivalence classes [a] and [b] in .S that are
not disjoint. Then there exists some element x in [a] and [b]. Then, x ~ a for
all a in [a] and x ~ b for all b in [b]. By symmetry, b ~ x,Vb € [b]. Then
b~ x ~ aVNa € [a],b ~ [b]. By transitivity, b ~ a,Va € [a],b ~ [b], and
therefore [a] = [b].

Suppose that S is not the union of all equivalence classes. Then there is an
element x € § such that x € C,VC C S. By reflexivity, x ~ x, so x is its own
equivalence class, as x ~ aVa € [x]. Thus all elements belong to an equivalence
class within .S 0

Question 1.3. Let V' be a vector space over a field k and consider the relation on
V — 0 defined by scalar multiplications: v ~ v' if and only if v = AV for some
A € k —{0}. Prove that ~ is an equivalence relation.

Proof. We need to prove reflexivity, symmetry, and transitivity.

Reflexivitiy: We have v ~ v because v = lv,sov ~ lv = v.

Symmetry: Suppose v ~ v'. Then v = A0’ for A € k — {0}. Then % is well-
defined, so %U =0v,s00 = %U. Since % € k — {0}, we therefore have v’ ~ v.

Transitivity: If v ~ v’ and v" ~ v”, then we have v = A'v’ and v' = A"v" for
A, A" € k—{0}. Thenv=A"A"v", and since A'A" € k — {0}, v ~ V". O

Question 1.4. Show that every nonzero homogeneous polynomial F(x, x{) of de-
gree 2 has exactly two roots in P! including multiplicity.

Proof. Let F(xy,x1) := aox(z) + ayxpx; + azx%.

In the case a, = 0, F(x(, x1) = xo(agxy + a;x;). In this case, the roots are
(0,1) and (ay, —ag).

Assume a, # 0. The dehomogenization of F(x, x;) gives xg f (z—;) for f(x) :=

ag+a;x+ a,x*. From the quadratic formula, we know therefore that the roots of



F(xq, x;) are subject to

2
—a; =4/ a] —4apa,

2612

X1 = X0
If the discriminant \/a% — 4agya, is nonzero, then these are two distinct roots. If

not, then we have a% = 4aga,. In this case,

F(xy,x1) = (1/apxg + \/ale)2
Thus we have one root with multiplicity 2 given by (4/a,, —4/ay). [

Question 1.5. Let V' be a vector space. Find a natural one-to-one correspondence
between P (V) and the set of all 1-dimensional linear subspaces of V.

Proof. Label the ground field of V be K. Let V! be a 1-dimensional linear sub-
space of V, and (v, vy, ...) be a basis vector of V! Then V! = Mvg, vy, ...), VA €
K*. The correspondence between all V! and P(V) is then

Avy, V1, ...) = Avg, U4, ...) € PV), VA€ K*

Note this is well-defined because all such basis vectors are identified in P(V").
Let (vy, vy, ...) be a point in P(V'). Then let V! be the 1-dimensional subspace
spanned by (v, vy, ...), i.e. vl = Mvy, vy, .. )¥A € K*. If (v, v}, ...) is another
point in P(V) such that (vy, vy,...) # (v, v}, ...), this means that there is no A’ €
K* such that (v, vy,...) = A'(vy, v}, ...). Therefore, (vy, 0], ...) is not in V1 so
separate points in P(V') correspond to separate 1-dimensional subspaces of V. []

Question 1.6. Show that P" — U, is in natural one-to-one correspondence with
P,
Proof. Recall that U, := {(xg,....,x,)] € P"|xy # 0}. Then P(V) — U, =
{(0,xy,....,x,) € P"}. Consider the natural map
P-U, — P!
0,x7, 0 X)) = (X1, ey X))

This is a bijection because an arbitrary point (x,...,x,) € P! has preimage
0, xy,...,x,) € P" — U,, and if we have another point (0, xi, X)) € P"=U,
that maps to (x, ..., x,,), then " (x, ..., x,) = (x'l, ..., X)) for some A’ € C*. Then
(x1, .-, Xp,) has preimage (0, A'xy, ..., A'x,) which is identified with (0, x1, ..., x,,).

]
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Question 1.7. Suppose that F(x, x; ..., X,)) is a nonzero homogeneous polynomial
of degree d.

a Prove that F(Ax, ..., Ax,) = AYF(x, ..., x,,) for any complex number A.

b Prove that the zero locus Z(F) C P" is well defined; i.e., F(x) = 0 if and
only if F(Ax) = 0 for any A € C*

¢ Show that if F is a polynomial and Z(F) is well defined in the sense of (b)
above, then F must be homogeneous of some degree.

Proof. a F can be written as
io  _iny. . : .
E @y i Xg X lig 2 0, siy 2 0,ig + o+ iy = d

Then F(Axy, ..., Ax,) is written as a sum of the form a;_ ; ﬂioxlo.../li"x;”.
0+ n . 0

Since ig + ... +i, = d, this expression is equal to g; ;. Adxg)...x;”. Since all

such terms have 1¢ , we can factor this from the sum, yielding MF (XQs o0 X))

b If F(x) = 0, then F(Ax) = A9 F(x) as we proved above, and this is equal to
A% %0, If F(Ax) = 0 for any A € C*, then 0 = F(AX) = /ldF(X) for any
A € C*. This can only be equal to zero for any A if F(x) = 0.

c If Z(F) c P" is well-defined, then F(x) = 0 if and only if F(ix) = 0 for
any A € C*. We will express a general nonzero polynomial F(x) as

do....d,
io  _ipy. )
Z Qjy..i,%0 Xy lip20,..,i, 20
iO ..... ln
Then | |
— m ig+...+i,—m_'0 iy
F(ax) =4 Z a,.i A° nTEX Gy - Xn

g1y

where m := min(iy + ... +i,). If x is such that

F(x) = Z aio_“inxé)o...x;" =0



the only way that F(Ax) = 0 forany A € C* is for iy +... +i, —m = 0 for all
terms i, ..., i,;; therefore, i + ... + i, must be constant for all i, ..., i, com-
binations, which means the powers of x, ..., x,, must all add to a constant

number, i.e. F is homogeneous.
O

Question 1.8. Prove that any two distinct lines in P? have exactly one point of
intersection.

Proof. We'll label two lines in P2 by the zero loci of agx + a;x; + a,x, = 0 and
ayx,+a) x| +a,x, = 0. These intersect when there is a point (y, y;, y,) such that

apyo + a1y +ay, =0
agyo+ay; +ayy, =0
or
ap da; @ Yo
/ ’ ’ Y1 =0
4 4 4
3%)

Since the lines are assumed distinct, the matrix has rank 2. By the rank-nullity
theorem, the null space, i.e. the (y,, y;,¥,) that satisfies the above equation, has
dimension 1, i.e. this system’s solution is the span of this point. In P2, this corre-
sponds to a single point. [

2 Enumerative Geometry in the Projective Plane
Question 2.1. Suppose that f(x;) is a polynomial and let x, = f(x,) be the
equation defining its graph.

e Find the homogenization of this equation in P?. Let D be the corresponding
(projective) plane curve.

o Find the equation for the tangent line to y = f(x) at the point (a, f(a)); then
find its homogenization to get a line C C P2,

e Use the working definition of the intersection multiplicity to show that
M 4 ray(C, D) 2 2, where (1, a, f(a)) is the point of =2 corresponding to

(a, f(a)) € C~



e Show that if (a, f(a)) is a point of inflection, then

M 4 r(ay(C, D) = 3.

Proof. e Let F(x(, x;) be the homogenization of f(x;). With d the degree of
f(x), the homogenization of the equation f(x;) = x, becomes

F(xg,xq) — xzxg_l =0

e The slope of the line tangent to y = f(x) at x = a is %(a). Therefore the
y-intercept is f(a) — a%(a). Therefore the equation for the tangent line at
(a, f(a)) is af

E(a)(xl —a)+ f(a) =x,

Homogenizing this line yields

%(a)xl - Xy + (f(a) — %(a)a)xo =0

e Since F(1,x;) = f(x;), the point (1, a, f(a)) is in D. Thus, when we factor
D into a product of d lines, one of the products must be (f(a)x; — axz)k
for some k > 0. It is straightforward to calculate that (1, a, f(a)) lies in
C as well. This is the derivative of D at (1, a, f(a)). By the product rule,
the derivative of D is a sum of terms containing the undifferentiated term
(fla)x; — axz)k and one term containing k(f(a)x; — axz)k_l. The terms
of the derivative with the undifferentiated (f(a)x; — axz)k become zero at
(a, f(a)), so, in order for (1, a, f(a)) to indeed be a root of the tangent line,
we must have kK — 1 > O for this final term to vanish. Therefore the multi-
plicity of (1,a, f(a))in D is > 2, i.e. m(l,a’f(a))(C, D) > 2.

e If (1,a, f(a))is an inflection point, then the second derivative of D must be
0 at (1, a, f(a)). Following the logic of the above, the second derivative is a
sum of terms containing (f(a)x; — axz)k or k(f(a)x; — axz)k_l, with one
final term containing the factor k(k—1)(f(a)x, —axz)k_z. Thus must vanish
as well if (1, a, f(a)) is to be an inflection point, so we must have k —2 > 0,
Le. m 4 £(q)(C, D) = 3.

Il

Question 2.2. Use linear algebra to show that the intersection of n general hyper-
planes in P" is one point.



Proof. We label the i hyperplane by ajxg + ... + a;,x, = 0. Then a point
(xgs ..., X,,) of their intersection must satisfy

aig - Aaupu X0

a,y - ay,)\x,

Note that the coefficient matrix has n rows. In general, the n rows of this matrix
are not linearly dependent, so the matrix, in general, has full rank. Therefore, by
the rank-nullity theorem, the dimension of the null spaceisn+1—n =1, i.e. the
(xg, ..., x,) € P"is 1-dimensional. This means that the solution is the span of a
single variable (x,, ..., x,,) € P". The span of a single point is all identified to one
point in P”, so the intersection is a single point in P". [

Question 2.3. Show that the set of plane curves of degree d is in one-to-one cor-
respondence with P44+32,

Proof. Degree d plane curves are given by the zero loci of polynomials that are
sums of terms

ip

a 0

iy i . ; . .

Thus the number of 4, ; ; is given by the number of d-length terms containing
X, X1, and x, (unordered, due to multiplication being abelian in C"). In other
words, there are 3-choose-d-with-replacement such terms g; ; ; in any degree d

plane curve.

3\\ _ (3+d-1 _(d+2)!_(d+2)(d+l)_d(d+3)+1
d)) d Toodn 2 )

parameterizing points in (P9@+3/2+1=1yx
O

d(d+3)
Thus there are 5 + 1 terms Qjiin>

Question 2.4. Show that the set of plane curves of degree d passing through a
fixed point p is a hyperplane in P?“*32 ynder the correspondence of the previous
exercise.

Proof. The degree d plane curves that pass through a point p := (y, y;, ) are
described by the set of g; ; ;, such that
io il 12 . . . . . .
Z ai0i1i2y0 yl y2 = Olo < lgs 11510 < d,lo + 1 + Iy = d
igyi1sin



This is a sum of d(d + 3)/2 + 1 terms. Letting the a; ; ; vary within the corre-

ol
sponding points in P4@*+32 they become their own variables. Since each of these
variables are of degree 1, this describes a hyperplane in pad+3)2, O

Question 2.5. Show that there are infinitely many conics containing five points p;
if any four of the p; lie on the same line.

Proof. Suppose that four of our five p; points lie in a line. We will label the line
loXO + llxl + 12X2 =0

To include the final out-of-plane point p; 1= (pjo, pj1,pj2) in a conic C, we select
(1y»11,15) such that
lopjo +11pj1 + 1pjp =0
So a conic that contains all five p; can be written as
C :=(pxq+11x+ lzxz)(l(')xo + l;xl + léxz) =0
We have one free variable in (1), li , lé), as the only requirement is
Lypjo + 1P

—Pj

_l’

i.e. for any choice of l(’), we can choose any value of /] without loss of generality.
Thus there are an infinite number of conics containing our five points. [

Question 2.6. Argue as for the case d = 2 that given d(d + 3)/2 points of P? in
general position, there is a unique plane curve of degree d containing all these
points.

Proof. Suppose we have d(d + 3)/2 points in P2 in general position. We will label
the i point by (Pi o> Pi.1> Pip)- As we saw in the third problem in this chapter, a
degree d plane curve is specified by a unique point (ay, ..., a4(413)2) € pA@+3)2,
To clean up notation, we will denote d(d + 3)/2 by d. A plane curve that contains
all d points would satisfy

d ig iy i d

Pio -~ ProPraPisligri+in=a -~ Pia) (a0
=0

d ig iy iy d

Poo - PooPyiPonligtiyriy=d -+ Poo) \®
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where each row of the matrix on the left is represented by all b words made by
d-length words of p, p;, and p,. These represent d hyperplanes in P?, for which
(ag, ..., ay) represent their intersection.

As we saw four problems ago, in general position, the rows are linearly inde-
pendent, so by the Rank-Nullity Theorem the (ay, ..., ay) that satisfies this system
is a single point of intersection of the d hyperplanes. Therefore there is a single
plane curve of degree d containing all p;. [

Question 2.7. Show that any rational curve of degree 2 in P? is a plane curve of
degree 2. Thus the terminology of the degree of a rational plane curve is consistent
with the terminology for the degree of a hypersurface.

Proof. We will denote an arbitrary degree 2 rational curve in P2 by (fo. f1, /2)
where f, f1,and f, are images of degree 2 homogeneous polynomials of (x, x;)
with no common factors. Then degree 2 polynomials of (£, f7, f>) can be written
as

/100fg + Ao foS1 + A fofr + /111f12 + Apfifo+ /1221022
Putting this in terms of our original variables, this becomes

4 3 2.2 3 4
X840 + XpX1831 + X0X1822 + X0X1813 + X804

where g.. are each linear functions of Ay, 4g;, Ag2, 411> 412, and 45,. The ques-
tion is now whether there exist Ay, Ag1, Ag2> 411> 412, and 45, such that all of the
g.. become equal to 0. In other words, we’d like to find the intersection of the
zero loci of five hyperplanes g.. in P>. By Bezout’s Theorem, there is at least
one point of intersection between these hyperplanes. This point is a value of
(Ap0s 401> 402> A11> A12> A2p) Where the degree 2 polynomial of (£, f7, f>) is equal
to zero. Defining

Yos Y15 ¥2) 2= Im(F(x05 X2), £1(Xgs X1)s fo(X0, X1)) € P

we have the existence of at least one degree 2 homogeneous polynomial

P/100/101/102/111/112/122(y0’ Y1 ¥2)
equal to 0, defining a plane curve. [

Question 2.8. Let x denote the row vector (X, X1, X5).

10



(a)

(b)
(c)
(d)

Proof.

(b)
©)

Show that any plane curve C of degree 2 can be written as

xAxT =0

for some nonzero 3 X 3 symmetric matrix A, which is unique up to a scalar

multiple.

Show that C is an irreducible rational curve if and only if A is invertible
Show that C is a union of two distinct lines if and only if A has rank 2.
Show that C is a double line if and only if A has rank 1.

(a) Denote an arbitrary degree 2 plane curve C by
aooxg + 2a01x0x1 + allx% + 2(102XOX2 + 26112X1X2 + azzx% =0

If we let
doo 4do1 92
A=lay a; ap

Ay djp ax
This matrix is symmetric and is unique up to a scalar multiple, and we get
C by setting xAx! = 0 by inspection.

For now I don’t know how to prove this other than proving c¢) and d).

If A has rank 2, then by the Rank-Nullity Theorem, the null space of A is
one-dimensional. Therefore, there is a nonzero y such that Ay = 0. This
means that there is a nonzero y such that

agoYo + ap1y1 + agpy, =0

ag1¥o +ayyy +apy, =0

agYo + a21y1 +axny, =0
which define lines. Since A has rank 2, we can write exactly one line as a
sum of the other two lines. Note that if these other two lines are not distinct,
then A’s rank would be 1. C is thus a union of the two remaining distinct

lines.
Conversely, if C is a union of two distinct lines, then we can write C as

(a()XO + arxy + (12X2)(b0XO + blxl + bzXz) =0

11



We then write A (in a way to preserve symmetry) as

aobo %(aobl + albo) l(aobz + azbo)
l(aobl + albo) albl E(albz + azbl)
z(aobz + azbo) %((llbz + azbl) azbz

Notice that this is equal to

1 [P0 ag
5[ bl (ao a az) + a (bo bl bz)]
b, )

This is the sum of two matrices with rank one, as each matrix’s columns are
multiples of one another. Thus we have Rank(A) < 2. A cannot have rank
1, since we would need two scalars 4, 4; such that

AgAgo + A1 Agr = Ao
AoAyg+ A1 A = A
AgAgg + A1 Ay = App

which is an overdetermined system for which, if (ag, a;,a,) # (by, by, by),
there is no solution. Thus A has rank 2.

(d) If A has rank 1, then the columns are all scalar multiples of one another. If
that is the case, in projective space, the columns are all equal. Due to the
repeated entries in A, this means all the matrix entries are the same:

ag > g1 > A
apy > a4y > ajp
ay Ay = ay

Thus, C is expressed as

aoo(xg + 2x9x; + x% + 2x9x, + x% +2x7x,) =0

= aoo(XO + X1 + Xz)z

12



which is a double line.
Conversely, if C is a double line, then we have

C = (ayxg + ;x| + a;x,)* =0
2

ao apa; apap ap ap ap
=> A =|aya a% ajar | =1apgla| a|a| ay|ay
apa, aa, a% a a a

Thus the columns of A are scalar multiples of one another, and therefore A
has rank 1.
O

3 Stable Maps and Enumerative Geometry

Question 3.1. Show that if f = (fy, ..., f4) is a parametrization of a rational curve
of degree d on X, then for any homogeneous polynomial h(x, x,) of degree h, the
replacement of each of the f; by hf; gives a solution to

hk({aij D=0
with parametrizing polynomials of degree d + h.

Proof. Recall from the text that X is defined as the zero locus of a homogeneous
degree five polynomial F(x, ..., x4). Let

d h

. | d—i . h—
fi(xp:x) 1= Zaijxé)xl ', h(xg,xp) i= Z CmXg Xy "
i=0 m=0

Since f is on X, we have

F(fO’ ) f4) =0,
5d

= Y (e, Dxgx ™ =0
k=0

We then have

d h
_ i+m __d+h—m—i
hfy= 2, 2 axy ",

i=0 m=0

13



Since F is homogeneous, we have

F(hfy, ... hfy) = PF(fg ... f4) =0,

5d
R Yy ({a; Hxgxy™ =0
k=0
We will express h(x, x;)° as
5h
W= g{enDxpxy" ™"
n=0

where g, are degree h polynomials in the ¢, coefficients. Therefore F(hf, ..., hf,) =
0 given by

5(h+d)

5(d+h)—
Z [ Z gn({cm})hk({aij})]nSSh,kSdegxl( e _ g
p=0 n+k=p

The [Zn+k=p gn{en Dhi({a;; D]p<sn k<s5q are degree h+ d polynomials in ¢, and
a;;, and each j value gives a parametrizing degree 5(d + h) polynomial. [

Question 3.2. Show that the morphism f : P! — P? defined by f (xg,x1) =
(xg, x%, 0) is two-to-one onto the line x, = 0, except that it is one-to-one over the
branch points (1,0,0), (0, 1,0).

Proof. Notice that (x,, x;) and (x,, —x,) will be distinct points in P! except when
xg = 0 or x; = 0, yet these both map to (x(z),x%,O). Thus f is two-to-one
on [FDI\(xO,O) U (0,x7). At the point (1,0), these points are identified, and so
f(1,0) = (1,0,0) is one-to-one. At the point (0, 1), these points are also iden-
tified, so f(0,1) = (0, 1, 0) is one-to-one as well. O]

Question 3.3. Show that if f € M(IPZ, 2), then the restriction of f to each com-
ponent is nonconstant.

Proof. This is the moduli space of degree 2 stable maps into 2. Degree 2 stable
maps are defined by a map f : C — P? such that each

fii=Ffe¢ P > P

14



is a parametrized rational curve or a constant map, with ), deg(f;) = 2, and, if
¢, 1s constant, then C; is required to have at least 3 nodes of C.

Suppose that f; is constant over C; for some i. Then C; is required to contain
at least three nodes, i.e. it must intersect with at least three components, which
we’ll label Cy, Cy, and C,. In order to keep deg(f) = 2, we must have at least
one of fy, f1, f, be degree 0, or constant, as well. Therefore, the corresponding
component must intersect with at least two more components, C; and C,. Note
that these components must be distinct from C;, C,, Cy, and C,, since, if not, C
would contain a cycle. However, f5 and f, must also be constant to keep deg(f)
= 2, implying the existence of more distinct components. See the below diagram.

Co C, C,

HTO ensure f,(C,) remains constant

‘ ‘ G

Cy

This recurses infinitely. This is a contradiction, however, since C must have finitely
many components by definition. Thus there cannot be any such f;. [

Question 3.4. Show that if f : P! — P? has degree 2, then either f is a one-to-
one correspondence onto a smooth conic or is two-to-one with two branch points
onto a line.

Proof. By definition of morphisms, f must be a parametrized rational curve of
degree 2. We showed in Exercise 7 of Chapter 2 that any rational curve of degree
2 in P? is a plane curve of degree 2, i.e. a conic. Let

e i 2 i i 2
a;(Xg, X1) 1= agyXy + ag Xox| + ap X7

15



Suppose we have two points (x¢, X), (x), x]) such that f(xg,x;) = f(x, x)).
Then we have

0 0 0
a?o 091 a%l yO
ago ‘181 a%l y|=0 (1)
Ay o1 911/ \)2

where (g, y1, ¥5) = (xg - x62, X0X1 = XX} x% - xiz). Suppose we have a smooth
conic. Then all a; # 0. Since this is a parametrized rational curve, this matrix
has full rank. Thus the null space is zero dimensional, so (¥, y;,y,) must be the
zero vector, 1.e. (xg, x;) = i(x(’), xi). Therefore, if f is a smooth conic, then f is
one-to-one.

Conics can either be smooth conics, line pairs, or double lines. A line pair has
two components as shown in Example 3.3, which goes against our assumption,
so instead suppose that our conic is a double line. Note that the image of f must
therefore contain a zero, as the zero polynomial a, (x(, x;) = 0 is the only homo-
geneous polynomial that is constant. Without loss of generality, let our line in P2
be

(ao(xo, xl), al(xo, xl), 0)

We can assume also that at least one of a! # 0, so without loss of generality
0

assume a(l)1 # 0. Subtracting a% times the second row from the first row, we get
o1

the equation

a° a°
0 01 1 ’ N _ 0 01 1 , ,
(@gy = =) (X0 = Xo)(Xo + Xg) = (agy = ;)0 = x))(x; + X))
a a
Since we assume general polynomials, we must have x, = ix(’) and x| = ix;.

Thus we have (x(, x;) and +(x(, —x;) mapping to the same point on our double
line. In the case where x; # 0 or x; # 0, these are distinct points, so the mapping is
two-to-one. These become the same point at both (1, 0) and (0, 1), so the mapping
then becomes one-to-one. Thus without loss of generality we have two branch
points on this line: (ay(1,0), a;(1,0),0) and (a(0, 1), 2;(0, 1), 0). L]

Question 3.5. Generalizing Exercise 3 from Chapter 2, prove that the set of hyper-
d+n
surfaces of degree d in P" is in one-to-one correspondence with IP< d )_l. Note:

d+n
the question in the book states P< n )_1, but I think this is a typo.
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Proof. In P", we have n + 1 variables in our polynomials. For degree d polyno-
n+1

J )) possible combinations of d variables with replacement.

()75

Thus each degree d hypersurface in P” is uniquely described by (

n+d
d

modulo scalar multiplication are in one-to-one correspondence with (

nates of P<n;d)_1.

mials, we have ((

n+d
d

) terms modulo scalar multiplication for every term. ('Hd'd)—tuples

n+d
d

) coefficients
for our (

) coordi-
O

Question 3.6. Show that if C C P? is a smooth conic, then C* C (P%)* is a smooth
conic. Show that (C*)* = C under the natural identification (P?)*)* = P

Proof. C* C (P?)* is the set of lines in P? (set of elements in (P?)*) such that
C n L is a single point with m,(C - L) = 2 for L € (P?)*. Choose an arbitrary
point p 1= (py, py, p2) € C. The tangent line to C at p is

oC(p) dC(p) oC(p)
X + X1+ X
0x0 ()xl axz

0 1 =0

Define our smooth conic C by
C .= aoox(z) + ap1 XoX1 + allx% + aprXpXo + appX1Xy + azz.x% =0
The tangent line at p satisfies

(2agopo + ag1p; + apapa)xg + (2ay1py + agipy + apppr)x+
(2appy + agypp + a12p1)x, =0
= a(/)(Po,Pl,Pz)xo + all(Po’P1,P2)x1 + a;(Po’Pl’Pz)xz =0

Reframing this, we have

2a00 ag;  ap \(Po
ag  2ay; ap |[p|=0

ap ap  2ap)\p;

Since C is a smooth conic, this matrix has full rank as shown in Chapter 2. Thus
we can isolate each p; as a linear function of a(’), a’l, and aé:

p; i= /I[Oaé + /1,-101 + /lizaé

17



Since we must also have
aypo +ayp; +a,p, =0

for our tangent line to contain p. Therefore (a(, a|,a;) € (P?)*, and we can also
write:

a(’)(/looa(/) + /101a’1 + ﬂozaé) + a’l(/lloa(’) + /lna’l + /llzaé)
+a(Ay0ay + Aypa) + Appas) =0

= dgoay + (Ao + A)apal + A1a)® + (Agy + Ayo)ajd,
+(A1p + Ayp)a)dy + Apalf =0

This is our (general) dual conic C*, which is an expression of a homogeneous
degree 2 polynomial of lines (a), a|,a;) € (P?)*, i.e. a homogeneous degree 2
polynomial in (P2)*.

Assume this is a line pair. Without loss of generality, assume then that Ay, =
Ay = A;p = Ay = Ay = 0. Then p, is always 0, so C is a line pair, which
contradicts our initial assumption. A similar contradiction arises if we assume C*
is a double line. Thus C* is a smooth conic in ([P’z)*.

To find (C*)*, we do the same process, resulting in a smooth conic of variables
b(’), bi, and bé such that

’r ot r
byay + bja; + bya, =0
Since, for a given (a), a}, a)) € (P?)*, we already have a tuple such that the above
expression is 0, which is (py, p;, p,), because that was how (ay, a;, a,) was defined.
Thus we have a natural identification (b, b, b,) € ((IPZ)*)* - (pg>P1>P2) € (=28
[

Question 3.7. Suppose that C is a smooth conic. Prove that p € C if and only if
L, is tangent to C*,

Proof. Recall L, C (P?)* is the set of lines through p.

Suppose p := (pg, p1, P2) € C. We also have that L, = (py, py, p;) € (P?)*)*.
Let our dual curve be

C* = Jopay +(hg1+A)ayal +A1,a7 H(Agy+ Agg)ayay+(Aia+ Ay alay+Ayal? = 0

18



where A.. are defined by p; := A;0a,+ 4;;a] + 4,4, as in the previous proof. Then
the tangent line at (a, a}, a;) is given by

2/100(16 + (/101 + /110)(1’1 + (/102 + /120)(1& a(')
2/11161/1 + (/101 + Alo)a(l) + (/112 + /121)612 . a’l =0

2/12261& + (/102 + 120)06 + (/112 + /121)0,1 aé

Po + (/100(16 + /11061’1 + llzoaé) a(')

=P + (/101616 + ﬂlla/l + ’121‘1&) . a,l

Do + (/10261(/) + Alza,l + 222a£) aé

= 2(poa, + pra} + pray) =0

This is the tangent line L.

Conversely, suppose that L, := (py, py, p2) € (([]3’2)*)* is a line tangent to C*.
Then pya,, + pya| + pya;, = 0 for some (a;), a}, a;) € C*. By definition, (a, a}, a})
is a line tangent to C, so we have

oC

a_pl(p(l)) / /

a_é)( /) ! 9

6p/p1 .pl =O= al p

oy | \P2 2

0p£ 2
for some (p, py. p5) € C. Since a(p; + ajp| + a,p, = 0 is a linear equation, its
solution is uniquely determined up to a scalar factor, so (p;, p}. p5) = (Pg. P> P2) €
P2, therefore pisin C. L]

4 Crash Course in Topology and Manifolds

Question 4.1. Let a € R" and r > 0. Let B(a;r) denote the open ball in R" of
radius r centered at a:

B(a;r) = {x € R"||x —a| < r}.

Let T be the set of all arbitrary unions of balls B(a;r). Show that I defined this
way is a topology.

Proof. 1. Arbitrary unions of balls includes the empty set, so I contains the
empty set.
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(69)

2. Define U := [J B(0,i). U is an arbitrary union. Suppose let ry be an
ieN

arbitrary element in R". Let n, = |ro|. Since N goes on infinitely, there

is always some n € N such that n > Ry Thus r € B(0, n), and therefore

r € U. Since this did not depend on the choice of r, we have that U covers

allof R", soR" € T .

3. If {U,} is a set of elements of T, they are a set of arbitrary unions of balls.
Then their union |, U, is also a union of balls, so | J, U, € 7.

4. Suppose we have two U;,U, € J. If either of them is a union of balls
given by an infinite diverging sequence of rs, then by a similar argument
above, this element of the topology is R", and therefore R" nU = U for any
element U € 9, so U NnU, € . If instead both are given by either an
infinite converging sequences of rs or a finite sequence of rs, thenletr;  be
the maximum radius of the balls in U; (or the limit of the infinite converging
sequence of rs if the limit is larger than all rs in Uy ), and let r, be defined
the same way but for U,. Then U} N U, is B(a;min(r; ,ry ). The set
{B(a; min(rlmax, erax))} is an arbitrary union of balls B(a;r),r > 0, and so
is an element of 7.

]

Question 4.2. Let X be a topological space, and let Y C X be a subset. Let
Iy ={UNnY|U € Ty}
Prove that Iy is a topology.
Proof. 1. Since Ty is atopology, @ € Ty, and @NY = @,50 D € Ty.
2. Since Iy is atopology, X € Iy,and XNY =Y sinceY C X,s0Y € Ty.

3. Eachset U, € Iy has a corresponding set U, € Ty suchthat U,nY =U,,.
If {U,} is a set of elements of Ty, let {U,} be the corresponding set of
elements of 7y such that UynY =U,. J, U, = U,U,nY) =, U)N
Y. Since Ty is a topology, | J, U, € Ix.s0 J, U, € Ty.

4. If Uy, U, are elements of Jy, let U/, U, be the elements in Ty such that
U/nY =U,,U;nY = U,. Because Ty is a topology, U] N U, € Ty, s0
U/ nU)HNY € Iy,soU; NnU, € Fy.

[
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Question 4.3. Prove that a closed subset of a compact topological space is com-
pact in the subspace topology.

Proof. Let U’ C X be an arbitrary closed subset, and define U := X — U’ be the
complement of U’ in X’s topology. Let {U,},c/ be an arbitrary open cover of
U’. Then

{Ua/}aell uU =X

{U,}4er VU is an open cover of X. Since X is compact, there must exist a finite
subcover of this open cover, so there must exist a finite J' C I’ such that

{U(;}ae.f/ U U=X
and therefore {U, },c - is a finite subcover of {U,},cp of U'. O

Question 4.4. (a) Show that isomorphism in the category of sets is the usual
notion of bijection.

(b) Show that isomorphism in the category of vector spaces is the usual notion
of an invertible linear transformation.

Proof. (a) Let f : X — Y be abijection between sets X and Y. Because f isa
bijection, it is onto, so every element y € Y has a preimage f~!(y) € X, and
since f is one-to-one, the preimage is unique. Therefore, for every x € X,

f_l(f(x)) = x. Similarly, forevery y € Y, f(f_l(y)) =y

(b) We will represent an invertible linear transformation between two vector
spaces F : V — W by definition has an inverse linear transformation F~!
suchthat F'F =T v the identity transformation on V. Furthermore, since
FlFy = 1,V =V, we have

F'Fv =1,V
= FF'FV =FI,V
=> FF'W =FVv

> FF'w=w

so FF~! = Iy, the identity transformation on W' .
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Question 4.5. If a function f : R — R has the property that, given any a € R
and any € > 0, there exists 6 > 0 such that if |x — a| < 6, then | f(x) — f(a)| < &,
then f is continuous in the sense of topology; namely, f~ (V) is open for all open
sets V.

Proof. Fix an a € R. Define our topology on our R codomain as the set of all
arbitrary unions of open balls B(f(a),r) for r > 0, and define the topology on
our R domain as the set of all arbitrary unions of open balls B(a, r) defined the
same way. Then, on our assumption, we have f _I(B( f(a),€)) = B(a, o), for each
B(f(a),e) C R. Wealso have f‘l(B(f(a),el)UB(f(a), €,)) = B(a, 61)UB(a, 6,),
so this is closed under unions. Hence f~'(V) is open for all open sets V. [

Question 4.6. Fori = 0, ...,n define U; = {(x,...,x,) € P"|x; # 0}, and the
maps

X
b, 1 U = C" (xg, o x,) o (22, ., 2L 2L 20y R
X; X;

where the final identification is given by

(yl LEEEE) yn) g (Re(yl )7 Im(y] )’ ceey Re(yn)’ Im(yn))

A subset U C P" is open if p;(U NU,) is open in C" for all i. Show that these sets
define a topology and that the ¢; are homeomorphisms. Hence P" is a manifold.

Proof. When U is the empty set, it is mapped to the empty set in R*"’s topology,
which is an open set, so @ is included. When U = P, we have ¢,(U N U;) =
¢;(U,). Because division by a nonzero scalar is continuous, by the previous prob-
lem we have that ¢;(U,) is open in R2". Note that, for transition functions Wi, We
have

v, :C"=>C"
1 ¢ € CGy1 €
(C()a---9cn) = (_7 T e l_’ LEEEE) _n)
c; C C c c

which, due to multiplication and division by nonzero scalars, is a homeomorphism.
The other transition functions y;; can be shown to be homeomorphic in the same
way.

If we have two open sets U, U,, we have ¢;(U, |JU,) N U;,) = ¢;,(U; N
U;) J(U, nU,)). This is the union of two open sets in R>", which is itself another
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open set of R?". Thus U, |J U, is an open set as well. We also have ¢;(U; nU,)N
U, = ¢,(U, nU,) N ¢;(U, N U,), which is an open set of R*", so U; N U, is open
as well. Hence this defines a topology.

We examine the following:

b5 (polag + ibg, ..., a, + ib,,))
R ao+ib0,“., a0+ib0
_ . _1@may+bby biag—aby  a,ay+b,by byay—a,by
= %

2 2 7 2 2 07" 2 2 2 2
ay + by ay + b ay + b a, + b
a + lbl a, + lbn
“ao +iby " ag + iby
= (ag + iby,ay +iby,...,a, +ib,)
-1
¢0(¢0 ((107 bOa ceey an’ bn))
= ¢0(1, q + ibo, e ay + lbn)
= (ao, bo, vy Ay bn)

Every operation involved here is either multiplication by a scalar, addition, or di-
vision by a nonzero scalar. These are all continuous in the sense of calculus, and
therefore from the previous problem, continuous in topology. The other ¢; maps
work in the same way. Thus q’;i_lqbi = Idp, and q’)i(q’)i_l) = Idpon, and the ¢, are
therefore homeomorphisms. [

Question 4.7. Suppose that X is a set covered by a collection of subsets {U,}.
Suppose we are given one-to-one correspondences ¢, . U, — V,, such that the
maps y, g defined via

l[/aﬁ . d)ﬂ(U{l N Uﬁ) - ¢a(Ua n Uﬁ)’
Wap = b ° Pplu,ou,) ™

are homeomorphisms. Show that there is a natural topology on X such that the
{(U,,d,)} form an atlas.

Proof. Note: in the text, ¥, are open sets in R". Define 7y by the collection of
subsets U C X such that ¢,(U N U,) is open in R" for all «. We have @ € 7,
as ¢, (@NnU,) = ¢, (D) = @ for all a, which is open in R"’s topology. We also
have X € 7, since ¢, (X NnU,) = ¢,(U,) = V, for all a, which are open in
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R" by definition. If we have two U;,U, C X in this collection, this means that
¢,U, nU,) and ¢,(U, N U,) are open sets for all a. Therefore ¢,((U; | JU,) N
U, =¢,U nU,)J ¢, U,nU,) forall a. Since R"’s topology is closed under
unions, this is also an open set. Similar logic follows for intersections. Thus Ty
defines a topology on X. Since the y, 4 are homeomorphisms, our {¢, } define an
atlas. U

Question 4.8. Prove that the n-sphere S" is an n—dimensional manifold.
P

Proof. S" is defined as {(x, ..., x,,) C R+ |x(2)+...+x% = 1}, soitis atopological
space with the subspace topology. Define

U, :=5"—(0,..,0,1)
U, :=5"—(0,..,0,—1)

and let our charts be stereographic projections:

d)l . Ul g Rn
X0 Xp—1
(xQs ees X)) P (1 — xn, o T xn)
2x 2x,_ -2
-1 0 n—1
X(yy eeey Xy 1) = s eees , +1
P o 1) (|x|2+1 [x|2+1 |x]2+1 )
¢2 . Uz - Rn
X0 Xp—1
(Xgs coer X)) > (1 n xn, S xn)
2x 2x,_4 2

1)

-1
¢ (x 7-~-7x — ):( 9 seey ) -
2 0 T 2 U X2+ U xR+ 1

where we found these formulas by using point-slope form and intersecting the
resulting line with the sphere. Both of these charts are only multiplying dividing
by nonzero scalars, and so are both continuous, and therefore their transition maps
are homeomorphic. Thus S” is an n—manifold given this atlas. O

Question 4.9. Convince yourself that a surface of genus g is a manifold of dimen-
sion 2.

Proof. Since no proof if required, this’ll be very ad hoc. A genus g surfaceis g+1
copies of a square with opposite ends identified, with g — 1 of these squares having
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two 2-discs removed and the remaining 2 squares with one 2-disc removed, and
the boundaries of these removed discs identified. This can be embedded in R>,
and so inherits the subset topology. The atlas consists of local charts covering
the surface where each domain of the chart is contractible on the surface. This is
homeomorphic to a disc on IRZ, so this is a 2-manifold. L]

5 Crash Course in C* Manifolds and Cohomology

Question 5.1. Let € C with Im(t) > 0. Define E = C/(Z + ©Z), the quotient
of C by the subgroup {m + nt|m,n € Z}. Show that E is a complex manifold.

Proof. Let cy,c; € C be a complex interval with |Re(c;) — Re(cy)| < 1 and
| Im(cy)—1Im(cy)| < Im(r). Letzr : C — E be the map sending a complex number
to its equivalence class. Then ﬂ(_c 1,6 ) 7(cy, ¢1) = (cy, cy) are the charts of our
atlas on E. (cg, ¢;) pairs with | Re(c;) — Re(cy)| > 1 or |[Im(c;) — Im(cy)| > Im(t)
would give a noninjective map 7, .,)- The transition functions are simply adding
an integer to the real part and an integer multiple of Im(7) to the complex part.
We illustrate this with an example.

Let 7 := a + bi, where by definition b > 0. If we look at the two domains
Vo := (0,3 + 2 and V; 1= (25 +23bi, 3+ 3bi), we see that (Vo) N (V) # @,
and

2 2b
Vy) =1[0,= + =i
7o( o) [ 3 31]
7r(V1)=[%+§i,1+bi]
1 b.2 2b
>aVo)nza(Vy) ==+ =i, = + —i
(Vo) N (V7)) [3+3l 3+ 31]
The image of this intersection is [% + gi, % + %i] C V., and it is easy to see that

its image under the transition function is [2% + 2%1‘, 2% + 2%1‘] ch.

Since the transition functions are simply adding complex numbers, the transi-
tion functions are holomorphic. To make this explicit, the transition functions are
given by

(o]
f@) =) az-a)
i=0
where Re(a) is an integer, Im(a) is an integer multiple of I'm(z), and {a;} is the
sequence {0, 1,0, ...}. O
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Question 5.2. Prove that if {vy,...,v,} is a basis for a vector space V', then the
set of vectors {v; A...Av; |1 iy <..<iy <n}isabasis for AV

Proof. Any nonzero vector in AKV can be written as a sum of v j, N AU; terms
where all j, are unique. If there is some j,, = j, in this expression, then we have

Uj] /\./\Ujm /\Ujm+1.../\Ujp/\.../\Ujk = _Uj] /\.../\Ujm+l AUJm../\UJp/\UJk

inl Ao A Ujm+1"'vjm A Ujp A A Ujk

+1"'0/\ AU

inl A A Ujm

Il
o

Thus our k—tuple of j, must be all unique. Since £ is finite, we can rearrange the
Jn in ascending order by flipping adjacent v;s and adding a minus sign. Thus we
have gotten to the prescribed basis.

It remains to show that that each of these vectors are linearly independent.
Suppose not. Then there exists three vectors such that

QU AUjo DU AU =0, AU,

Then by the definition of the wedge product, we have av; + bv, = v,, withi # j #
m. This, however, contradicts the {v;} being a basis for V. Thus our vectors here
must be linearly independent. [
Question 5.3. Let {ey,...,e,} be a basis for a vector space. Let { f1,..., f,,} be a
change of basis with f; = ), j a;je; Prove that
JiIN AN f,=det(A)e; A ... Ae,
where A is the matrix with entries a;.
Proof. We will use induction. Suppose n = 2. Then
fi A fr i=(ag1e) +apey) A(ay e +axne;)
= (ay1a0; — appaze; A ey
Now suppose this is true for #. In an (n + 1)—dimensional vector space, we have

n+1 n+1 n+1

JIN AN A frugr o= (Z ajej) A ... /\(Z anjej)/\(z A(ny1);€;)
J J J

= (D det(A)e) A £y

i=1
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where e; is the wedge product e; A ... A e, without e;, and A; is the corresponding
change of basis determinant. Thus we have

FUA o A F A frr = Q) det(A)e) A fropy
i=1

n+1

= (Y det(A)e) A Y aginye;
i=1 J

= [det(Al)a(n+1)1 - det(Az)a(n+1)2 + ...]el AN A €41
= det(A)el A A €i+1

]

Question 5.4. Let X be an oriented manifold with boundary. Show that the defini-
tion of the induced orientation on 0X is independent of the choice of coordinates.

Proof. Suppose we have a point x € dX such that we have two charts ¢,
U - R ¢, : Uy » R" where x € U; N U,. Let the coordinates of x be
(x15 ..., x,,) under the ¢; coordinate chart, and (y;, ..., y,) under ¢,. Since X is ori-
ay; . . . . L .
entable, det(a—i{) > 0, so (yq, ..., y,) 1s consistent with X ’s orientation if and only if
(x1,...,x,) is consistent with X’s orientation. If we now restrict our charts to 0.X

P1lox - 0X > H,, ¢ylyx : 0X - H,

we have coordinates (x, ..., x,_;,0) and (yq, ..., y,_1,0). By the definition given
in the text, these coordinates are consistent with the orientation on d.X if and only
if (xy, ..., x,,), and therefore (yy, ..., y,), are consistent with X’s orientation. Thus

2 AA=2—and %/\.../\ aya both lie in the same component of A"T, X —0. [
1

6x1 ) 6xn_1

n—1

Question 5.5. Prove that if H C G is a nonempty subset of G such that hy — h, €
H whenever h{,h, € H, then H is a subgroup of G.

Proof. Because H is a subset of G and G is a group, all elements of H satisfy
associativity. If hisin H, then h — h = 0 € H, so H has G’s identity, and all
elements in H have inverses. By definition, H is closed under our + operation. [

Question 5.6. Prove thatif G, H, and K are groupsand f : G - H,g : H - K
are homomorphisms, then g o f . G — K is a homomorphism.
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Proof. Consider two elements g, g, € G. Then

gof(g1+gn) =ge°(f(g)+ f(g))=2g(f(g))+2g(f(g))
O

Question 5.7. Show that there is a category whose objects are groups and whose
morphisms are group homomorphisms. Isomorphism in this category is just the
usual notion of isomorphism of groups.

Proof. For any two groups, there exists at least the trivial homomorphism between
them, that sends all elements in the preimage group to the identity. The identity
morphism just sends all elements in a group to themselves. We proved above that
for any three groups G, H, K, the composition of homomorphisms provide a map

Mor(G, H) X Mor(H, K) — Mor(G, K)

Since the identity morphisms don’t change the elements in their groups, we have
felg=f=1ge fforall f € Mor(G, H). Furthermore, due to associativity
of group elements and the definition of homomorphisms, we have associativity of
homomorphisms. O

Question 5.8. Prove that 9;_; » 9, = 0.
Recall that

Ot CuX) = Gy (X0, Y= Y =D (fye )

where f; : Ay — X and j; : A,_; — Al is defined by
Jix s e ) = (X5 00 X215 0, X445 0005 X))

Proof. Forany f : A, — X, we have

k
01Ok = 0t (L DS = )

k—1 k

_ Z(_nm(Z(—l)"(f © Ji)® Jm)
k-1 k

= Z Z(—l)m+i(f °Ji) o Jm

i
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because d; are homomorphisms. This sum contains two terms of equal simplices:

ja °jb(xl, veey xn) = (xl, s X190 Xg 1o oo Xp—15 Xpt 1o ...,xn)

= jb °ja+l(x1’-'-’xn)

These are two terms of equal and opposite sign, as (—1)**? = —(=1)**?_ Thus
our sum amounts to 0 for every f,. € C;(X). ]

Question 5.9. Prove that 6; 1« 6; = 0.

Proof. For Z € C;.»(X) and f € C*(X), we have

041 ° 63 (SNZ) = 611 (f (O 11 (NZ)
= [ (014194 42(Z)))

In the previous problem we proved that 0, 1(0;,,(-)) = 0,50 64,16, =0. [

Question 5.10. Prove that the pairing
(,): HAQOx H(X) = Z, ([f1.[Z]) = £(Z)

where [ € Z k (X)and Z € Z,(X) are representatives of the cohomology class
[f] and the homology class [ Z ], respectively, is well defined.

Proof. We need to check that there are no problems with the (co)homology ele-
ments representing their (co)homology classes. Thus we need to ensure that the
pairing is zero if [ Z] is a boundary or if [ f] is a coboundary.

If the former is true, then [Z] = 0;,,Z for some Z' € C,,(X). Then
the pairing is f(0,41(Z")) = (6, (f))(Z"). This is equal to zero because f is
in Z k(X ) = Ker(6,). Thus if [Z] i1s a boundary, then the pairing is zero.

If [f] is a coboundary, then there is some f' € C,_; such that f = §,_;(f").
Then our pairing is 6,_(f')(Z) = f'(0,(Z)). This is equal to zero because
Z € Z;(X) = Ker(6;). Thus , and the pairing is well-defined. Il

Question 5.11. Show that any two hyperplanes in P" represent the same homology
class H € H,,_»(P"). For each k, find a submanifold representing

H* € H,,_,, (P"), where H* denotes an iterated intersection product of H with
itself.
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Proof. Recall that a hyperplane in P" is a degree 1 hypersurface. First we prove
that a hyperplane in P" is a (2n — 2)—manifold. Denote our hyperplane by

apxg+ ... +a;x;+..+a,x,=0

where without loss of generality at least a; is nonzero. Then we have

1
x; = ——(apxg + ... + a,x,)
a:

1

Our atlas is given by the atlas
R2n—2 N Cn—l N U:Dn—l — P

(ao, bo, s @y 15 bn—l) = (ao + lbo, ey + ibn—l) = (Co, ceey Cn—l)

1
= (Cs e —a—(aoco +..+a,c,),....c,_1)
i
All of these maps are smooth, so hyperplanes are (2n — 2)-dimensional subman-
ifolds of P". Notice that the images of these charts for different hyperplanes can
be continuously mapped from one another:

(xgs -+os —i(aoxo +...+a,x,),...,x,) = (Xg, ..., —%(boxo +...+b,x,),....%,)
i J
This is a continuous map with a continuous inverse, i.e. any two hyperplanes are
homeomorphic. Therefore the simplicial complexes are the same, and so they both
represent the same homology class in H,,_,(P").

For each k, define K C P to be the intersection of k hyperplanes: (x, =
0)N(x; =0)N...N(x,_; = 0). The intersection between (0, ..., 0, x;_,, ..., x,,) and
the hyperplane x, _; = 0 can be given local coordinates where the k'h hyperplane’s
coordinates can be rearranged from (x, ..., X;_», 0, X, ..., x,,) = (xq, ..., X,,_1,0)
by a change of coordinates, so these hyperplanes all intersect transversely. There-
fore, K is a submanifold. Since this is the intersection of k hyperplanes, and we
proved above that all hyperplanes represent the same homology class, the k is rep-
resented by the intersection product given by [H] X ... X [H]=[Hn..N H] :=
H* € H,, ,, (P". O

6 Cellular Decompositions and Line Bundles

Question 6.1. Prove that any two hyperplanes in P" represent the same homology
class in H,,_»(P").
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Proof. Let

apxg + ... +a,x, =0,
boxg+ ...+ b,x, =0

be any two hyperplanes in P". Assuming without loss of generality that a,, b, # 0,
define the map f : P! x [0, 1] by

Ly(H)xg+ ...+ L,_1(H)x,_4
—L,(?)

f(xgs . x,_1,1) = (Loy(H)xg, ..., L,,_1()x,_1,

where L;(t) = (1 — t)a; + tb;.
Let
{fi 1 Bgpy = P

be a triangulation of P"~! and

F, i Ay, y X [0,1] > P”
Fi(v,n) = f(fi(v),1)

maps given in the text, respectively. Let
{gj . Ajzn_l g AZI’I—Z X [0, 1]}
be a triangulation of A,,_, X [0, 1]. Then the restriction maps

. o AJ
{leAJZ . Azn_
n—1

L= Phx(o, 17}
form a triangulation I" of P! % [0,1].

Since I' is a triangulation, JI" is a sum of (2n — 2)-chains, and each of these
chains is described by a map A,,_, = P"~! x [0, 1]. All such chains except those
on P! x {0} u P! x {1} occurs twice, once with a plus sign and once with a
minus sign, since each (2n — 2)-dimensional face of the simplices occurs twice,
once for each of the two simplices which border it on opposite sides. The chains
that are on P"~! x {0} UP"~! x {1} are given by triangulations of P"~!,

Taking the boundary map of the I" chain, we have

Oyl =2, = Z,,
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where Z,,, Z, are (2n — 2)-cycles representing the triangulations of our boundary
P"~!s (they are cycles because P"~! is boundaryless. Since Zy, Z, are cycles,
they are the kernel of 0,,_,. Therefore we have

Zy+0,,_I'=27Z >
ker(05,_5) 0= ker(0,,_»)
Im(0,,_1) Im(0,,_1)
Hy, »(Zy) = Hy,»(Z))
Alternatively, we could just take the f map defined at the beginning and state
that this is a homotopy, so any two hyperplanes in P" are homotopic, and since

homology groups are homotopic invariant, they represent the same homology
class. [

Question 6.2. Prove that any two distinct hyperplanes in P" intersect transversely.

Proof. Let

apxg+...+a,x, =0
boXO + ...+ bnxn =0

be two distinct hyperplanes in P". Without loss of generality, assume a, # 0.
Then we the intersection of these two planes satisfying

bya bya
(b, — 2 2)x; + .. + (b, — 21)

ag ap

x,=0

This is just a hyperplane in P"~!, which can be identified with P"~2. We can
identify coordinates on this P"~2 by

0,xq,....,x,,0)
which satisfies this book’s definition of transversality. [
Question 6.3. Show that the definition of degree given by d(Z)
[Z]=d(Z)H' € H*(X)

for Z C P" is a submanifold of codimension i and H the cohomology class of any
hyperplane in P? is consistent with the notion of the degree of a hypersurface.
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Proof. A degree d hypersurface described by F(x) can continuously deform into
a union of d hyperplanes by the equations

d
G, :=tFx)+ (1 -n[]tx =0
i=1

where ¢t € [0, 1] and the /;(x) are homogeneous linear forms. By the homotopy
(deformation) argument above, [Z(F)] = Z?zl[Z(li)] =dH € H2([l3>").

Turning to cellular homology, let F’(x) define a hyperplane. Since this is 1-

dimensional, we can define the homotopy

G, :=tF'(x)+ (1 - DX;
where X is the subspace defined by (x, ..., x;,0,...,0). [X;] is the generator for
H?(P™), so all hyperplanes have the same homology class H € H*(P").

Since singular homologies and cellular homologies are isomorphic, each d H
in singular homology has a corresponding element in cellular homology, deter-
mined by this isomorphism. Thus, if Z is a codimension i hypersurface, its ho-
mology class d(Z)H € H 2 corresponds to the degree of Z. [

Question 6.4. Suppose that Z is a complex submanifold of P" of complex codi-
mension i. Suppose that you can find a complex i—dimensional linear subspace of
P" intersecting Z transversally in a finite set S. Prove that the number of points
in S is equal to the degree of Z.

Proof. Denote our i-dimensional linear subspace by P C P". We take the inter-
section product
[P]-[Z] = Z ngmg Py 0 Zy)
a.p

Since by the assumption of the problem we have P, N Zj is a finite set of points,
it remains to find n, and m;. We know that [Z] = dH' € H>")(pm), ie.
[Z] = Zgzl[H ] where H is a hyperplane in P". Thus our indexing set § has d
elements, and each n, is 1.

Since P can be deformed into X;, they have the same homology class, and
therefore [ P] is the generator of the cellular homology group H,;(P") = Z. Since
cellular homologies are isomorphic with singular homologies, [ P] is also the gen-
erator of H,;(P") in singular homology. Thus [P] = 1 € Z = H,;(P"), and our
indexing set a is just {1}.

33



Since P and Z intersect transversally, we add up their dimensions, and get that
P, n Z; is O-dimensional. Furthermore, Z; (H) is a hyperplane, which is com-
plex 1-dimensional, and, when transversally intersecting an i-dimensional linear
subspace, intersects at a single point, oriented with a + since P, Z are complex
manifolds.

Therefore our sum Y, g Nampl P, N Zp]is a sum of positively oriented points,
and since n, = 1, the number of such points is d. [

Question 6.5. Find the degree of the common zero locus of the polynomials
2 2
XpXo — xl,x0x3 — X1 Xp, X1 X3 — xz
in P,

Proof. By inspection, the intersection of the first two zero loci results in the zero
locus of the third:

XgX3 = X1Xo

X1X2 2

- —Xp =X
X3

2 _
—)XZ—X1X3

Therefore the intersection is not transverse, and the hypersurfaces are not in general
position. Isolating x, and x5, we get

x? x?

1
(x()ax]aXZ’ x3) - (x()ax19 > _2)
xO xO

This allows us to reparametrize coordinates:
3 2 2 .3
(X0, X1) P (X[, X5X15 X0X75 X7)

which is a rational curve of degree 3. Thus the common zero locus of these three
polynomials has degree 3. [

Question 6.6. Prove that the only holomorphic section of Opi1(1) are those ob-
tained by dehomogenizing homogeneous linear polynomials:
For Uy = PN\{(0, 1)} and U, = P\{(1,0)} and inverse charts y; : C — U,
given by
wo(x) = (1, x), y(w) = (w, 1)
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X X,
where x = x—l and w = x—” we have
0 1

S0 =a0+a1x, S =a0w+a1

as dehomogenizations of linear polynomials.

Proof. Note that, for transition functions 8ap 1= l[/al[/ﬂ_l, we have 8ap(2) = z L.

Suppose we have a set of functions {s), s1} such that s7(w) = x_ls(’)(x) and

s(’)(x) = w_ls;(w) (where we’ve replaced g;y(x), g9 (w) with their images), i.e.

X0 X]
x151(=) = xp50(—)
X1 X0

Our s; must be holomorphic by definition, so locally we have

x - X
/ 0 0 j
Si(x_) = 2 ai(x_ —a)
1 i=0 1
In order for xlsi(i—(l’) to equal xos(’)(z—;) for all (x(, x;) € UynU,, we can only have
ag, a; be nonzero in our convergent series, as the powers of the x( and x; will be

mismatched. This yields s, s; defined above, so these are the only holomorphic
sections of Op1(1). ]

Question 6.7. Let {U,,...,U,} be the standard open cover of P". Let d be an
integer.

a Show that the functions g,5 = (x ﬁ/xa)d are the transition functions of a line
bundle on P", denoted Opx(d).

b If d > 0, show that this bundle coincides with the bundle Opn(d) defined by
Opn(1)®,

¢ If d > 0, show that the homogeneous polynomials of degree d on P" natu-
rally correspond via dehomogenization to the holomorphic sections of Opn(d).

Proof. a The {U,} are defined such that x, # 0 on U,, so the function g, =
(z—”)d is everywhere defined on U,. Furthermore, g,, = (32)’ = 1 and
8ap8py = (i—i)d(i—;)d = (i—i)d = ggy» satisfying the requirements to be

transition functions of a line bundle on P".
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b The line bundle L ® L’ is defined by multiplying the transition functions:
{8apgLy)s 50 the line bundle L% of Gpa(1)® is given by g¢ 5> Which is

(D).

¢ We have s, = g,555 in each U, N Uy. We must have s,(x,, x3) be polyno-

mials of degree d in order to have the powers of x,, and x4 to match between
sq and s, by the same argument used above. If

*p *p

Se(XgoXp) =ag+a;— + ...+ ay,(—)

X(X xa

d
b

i.e. degree d polynomials of i—”, where x,, x5 € U, N Up, we have

X

B X X
8apSp = (x—)d(ao + alx_; +..+ adH(x—a)d)
04

X X
p Fid—1
=ay(—) +a; (D) 4+ L+ ayy
xa x(x

=Sa

which satisfies the holomorphic section requirement. Thus the holomorphic
sections of Opx(d) are dehomogenized polynomials of degree d.
O

7 Enumerative Geometry of Lines

Question 7.1. Complete the details of the description of the cellular decomposition
of G(2,4), describing all the cells.

Proof. From the text, the cellular decomposition is
L Coy(p,P) Coyr(p)Vo(P)Co(L)CG,
where

o(L)y={l €G|InL # @}
or(p={l€Glpel}, p=(0,0,0,1)
o (P)={l€G|lCP}, P=Z(xy)
o1, P)={l€GlpelCP}
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where L is the line defined by x; = x; = 0. (Z(x() is the subspace defined by
xo = 0.) The text also gives the 4-cell G — ¢(L) as the row space of

10ab~4
<01car>:C

and the 3-cell o;(L) — 6,(p) — 0 1(P) is given by

laObN3
<001c>:C

The 2-cell is given by (6,(p) U 61 1(P)) — 0,1(p, P), i.e. the set of lines / that
either contain p while not being in Z(x,)) plus the set of lines that don’t contain p
and are contained in Z(x). For the former, we need the 2-dimensional subspace
generated by two vectors

ao al
b b
el = O . 62 = 1
Co €1
dy d

To ensure that ae; + fle, & P spanning a and f, we must have either a, or a; equal
to 1. We will set ay = 1. To ensure that p € [ for at least one combination of «, f,
we must have @ = 0, so e; = p. This covers all values in the fourth entry of the
resulting vector, so we can set dy = 0. The remaining b, ¢, can be any value and
still fit these criteria, so this space is given by the row space of

1b0€00
0 0 0 1

fortheset {/ € G|p &€ I,I C P}, wenote thatboth a, and a; in the above definitions
of e, e, must be 0 to ensure any resulting vector from spanning «, f remains in P.
Furthermore, to ensure the p & [ for any a, f requires d, = d; = 0. The remaining
second and third entries can be any values, so we set ¢y = 1 and b; = 1, giving the

TOWw Space
0 by 1 0
01 ¢ 0

Both of these row spaces are disjoint and isomorphic to C?, thus these are the
2-cells.
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The 1-cell given by o, ;(p, P) — { L}, we must first have a; = a; = 0 to remain
in P. We must also have either b, or b; be 1 to ensure we stray from L, so we’ll
set by = 1. To ensure p is hit, we will set b; = ¢; = 0 and d; = 1. The third entry
in the resulting vector can be anything, so we have the resulting vector given by
(0, a, acy, p) with a, p spanning. Thus we have the 1-cell given by the row space

of

01 ¢ O

0 0 0 1
This is in bijection with C, and completes our description of the cells in our cellular
decomposition of G. [

Question 7.2. Let p = (1,0,0,0) and p’ = (0,1,0,0) in P3. Show explicitly that
o,(p) and o,(p") intersect transversely by using the local coordinates (a, b, ¢, d) to
describe the row space of

1 0 a b

01 ¢ d

near the line L joining p and p'. Note that L itself corresponds to the origin
(0,0,0,0). Find the equations in (a,b,c,d) defining 6,(p) and o,(p"), and note
that these satisfy the condition for a transverse intersection.

Proof. In computing o,(p), in order to ensure p € V', where V' is the row space of
1 0

the above matrix, we need a = b = 0. When this is the case, a 8 +/ i hits p

0 d
when @ = 1, § = 0. Outside of that, ¢ and d can take any value, so o,(p) is given
by the 2-dimensional subspace of (a, b, ¢, d) = ct given by (0,0, c,d) = Cc2.
Similarly, for 6,(p"), we must have ¢ = d = 0 and a, b can take any values,
$0 80 0, (p’) is given by the 2-dimensional subspace of (a, b, ¢, d) = C* given by
(a, b,0,0) = C2. This is the exact definition of transversality given in the text. [
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Question 7.3. Verify the multiplication table for H*(G(2,4)).

1 o) 0y | 011|021 022
11 o) Oy [ 011021022
01 | 01 |0p+011|021[001|022] O
o, | 05 051 o, 01 010

01,1 |091.1 02,1 0 |opp| O 0
621 | 02,1 022 0 0 0 0
622 | 022 0 0 0 0 0

Proof. The first row is trivial, because the intersection of subspaces like e.g. ps,
Ps, and Ls with G itself acts by the identity on the respective subspaces.

Due to commutativity of intersection and multiplication of integers in Z, the
table is symmetric.

o) - o} 18 proven in the text to be o; + o ;.

o1 -0yisgivenby {l € G|p € l,INn L # @}, i.e. the set of lines that intersect
a point and a line. In other words, we want to find, for a point p = (a’,b’,¢’,d")
in general position, which a, b, ¢, d yield

1 0 a
a 0 b’
ol A1)
b c d’
!’ !/ !/
This gives the constraints a = b—, and b = 2 —<. This means that, without loss

of generality ¢ can take any value and still givg: a line that intersects p and L. The
lines must therefore be contained on a plane given by (a, c¢). To intersect with p, we
have a constraint on a as well. Thus we have a set of lines on a plane that intersect
p.ie.op ={l€G|pelC P}

For o, - 6| |, we seek {leG|InL & @,l C P}. In atransversal intersection,
a line L intersects a plane P in a point. Thus lines in P intersecting with L must
contain this point. Therefore o) - 6 = {{ € G|p €| C P} =0, .

For oy - 65, we seek {I € G|p € | C P,In L # @}. From the prevous
reasoning, a line contained in a plane P that intersects with L must intersect with
the single point of intersection L N P. To also intersect with another point p € P
reduces our set to a single line, as only one line intersects two points. Thus our set
is {L} =0,,.

For o, - 0, ,, we need the intersection of a line with another line. In general
position, however, this is the empty set, so o - 0n = 0.
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ag is shown to be o, , and o, - o is shown to be 0 in the text.

0, - 05, is the intersection of a line with a point, which in general position is
the empty set, so o} - 6,, = 0.

%,1 is given by o, , in the text.

01105118 {{ €G|l C P,p el C P'}. The intersection PN P’ is a line, and
this line does not intersect a point in general position, so ¢ | - 65| = 0.

01,1 * 0y 1s the intersection of lines in a plane with another line in general
position. Since a line in general position isn’t in a plane, the intersection is 0.

03,1 is given by {Il € G|p,p’ € I, C P,P’}. Any I that must exist in the
intersection of two planes in general position must be a single line. This line will
not intersection both p and p’, as both points will in general be off of this line, so
Gil = 0.

07,1 055 Tequires a selected line to contain a point and be contained in a plane,
both in general position. A general line won’t be contained in a general plane, so
051070 =0.
is asking for a line that is two distinct lines (since we’re in general position),

(o3

2
%22 .
which can’t happen, so 0y, = 0. [

Question 7.4. a Let C C P be a curve of degree d. Let Z be the set of lines
in P3 which intersect C. Find the cohomology class [Z] € H*(G(2,4)).

b How many lines in P> meet each of four given general curves C, of respective
degrees d;?

Proof. a Z must be the cohomology class [{/ € [P’3|l NC # @}]. This is
d
the same as the cohomology given by [(){/ € P3|l n L; # @}] since our
i=1
d d
hypersurface C is homotopy equivalent to [[ L;. This is just (] o;(L;) =
i=1 i=1

QU

o,. Therefore [Z] = doy € H*(G(2,4)).
i=1
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b We look for the intersection of these four cohomology classes:

4
d1(71 N d261 N d361 ﬂd40'1 = Hd,-af
i=1

4
= H di(O'Z + 01,1)2
i=1

4

= || die5 +2 +07)

= ilo, 0201,1 T 0},
i=1

4
= H di262’2
i=1

Thus we have fG H?:l d,-2(72’2 = 2d1d2d3d4 fG Oy = 2d1d2d3d4 lines in
P meeting all four hypersurfaces.
U

Question 7.5. How many lines in P* intersect each of six general 2-planes? How
many lines in P* intersect each of three general 2-planes and pass through a fixed
point?

Proof. The set of lines that intersect a single 2-plane in general position in P is
given by the Schubert cycle

o, ={lEGRI)INPWV,_,) #D.1 CPVyy1_p)}

fora = 1,b = 0. (This is because a 2-plane is 3-dimensional, i.e. P(V3), and no
further restrictions on /, so we set b = 0 to ensure / C P(Vs5) = |]3’4.) Therefore
we seek the value of of”o. To compute this, we’ll use Pieri’s Formula given in the
book, since I’m feeling lazy right now:

Oy Ope = Z Od.e
{(d,e)|d+e=a+b+c, n—1>d>b>e>c}
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We then have
2 _
O1p=020t011

620 01,0 =030+ 02
01,0 01,1 = 02,1
030010 = 040103
010 02,1 =031+ 02>
040 010=0
01,0031 =032
01,0022 =032
01,0032 =033

Thus we have

6 _ 2 4
%10 = %10 %10
_ 4
= (02’0 + 01,1) . 61’0
— 3
= (03’0 + 262,1) . 61,0

— 2
= (0'4,0 + 30371 + 262,2) . 0'1’0
=503, 019

= 563’3

Following the

1 e=n—-1-b,d=n-1-a

6. 1,0 =
( ab: C’d> 0 otherwise

pairing rule given in the text, o3 3’s dual is 6y ) = 1. We then have

6
/ 010~ / 5033 = 5/ 033 = 5(0633,0009) =5,
G(2.5) G(2.5) G(2.5)

giving us five lines in P* intersecting six general 2-planes.
. . 3
For the second questlon, from the same reasoning above, we seek f 625 %10°
03. The computations above give us

3 —
010030 =(030+2051) 039

_ 2
= 03’0 + 263’0 . 62’1

42



Pieri’s Formula gives us

2 _
030 =033
030021 = 0

/ Ol 30 = / o33 =1
G4) GQ.4)

Thus there is one line in P* intersecting three general 2-planes passing through a
fixed point. O

Question 7.6. Show that

So we have

(p’ Ua) ~ (q’ Uﬂ) l,fp =4q and Ua' = g(xﬁ(p) . Uﬁ

(where (p,v,) € U, X C" and (q, Uﬂ) eU;X C', given transition functions 8ap ON
X a manifold with atlas sets {U,}) is an equivalence relation and that V (E) is a
complex manifold of dimension dim X +r.

Proof. We start with reflexivity: since g, 4 are transition functions, we have g,, =
1. Therefore (p, v,) ~ (p, V).

For symmetry, a requirement of transition functions for a rank r vector bundle
subordinate to the cover {U,} is that the g,4 transition functions are invertible.

Therefore, if (p,v,) ~ (g, vp), then we have p = ¢ and a transition function g, 4

such that v, = g,z04, we have another transition function g;/}
-1

8ap

such that vg =

v,. Therefore we have (g, Uﬂ) ~ (P, U,).

For transitivity, a further requirement of transition functions for a rank r vector
bundle subordinate to the cover {U,} is that g,z85, = &,, on each nonempty
U,nUynU, # @. Therfore, if we have (p,v,) ~ (¢,vg) and (g, vg) ~ (m,v,),
then we have p = ¢ = m and transition functions g, and g, such that v, = g,50,
and vy = gp,v,. Since p = g = m, we must have nonempty U, N Uy N U,, and
therefore a transition function g,, = g,385,- We then have

EayVy = 8ap8pyUy = 8aplp = Va

so (p,v,) ~ (m, Uy).

V(E) is defined as the quotient of the disjoint union of the U, X C" by this
equivalence relation. Since X is a complex topological manifold, there are charts
¢, : U, = V, c CImX) Therefore we define charts on V (E) via

Py x1:U,xC" >V, xC"C Cdim(X) v or o Cdim(X)+r
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where 1 denotes the r X r identity matrix on C". Quotienting the U, X C" by the
equivalence relation, we check well-definedness: Suppose (p, v,) ~ (¢, vp). Then

o X 1D, 0y) = Po(P) X Uy = $o(P) X &4pUp,
$p X (g, vp) = Pp(q) X vg = Pp(q) X vy = P, (p) X vg

So the transition maps are given by 1y X g, which are holomorphic. 0

Question 7.7. a Try to make precise the meaning of the statement “the fiber
of @ over x has a vector space structure, the operations depending holomor-
phically on x” in the geometric construction of V (E).

b Prove that the correspondence between vector bundles and geometric vector
bundles is a one-to-one correspondence.

¢ Finally, prove that under the above correspondence, holomorphic sections
are in one-to-one correspondence with holomorphic maps s . X — V(E)
suchthatwos = 1y.

Proof. a In the construction of the geometric vector bundle in the text, we are
given a holomorphic mapping # : V' — X with a covering of {U,} of X
such that z~!(U,) ~ U, x C". Let i, : U, x C" — z~1(U,) be the isomor-
phism of this neighborhood. Fixing x € U,, we define the isomorphism
Jo(x) =1i,(x,v). We define the vector space operations on ! (x) by

v+ w = (g (©) +jg ' (W)
cv = jo(cjg (V)
Because 7 is holomorphic, j, varies holomorphically depending on x, so

the vector space operations depend holomorphically on x.

b Suppose we have two rank—r vector bundles V, V"’ corresponding to the
same geometric vector bundle V' (E). Then V can be trivialized over a cover
{U,} of X,and V' can be trivialized over another cover {U,, } of X, such that
there exist isomorphisms 7 : V = X,z’ : V' - X, such that n_l(Ua) ~
U, x C" and n’_I(UO’[) ~ U, xC". Since V, V"' correspond to V(E), V(E)
is the quotient of both of the equivalence relations

(p’ Ua) ~ (q’ Uﬂ)’ Ua = gaﬁvﬁ
(P, vg) ~ (g, 0p), Vg = 8,505
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Let p € U, N Uy in the V bundle with p € U N Uy in the V' bundle,
and{e,} be a basis of z~'(U,) and {e]} be a basis of n’_l(Uo’(). We use
these to construct a linear map f,, that sends each e; - e!. Since the vector
space operations on a fiber depends holomorphically on the fiber’s point,
this linear map also depends holomorphically on the fiber’s point, and this
sends v, to v,,. We do the same for the bases of ﬂ_l(Uﬂ) and n’_l(Ué), and
call the resulting map fj, which sends vy to u;g. Therefore we have

g;ﬁfﬁvﬁ = fu8apUp
= g,;ﬁUﬁ = fagaﬁfﬂ_lvﬁ
= 8.5 = fagaﬂfﬁ_l
on {U, N Up}, which is the equivalence given in the text. Therefore V'

is isomorphic to V', and the correspondence between vector bundles and
geometric vector bundles is one-to-one.

Suppose we have two holomorphic sections s, s” with bundle trivializations
{U,},{U,} corresponding to a holomorphic map Sgeo - X — V(E) such
that 7 o s,,, = 1x. Then restricting s,, to covers U, € {U,} and U, €
{U,}, we identify

geo

WUy ~U, xC", z7\(UH) ~U. xC"

and restrict sgqoly and sgeolys as x > (X, Sge04(X)) and x = (x, Sgeo.a(X))>
/

respectively, Where s, 4, Sge04 are vector-valued holomorphic functions.

This is well defined, because if x € U, N Uy and x € U, n Ul;’

(x9 Sgeo’ﬂ(x)) = (x’ gaﬂsgeo’a(x))7 (x9 séeo’ﬂ(x)) = (x’ g;ﬁséeo,a(x))

which are identified under the vector bundle equivalence relation. This is
the case because the vector bundle sections correspond to s,,,. Under the

above correspondence, we can write linear maps {f,} that send s,,,, t0
s

These give equivalences between transition functions g,; ~ g; 5

geo,a*
('x’ S(Igeo,ﬂ(x)) = (x7 fﬁsgeo,ﬁ(x)) = (x7 fﬁgaﬂsgeo,a(x))

= (X, f38apS i Steoa®))
= (.8 Sheoa(®)

> fp8apfa = 80p
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Since the transition functions are identified, the sections s, s” are identified,
and therefore the holomorphic sections are in one-to-one correspondence
with holomorphic maps s : X — V(E), wes = 1y.

]

Question 7.8. Let Q = UIEG(Z,n+l){l} X Q, be the disjoint union of the {l} X Q,.
(Q, is the 2-dimensional vector space of homogeneous linear polynomials on 1.)
Show that Q has the structure of a rank 2 vector bundle on G(2,n + 1) by giving
an explicit trivialization.

Proof. Let {x, ..., x,} be a basis of C"*!. Let Uxi’xj be the subset of G(2,n + 1)

consisting of lines where their spans can be written as two vectors where the i
entries are 1 and 0 and the j" entries are O and 1, respectively, with the requirement
that i < j. For example, U, . consists of the lines / for which their respective
spans can be given by elements of the row space

(1 O a“ al(n_1)>

0 1 a; ... az(n_l)

The trivialization then gives Span(x;, x;) = C? over each Uxi’xj. These Uxi’xj
clearly span G(2,n + 1): If there is an / in G(2,n + 1), let it be spanned by two

. ) ) v
basis vectors v = (v, ..., 0,), w = (W, ..., w,). Row reducing the matrix <w>

into Echelon form gives a matrix of the form U, . . Transition functions are sim-

ply given by the 2D identity matrix, mapping x; — x; by a 1 in the upper left

corner and x; +~ x; by a I in the lower right corner, and 0 elsewhere. Under
e ) o

the identification (/,ax; + bx;) ~ (I', 8, X, Xy ¥ (ax;, + bx; )), this gives the

structure of a rank-2 vector bundle. O]

Question 7.9. Find the number of lines in P* which lie in a general degree 2
hypersurface and meet a given line.

Proof. Let Q be the rank-2 fiber bundle of G(2,4) defined above. A line / in
a degree 2 hypersurface X, where X = Z(F(x)) for F our defining degree 2
polynomial. Then/ € X when F|; = 0. Asin the text, F is a section of Q’s second
symmetric power .S ymz(Q). This is a rank-3 bundle, generated by {x,.z, XX, sz.}
over U, X Thus we seek to find

/ cx(Sym*(Q)) N o,
G(2.4)
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Using the splitting principle, we assume that Q = L; @ L, is a direct sum of line
bundles, with first Chern classes denoted @ = ¢{(L;), f = ¢;(L,), with ¢(Q) =
(1 + a)(1 + B). We are given in the text that c(Q) = 1 + o} + 0} 1, SO

a+ﬁ:(71, aﬂ=61’1
We have that Symz(L] @ L, = L?Z L, RQL,)D L®2, SO
c(Symz(Q)) =14+20)d+a+ /(A +20)

which gives the degree 3 term 2aa2f + 2af2f = 4(a’B + ap?). Substituting in
the Schubert cycles, we get

c3(Sym*(Q)) = 4(@*f + af’) = 4a + foy | = 4oy01
By Pieri’s Formula above, this gives us 4o, ;. Therefore we want to find /, G4 40, 104
which, again by Pieri’s Formula, gives / G4 4oy, = 4. [
Question 7.10. Calculate the number of lines on a general cubic hypersurface in
P3.

Proof. Following the same approach as in the previous problem, we now seek to

find
/ cs(Sym(Q))
GQ2.4)
2 2

This is because F' this time is a rank-3 bundle, generated by {x?, XiXj, XX j,xi}

over Uy, . Sym (L@ Ly) = LY ©(LY’ @ L) &(L, @ LY S LY. Calculating
this Chern class, we get

c(Sym*(Q) = (1 +3a)(1 + 2a + )1 + a + 28)(1 + 3p)

The fourth order term is 18a> p+ 45azﬂ2 + 18aﬁ3. Calculating this out in terms
of Schubert cycles, we get

180> B + 450 % + 18a > = 9ap(2a’ + 5ap + 25°)
=9af(af + 2((){2 +2ap + ﬂz))
= 9apf(ap + 2a + B)%)
=90y (o) + 2612)
=90,, + 180, , =270, ,

Evaluating our integral, we therefore get fG(2 4) e (Sym*(Q) = 27 / GQ.4) 0220
which gives 27 lines.
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Question 7.11. Perform the details of the calculation of the number of lines on a
quintic threefold.

Proof. The thing left to prove in the text is evaluating cs(Q) = (Sa)(4a + f)...(a +
40)(5p). I assume the problem is to just bash this out:

c6(Q) = Sada3a2aaSp + Sap3aaadp
+ Sada3a2adfSp + Sapf3a2adpSp
+ Sada3a3pasSp + Sap3a3fasSp
+ Sada3a3p4p56 + Sapf3a3p4550
+ Sada2faaSp + Sap2plaasdp
+ Sada2fadp56 + Saf2p2a4p56
+ 5a4a2B3pa5p + Sap2p3pa5p
+ 5a4a2B3P4B5P + Sap2p3PAR5H
= 600a° B + (2400 + 900 + 400 + 150)a* 5>
+ (3600 + 1600 + 600 + 600 + 225 + 100)a’g>
+ (2400 + 900 + 400 + 150)a®p* + 600af°
= 600a° B + 38500 2 + 6725 B> + 38500 * + 600a f°
= 25af(24a* + 154> B + 2690 % + 154a > + 248%)
= 25ap24(a + B)* + 125a%B% + 58(a>B + ap?))

Substituting in Schubert cycles, we get

=250 (240} + 12507 | + 58af(a’ + %))
=250, 1240} + 125062 | + 580, ;((a + B)* — 2ap))
= 2501 (240} + 12507 | + 580 1(o] — 207 1))
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Using Pieri’s Formula again, we have

0101,1 =021
612 =07 + 0p
0201,1 = 03]
6261 = 63 + 62’1
01031 =031 103
0103 = 034
2 _
05, =03 + 059
Therefore, we get G;l = 30'3’1 + 20'2,2 and 0'1,1(0'% - 261,1) =031 + 020 — 2(7%1.
This gives
c(Q) = 250, 1240} + 12507 | + 580, (0] — 201 ))
= 2501 ,(13005 | + 480, + 6707 |)

We can find 0'% , by using what we know about a% and af:

(0} = of
(o1, + 62)2 =303 +20;,
612’1 + 20’1,162 + 65 = 30'3,1 + 20272
= 0'12’1 =077
So we now have our Chern class as

c6(0) = 2507 (13003 | + 1150, ,)

It remains to find o ;065 and o) 10,,. Starting with the former, knowing that
0,011 = 03,1, we can multiply both sides by o, ; further to get 63 161 ; = 06,0, ;.
Using Pieri’s Formula once again, we see that this is equal to 0. For the latter, we
see that

0'12 =011 + 0y
2 _
= 010, = 011033+ 0,07,

Using Pieri’s Formula yet again, we have that 61262,2 = 033 = 01,10,. Thus
we have ¢4(Q) = 287505 3. Integrating this over G(2,5), we get 2875 lines as
desired. [
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8 Excess Intersection

Question 8.1. Assuming the validity of the Splitting Principle, prove the formula

c(E)

¢(E/F) = -

for the Chern classes of a quotient bundle.

Proof. Recall that the Splitting Principle states that a rank-r vector bundle can
thought of as able to be decomposed into a direct sum of r line bundles.

We know from the text that c(L;{ @ ... D L,) = H;zl(l + c¢;(L;)). Choose a
basis of E which we’ll label as {xq, ..., x,, }, where x; is the basis of L;. Our basis
of a subbundle F will be given by {x, ..., x; }, k < n, so the basis of E/F is given
by {x;41, ..., X, }. Then we have

& 1_[1(1 +c (L)) P
c i=
o Lot

[T+ ¢ (L)

i=1

This is the same Chern class of the (L, ®...® L, bundle, which by the Splitting
principle we set as equivalent to E/F. ]

Question 8.2. Let X C P" be a smooth hypersurface of degree d, and let N be
the normal bundle of X in P". Prove that N ~ Opn(d)|y. Hint: let F be a
homogeneous polynomial of degree d with X = Z(F), and consider the map

v TP x = Opn(d)| x, w(0) = 0(F)|x.
Show that w(T X') = 0 and that y induces an isomorphism from N to Opa(d)|y.

Proof. First we remind ourselves that, proven in the final exercise of Chapter 6,
Opn(d) has sections of inhomogeneous degree d polynomials: If U, is our standard
chart on P” (¢, # 0), i.e. coordinates on U, C P" are given by

& Ca—1 Ca+l

¢, "
S e , e —) 1=(21,...,2,) €U, CP
c Cy Cy Cy

a

with sections P" — Opx(d) and transition functions given by

C
G(z), . 2,)s 8o = (=)*
p
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where G(zy, ..., z,) is a homogeneous polynomial of degree d.
We follow the hint and let F' be the homogeneous polynomial with X = Z(F).
First we prove well-definedness. In U,nX we’ll label our coordinates (zy, ..., z,,)
and in Uﬂ N X we’ll label our coordinates (zi, .y Z). For U, N Uﬂ N X we have

0":=Z ’6z

_ i f@zj a
'0z; az
=gaﬂ9ﬁ

From the Chain Rule,

aF(ZO, ceey Zn) _ a_z; aF(zll(Zl9 ceey zn)9 ceey Z;l(zl9 esey Zn))
0z; 0z 0z}

b

sow(0,) = w(gyp05) onU, NUzN X. Therefore, y is well-defined.
. _ 0 n : IF
For each section 6 = ZI: fi oz, of TP"| y, w gives us the vector field Zl: fi P

Note that (a—F) is the gradient of F, which is normal to X. Therefore, if (f;) is a
vector tangent to X,i.e. € TX, (f;) - (—) = 0. Thus y|rx = 0. Alternatively,

we note that, since y is coordinate- 1ndependent and F gives a section s of Opx(d),
s can be locally expressed as

with Z(F) = X having coordinates (zy, ..., z,_). Elements of T'X are given by
)
(fl()zl N 1a 0) so we have

Thus (T X) =
Next we prove isomorphism. Denote F expressed in U, coordinates by F,,. F,
can be expressed as idfa(xl, s Xg_1>Xgq1» - X,), Where f,, 1s a homogeneous
x(l
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degree d polynomial in n — 1 variables. Therefore, transition functions g(; 5 from

F, to Fj are given by (fc—")d. We then have
p

W(Qﬁ) = eﬁ(Fﬂ)lX
= 8upla(8ypFo)lx
= gaﬂ[ga(g(;ﬁ)FalX + 8(;59a(Fa)|X]
= 8apl0 + 8,50 (F)lx]

X
= (x—”)dga,;eawa)lx
p

The (i—“)d are exactly the transition functions of Op.(d), so y induces an isomor-
b
phism from TP"/T X |y = N to Opx(d)| x. O

Question 8.3. Check that the map @Pn(l)"+1 — TP" defined by

n
0
Ugs oo b) = Y =
= 9%

is onto and identifies TP" with the quotient of @[pn(l)’”1 by a trivial line subbundle.

Proof. We will choose local coordinates in U,, which we’ll label x = (x, ..., x,,).
Suppose we have an arbitrary element Y., ai%

coefficients a;, we can find n? values /.. such that /,(x) = a; for all i:

in T, [P". Since we have n + 1

lo(X) lOO ZOI’I XO ao

[,(x) Lo - La,)\x, a,

Thus we can find an element ([, ...,/,) € @[F,,n(l)’“rl such that the image of this
map is our arbitrarily selected element of TP". Therefore the mapping is onto.
We saw in the text that the trivial line subbundle F generated by (x, ..., x,,) €
@[pn(l)’”rl maps to 0 in TP" as a consequence of Euler’s Formula, i.e. is the kernel
of this mapping. Then by the First [somorphism Theorem of modules, since TP"
is the image of this mapping, TP" = Op.(1)""!/F. O

Question 8.4. Let O, 0,, Q5 be degree 2 hypersurfaces in P> which contain a
line L but are otherwise general. Suppose that Q1 N Q, N O3 = LU {py,....p; }.
Find k.
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Proof. Since O, Q,, and Q5 are general, we assume they aren’t singular or double
lines. We view L as P! in P3. We denote H € H2(|]3’3),h € H2(|]3’1) as the
hyperplane classes of P2, P!, respectively. Note that the restriction of Op3(1)|p1
is Opi1(1), so the restriction of H to P! is h. Calculating the Chern class of the
normal bundle N; p3 yields

(TP lp)  (1+H) e (1+ by
TP — (A+h2  (1+h)?

=(1+h?=142h+h>=1+2h

We view (Q, Q,, Q) as a section of Op3(2)*, and then compute the Chern class
of the excess bundle B = Op3(2)®|p3/ N ps:
Op3(2)? 1+2H)° 1 +2h)°
o(B) = 0@ len) _( Vet A2y,
c(Nyp3) 1+2h 1+2h
Therefore ¢;(B) = 4h and [, ¢;(B) = 4.
Bezout’s Theorem gives 2+2%2 = 8 points of intersection. Since we calculated
that 4 of these are due to our conics’ common line, there must be 4 extra points of
intersection. [

9 Rational Curves on the Quintic Threefold

Question 9.1. Find all automorphisms of the stable map f : C — P* described
as follows. The curve C has two components C; and C,, with restrictions 4 f; of
f to C; given by

f1(xp.x1) = (x5, x7,0,0,0)
fo(xg. %)) = (x3,%3,0,0,0).

We have described f; by identifying each C; with P!. The curve C has a single
node, formed by joining the point (0,1) of C; to the point (1,0) of Cs.

Proof. We wish to find automorphisms g(x,, x) = (agxy + a;xy, byxog + byx;)
such that their images, when cubed, give x% and x? or vice versa. Expanding this
out, this means we require either ag = bi = l,a; = by = 0, or a? = bg =
1,ay = by = 0. Recall that we’re working in C, so these coefficients are allowed
to take third roots of unity e and their powers. Assigning each of ay, by €
{73 73 1} in the case where a; = by = 0 yields an automorphism group
Z3 X Z5. Including the other case adds a factor of Z,, as it flips the values g, <
ay, by < by, so the automorphism group is Z3 X Z3 X Z,. [
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Question 9.2. It was asserted that Es is a rank 11 vector bundle on ﬁ(ﬂj"‘, 2).
Check that dim(Es) ; = 11 for the stable map [ : C — P* described as follows.
The curve C has two components Cy and C,, with restrictions f; of f to C; given
by

S1(xg,x1) = (x¢,x1,0,0,0)

and
f2('x0’ xl) = (Oa XO, xla 0’ 0)'

We have described f; by identifying each C; with Pl. The curve C has a single
node, formed by joining the point (0,1) of C, to the point (1,0) of Cs.

Proof. In the text, (Es) 7 is defined as

(Es); = H(f*(Gpa(5)))

which is the vector space of sections of the pullback of Op4(5) to C.
Sections of Op4(5) correspond to degree 5 homogeneous polynomials over 28

We choose an arbitrary section Y ¢;x!. There are two variables in P! among
|T]=5
which we need to choose five terms with replacement where order doesn’t matter,

ie. |¢f| = (";d) = (2) = 3024 terms in this polynomial. The pullback corre-
sponds to setting 7 to 1, as the preimage of each of the components of f is P!, so
there are (1+d) = d + 1 coefficients. Since there are two components, we have a

2(d + 1) coefficients. However, one of them is shared, as there is one node, so the
vector space of sections is 2(d + 1) — 1 = 2d + 1-dimensional.

We can see this explicitly for f: The pullback via f corresponds to setting
x3 = x4 = 0 and either x, = 0 or x; = 0 in the polynomial, so that only the terms
with coefficients either c..q or ¢,..oo are kept:

5 4 3.2 2.3 1 4 5
€50000%0 1 €41000%X0X1 t €32000XpX] T €23000X¢X] T €14000%X0X] T €05000X7>

5 4 3.2 2.3 1.4 5
€05000Xg 1 €04100X0X1 T €03200%(X] T €02300X¢X] T €01400%X0X; T €00500%]

Thus we have 11 unique (cys0y shows up twice) coefficients that are kept in the
pullback. These correspond to sections of the pullback f*(Op4(5)), so this is an
11-dimensional vector space. [

Question 9.3. Now prove that forany f € M(P*, d), we have dim(Es)| p = 5d+1.
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Proof. From the previous problem, we have that sections of each component f;
correspond to Op1(5¢;), where ¢, is the degree of f;: if f; : P! — P* defines an
irreducible rational curve of degree c;, then f*(Opa(c;)) =~ Opi(5¢;) since degree
¢; polynomials in the variables of p* pull back via f; to polynomials of degree Sc;

in the variables of P!. Each of these sections are classified by (IJSFCS‘C") = 5¢; + 1
coefficients corresponding to the terms in the homogeneous polynomials. Suppose

our stable map has m components. For each component, we then have 5¢; + 1
m

coefficients, so we have Y (5¢;+1) coefficients in total. However, we must subtract
i=1

the number of nodes, as these are shared coefficients. For m components, we have

m — 1 nodes which we must subtract, so we have

m m
Z(Sc,.+1)—(m—1)=52c,.+m—m+1
i=1 i=1

=5d+1

unique sets of coefficients, and therefore a (5d + 1)—dimensional vector space. []

10 Mechanics

In the first two exercises, 1-dimensional Newtonian mechanics is generalized to
n dimensions. A path is given in coordinates by a vector-valued function x(¢) =
(x1(®), ..., x,(1)). Introduce a potential function V' (x). The action is

- N & [ dx, 2
S_/zo (5;<dt> —V(X))dt

Question 10.1. Derive the equations of motion mcz’2>ci/a’t2 +dV/iox; = 0. If we
put F = =NV this is just the familiar F = ma.

Proof. The Lagrangian £ is the integrand, and the Euler-Lagrange Equations give

& _ d < 8& >
Sx;(t)  dt \ 6x/(1)

vV _d dx;
_— = m—
ox; dt dt
1% dle-
—=m

0x; dr?
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for each x;(#). Summing both sides over all x;(), we get = VV + ma = 0. O]
Question 10.2. Fron = 3, let r = \/x% + x% + x% and suppose that V. = V(r).

Show that the action is invariant under rotations x — x’ = Ax, where A is the
3 X 3 matrix of a rotation (which satisfies AA" = I, the identity matrix) and x, x’
are expressed as column vectors. What quantity is conserved by rotation about the
third axis, i.e., by the rotations with matrix

cos(#) —sin(f) O
A=]|sin(@) cos(@) Of=.
0 0 1

*The center entry in my copy of the book says sin(0) but it should be cos(0).

Proof. The only term in the Lagrangian concerning x,(¢) is the potential function.
Note that we have V' (r) = V(V/x'x). Therefore, with the transformation x — AXx,

we have V(r) » V(\/(AX) Ax) = V (VX' A Ax) = V (VxIx) = V (7).

Taking an infinitesimal rotation, we Taylor Expand our rotation to first order:
X = x; —0x,
Xy = 0x + X,
X3 g X3

Thus our potential function gets transformed to first order as

V(x) = V(AX) )
3
oV
- V(x)+ ; a—Xi(Axi —x;) (3)
=V(x)+ s—V(—exz) + ﬂ(ﬁxl) “4)
xl axZ
=V (x) = 0(VV XX),p ®)
= V(X) — 0(ma X X),p (6)

Since our potential is the only term in our action that depends on x, the variation
in our action is

58 = — / (Oma X X), p di

t
= —0mv x x|’
0

1
= —0p X xll(l)
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Since 6.5 = 0, the p X x (in dimensions 1 and 2, in this case) must be the same at
to and 7, so the p X x is conserved. This is canonically angular momentum. [

Question 10.3. a Check that the infinitesimal transformation

dx
ox(t) = —e—=
x(1) €

is a symmetry of the action given by

" (m (dx\?
S_/I0 <5 <E> —V(x(t))> dt

Use Noether’s method applied to the above infinitesimal transformation to

2
derive the conservation of total energy (H(t) = %m (%) +V(x))ofal-

dimensional particle in the presence of a potential V (x). In the above, € is
an infinitesimal parameter.

2
b Check directly that the total energy is conserved, using Newton’s Law ( m%
V'(x)=0).
Proof. a Notice that x — e% is the Taylor expansion of x(¢ + €). Since ¢ is

unchanged, the position function doesn’t change, and the Lagrangian just
experiences a change of variables - shifting ¢ in the function doesn’t change
the integral. Therefore the infinitesimal transformation is a symmetry.

Substituting x + ox into our action, we get

tl 2 2
S’:/ m(dx _ XYy 4% ) g
w \ 2 \dt dt? dt
5 2 2 2
z/ E<<d—x> —2€Qd—x> —V(x—ed—x) dt
o \ 2 dt dr? dt dt

where we remove higher order terms of €. Taylor expanding the potential
term, we get

a1 2 2
dx d“xdx oV dx
S’ = m (-) —2eXX) o+ e 229 gy
/,0 <2< dt “ar? dt 0 “ox dt)

1 2 2
=/ (ﬂ <(@> —2ed—x@> - V(x)+€a—V)> dt
i \2 dt dr? dt ot
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Subtracting our action that had the original x position, we get

1 2
55:/ <—€m2ﬂd—x+eﬂ>dt
" 27 dt dt ot
/’1 0 (mdxdx\ oV
[ )
" dt \ 2 dt dt ot
m [ dx\2 i
—e|Z (22 1%
elz(m) * (x)]
dx

2
Since 6.5 = 0, this means that the quantity % (E) + V(x) is constant.

Ty

2
b Taking the time derivative of the total energy H(t) = %m (d—x> +V(x), we

dt
get
0H (1) dxd*x oV (x)
— =m——=+
ot dt dr? ot
_dV(x)dx N oV (x)
T ox dt ot

by Newton’s Law. By the Chain rule we have

IV (x)dx N IV (x) _ V() N W (x)
ox dt or ot o

0

Therefore total energy is constant i.e. conserved.

Question 10.4. Give a very crude approximation for the path integral using

" (m dx\?
S_/fo (5 <E> —V(x(t))) dt

as follows. Pick an integer N, rename the right-hand endpoint of the interval to be
tn, put At = (t 5 —1)/ N, and divide (1, t 5] into N intervals [t;,t, ] of length At.
Put x; = x(t;) for 1 <i < N — 1. Approximate the path integral as an appropriate
finite-dimensional integral Py over the ordinary variables x, ..., X n_j.

The path integral can be “defined” by letting N — oo.
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Proof. We begin by splitting up the action into these time intervals. Define

I X: — X 2
s, :=/ <E (’—"1) —V(x; - x, )> dt
i - 2 At i i—1

m
~ E(x,. —x;_)? = V(x; — x;_At

The full action S is the sum of the S, so our action under this approximation is

N-1
m 2
S= ) Z(x = x )P = Vx - x, A
£ 2At(xl xl—l) (xl ‘xl—l)

Each of the x;,1 < i < N — 1 can range over the entire 1-dimensional domain,
(=00, ), so our path integral approximation P, becomes

o0 oo [ N—-1
m
PN:/ / > 2—At(xi—xi_1)2—V(xi—xi_1)At dxy..dxy_,
o0 J-oo| =]

11 Introduction to Supersymmetry

2
Question 11.1. If the y; are anticommuting variables, express e* T*V1V27V3V4 g
a polynomial in the y; whose coefficients are functions of x.

(e}

n

Proof. Since e* = L we factor our exponential into
n!
n=0

XV — X XV WYY
_ i (xyy,)" i (—y3wy)"

B n! n!

n=0 n=0
2
= ex (1 + xwll[/2> (1 - l[/3l[/4)

since (u/iu/j)” = 0 for n > 2. Therefore our polynomial in y; is

2

x 2

x2 x2 X
" —e Y3yt Xe Yy, — Xet Wiy sy
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Question 11.2. Consider a change of fermionic coordinates

W = ay; + by,
W, = cyy +dy,

Prove the change of variables formula

/f(w{,wz’)dw{dwz’ = /f(atm + by, ey + dyn)(ad — be)” ' dydy,.

Proof. Subbing in 1//1’ = ay, + by,, 1;/2’ = cy; + dy,, we get the substitution in
the f term in the integral, and we also get

dy| = ady, + bdy,
dy, = cdy, +ddy,

Therefore dy | dy, = (ady + bdy,)(cdy, + ddy,). Multiplying this out, we get
aCdl//12 + addydy, + bedy,dy, + bddl//zz. Due to anticommutativity, dt,ul2 =
dl//22 = 0, so dy|dy, is equal to addy,dy, + bedy,dy, = (ad — be)dydy,.
Thus dy|dy, = ﬁdwldwz by Berezin integration given in the book. H

Question 11.3. Let A be a 2n X 2n skew-symmetric matrix, and let

Y = (Wl’ eees l//2;1)

be a vector of mutually anticommuting variables. Prove that

1 _ t
/ 3¢ VAW dy, ...dy,, = PRA),

where Pf(A) is the Pfaffian of A, which satisfies P{A)* = det(A).

Proof. Since A is skew-symmetric, w Ay’ = 3. 2a;;y;w; due to anticommu-
1<i<j<2n
.. 1 — ! 1 . .
tativity. Therefore 5e€ vAy: — 2 1<£I<2 (1 = 2a;;y,y;) since (1//,-1//]-)22 = 0. This
SI<js<n

product will result in many multiplications of our fermionic variables, but the only
terms that will stay after fermionic integration over all y; will be the terms with all
2n y;s, as other terms will be constant with respect to fermionic integration over a
w; that isn’t contained in the term. The terms that stay will thus be a signed sum
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of over ‘all permutations iy, ..., ip, for 2%a; ; ..a; _; w; ..w;, . Integrating these
terms gives the sum

n
2 Z ailiz"'aizn_l aizn / €l] ..... izndWI"'dWZn

(i] ..... izn)ESymzn

=2" E € A i ..d. a
I1seenslnp 111D Iop—1"12n

(i] ..... izn)GSyM2n
where € 1s the Levi-Civita symbol for 2n elements. This is exactly the Pfaffian. [

Question 11.4. Check that the direct calculation
Z = / exp(S(x, w1, yo))dxdy dy,

= /exp(—h’(x)2/2 + h" (x)yywp)dxdy,dy,
=cy\/m, c€{0,1,-1)

of the (0+1)-dimensional supersymmetric path integral agrees with the localiza-

tion calculation
4 +1 A"(x)>0
=" 2 € € = //( l)
h’(x,-)=0 _1 h (xl) < 0.

in all cases.

Proof. In the direct calculation, if 4’ has even degree, then ¢ = 0 as h'(—o0) =
h'(c0). If h’ has odd degree, then ¢ = +1, the sign being the same as that of the
leading coefficient a of h’, as h'(+00) = (£sign(a)))co.

Note that, if there are two adjacent zeros of A’, then A” must change sign be-
tween these two points - if not, then A” wouldn’t be able to cross the zero line again
after the first zero.

Suppose that A’ has even degree. Then there are an even number of solutions
x; to h'(x;) = 0. As outlined in the above note, every zero of A’ is followed by
another zero where h” is of opposite sign. An even number of zeros means that
the +1 ¢;s are equal in number of the -1 ¢;s, giving % = 0if A’ has even degree.

Suppose that A" has odd degree with leading coefficient @ > 0. Then A’ has
an odd number of zeros and i’ — —oo0 as x - —oo. Thus A" is increasing until
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the most negative zero of h’. Therefore the leftmost zero contributes €; = +1 to
the sum. Since there are an odd number of zeros and the corresponding ¢;s are
alternating, this sum ends with a +1.

The case where A’ has odd degree with leading coefficient a < 0. Then A" is
decreasing until until the most negative zero of A’. By similar reasoning, the sum
ends with a -1. U

Question 11.5. Prove the change of variables formula needed to justify the equal-
ity
z'= / exp(—S(%, 0,0))d%dy, dr,

Show how this leads to the result that Z is a sum over the critical points of the
local contributions
7 =x+\/z

Proof. The change of variables is

o o~ o~ Vi,
(x’ Y, WZ) = (X - m’ Yi, WZ)

The action given in our original coordinates is the following, where we Taylor
expand then square:

R (x — (wywolh (%))

S(X, Wl»lIJZ) = 2

1 v\

== (w —n" 1¥2
> ( R e
hl(x)z

=75 h" w1y,

S = e—#ﬂz”(x)vnm
B! (o2

=e 2 (1-h"Oyp)

The book claims that this change of variables satisfies dXdyrdy, = dxdy,dy,,
and even explicitly states that we need the omitted definition of the Berezin integral
to justify this. So I'm not sure what he means, but I’ll just say that

_Wa? ;
/e‘S(x"”l"”2)dxdl//1dl//2=/e 2 d)?dlﬁldlh:/e_S(X’O’O)didlffldlilz
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In our coordinate change, our Lagrangian densities change
B h/(x)z B h/(i)Z
e 2 (I1-h"Xwyy) e 2
One has fermion factors, and the other doesn’t. The integral can therefore only
be nonzero where the coordinate change can’t happen, i.e. when A'(x) = 0. We

conclude that the integral is only contributed to by critical points of A(x). 0

Question 11.6. Verify that the supersymmetry transformations
0z = €1y + €y,
oy, = e W' (z)
oy, = —e | W'(z2)

0Z =€y, + ey,
EWI =e,W'(2)
EWZ = —GIW,(Z)
preserve the action
S= W@ =W @i, - (WE) Wi,

Recall that €; are anticommuting parameters.

Proof. Varying different parts of the action, we have
SIW' ()11 = W' (W' (2)) = W (2)52W' (2) + W' ()W " (2)3z,
SOV " (2w1wy) = W (2529195 + W (2)8y 19, + W (2195,
S(W " (2)W1¥2) = W (2)52y (yir + W (259 [y, + W' ()Y 16,
Therefore the variation of the action is
58S = W)W (2)(e;W) + &,0,) + W (@)W " (2)(e1w; + e
= W7 @) ey + ey, — W (e, W' (2w, + W (2w e, W' (2)
— W (@)W + )W W, — W (e W' (2, + W (2w 16, W'(2)
=W @QW' @)y +ewy) + W (W (2) e + ew)
W' @)W @y, + W' @y, W ' (2)

- W”(Z)€2W,(Z)W2 + W”(Z)WIGIW,(Z)
=0

Therefore these supersymmetric transformations preserve the action. [
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Question 11.7. Complete the calculation at the end of this chapter to show that
if W (z) is a polynomial and the critical points of W (z) all have multiplicity 1 as
solutions of W'(z) = 0, then Z, appropriately normalized, is just the number of
critical points of W, i.e., the degree of W'.

Proof. With the action again given by

S =W @R - W @wiw, - (W'R) ) 71,

we seek to compute the partition function
Z = zi / e Sdzdzdy,dy,dy dy,
i1

We start by expanding e~
1

i (2 , _ _ _
Z= ﬂ/e WP+ W 2y wy)(1 + W 2y, W,)dzdzZdy, dy,dy |,

= 2i / W OP W (W (2)d 2dZ
V4

_ 2i/e—W’(z)W’(Z)[,V”(Z)WT(z)dza’E
T

were we did the Berezin integrals over our fermions y;, y;.
We examine the partition function near critical points of W (z). Namely, we
expand around each critical point z_:

W'(z) » Wz )+ W"(z,)(z - z,)
W' (z)  WHZ) + W (z2)(Z - Z,)
so our partition function becomes
7 = i e_W”(Zc)(Z_ZC)W”(Zc)(z_z")W”(ZC)W”(zc)dsz
Wz
B 2r
First we simplify our measure. Define a + ib := z for a, b € R. Recall that dzdz
isdz A dz, so we have
dzANdz=d(a+ib)Ad(a—ib)
=daANda—idaNdb+idbANda+dbAdb
=2idbAda

2 2 —
/e—IW”(zc)I 12=2.1* 4 747
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due to anticommutativity for the wedge product. Our integral then becomes

" 2
7= WG [ w ol 444
2z
since we’re integrating over all space, so we substitute a® + b for |z — zZ, |2 since
a and b are our integration variables.
(o ¢]
. _ax? o
Recall that a Gaussian integral evaluates f e dx = \/g, SO our partition
—00

function integrates to

" 2 2
Z=M2,-< /L) iy
27 W (z,.)|?

around each zero z,. Thus the partition function counts the number of critical
points points of W, or, if the critical points of W (z) all have multiplicity 1, the
degree of W'. H

12 Introduction to String Theory

Question 12.1. Suppose that a compact orientable C*® surface X is equipped with
a Riemannian metric.

a Pick a chart with coordinates (x{, x,) and an overlapping chart with coor-
dinates (y;, y,), so that y; and y, can be expressed as functions of x| and
x,. If the metric is written as Y, ; 8ij(x)dx; ® dx; in the first chart, find the
expression ), hi(ndy; ® dy; for the same metric in the second chart.

b Verify that the condition of the metric being positive definite is independent
of coordinates, as claimed.

c Verify that the area form, interpreted as a 2-form, is independent of coordi-
nates, as claimed.

. 0x;
Proof. a Recall that the cotangent coordinates are such thatdx; = 37, ﬁ dyy.
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Then the metric is written

0x; 0x;
Z gij(x)dxi ® dxj = Z gij(x) Z _ldyk b Z —]dym
iy ij T OV o OV

= ) g;(x) -—dy, ®dy

. . oy;
Recall that, similar to cotangent coordinates, we have 0 = Z Do
ox; J 0x; dy;
> ; 8ij(x)dx; ® dx; is positive definite, then the two eigenvalues of the
metric are positive throughout the coordinates (x, x,).

Let (al(x)%, az(x)%)r be eigenvectors of g; ;- We thus have

g (al(x)> _ </11(x)a1(x)>
Y\ ay(x) Ar(X)ay(x)

Changing bases to our (y;, y,) coordinate basis, we have

0 0
<—0)ycll a;(x)+ —aj:; az(x)>
9y, 9y,

F a,(x) + F a,(x)

This gives our change of basis matrix:

LAY
— ()X] ()Xz
A= (@ @)
()X] ()Xz
dy; 0 dy, 0 . .
Note that det(4) = 2022 _ 229 4 (), since the coordinates must span 2
6x1 6x2 aXl 6x2
dimensions, i.e. x;, X, must be linearly independent, as must y;, y,. There-

fore A is invertible, and we note that h;; = Alg, ;A. If x is an eigenvector
of g;;, we have g;;x = Ax. Thus we have

X = A_ly =>
8ijX = gijA_ly
=iA"y >

Agijx = AgijA_]y = hijy = AAA_]y = Ay

Thus the eigenvalues are coordinate-independent, and if they are positive,
the metric remains positive-definite independent of coordinates.
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c Since the eigenvalues are basis independent, we can express our metric in

the diagonal basis
Mx) O
0 A(x)

Therefore det(g(x)) = A;(x)4,(x), which is always the same value, inde-

pendent of coordinates, and thus the area form ® = y/det g(x)dx; A dx, is
coordinate-independent.
]

Question 12.2. Let M be a complex manifold, and let T M denote its real tangent
bundle when M is viewed as a real manifold.

a Prove that TM @ C is isomorphic to T"OM @& T®'M as complex vector
bundles on M.

b Prove that T'YM is a holomorphic vector bundle on M.

Proof. First let f be a change of coordinates on M such that f(z') = z. Let
f@) = f&x' +iy") =X, x;(x',y)+i ), y;(x",y"), where x,y,x",y’ are real
coordinates on M. If f is holomorphic, then the Cauchy-Riemann equations state

that %,Vj =1, ..., n. It follows that
j

9f . _ oz
— -
0z; 0z;
ox; ()xl- 0y, 0y;
= Z S +i y/ - _y/ =0
ax 6yj o0x ayj
axi 6yl- 0x; ayi
r T 3.7 A7 - T 3.
dxj 6yj 6yj axj

foralli,j=1,..,n

a Recall that an arbitrary vector in T, M @ C is given by

Z( —+b ){a,,b}eC
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with transition functions to coordinates (x’, y') given by

o0y om0y
dxi 0xi dxi 6xi
ox, ox, 9y oy,
ox), ox)  ox] ox) — Dx’X Dx’y
9x; 0x, 0y 9n Dyx Dyry
ay{ ay; ay; ay;
0x 0x, % %
oy oyn  Oyn Oy

_ DX/X Dx;y
- _Dxly DX/X

where D, is the Jacobian with respect to the -’ variables, and the second
equality is due to the Cauchy-Riemann equations. Furthermore, an arbitrary
vector in Txl’OM @ T)?’IM is given by

o 1,0 |
(;Ciz(a—Xi—l

n

23 i L i)

0y; prt 2 0x; 0y;
The transition functions for " M are given by

921 92y
!/ !/

10 . _ % %

ij - . .
! 9z 92y
oz, oz,
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and the transition functions for 7%! M are given by

0z 0z,
T A
&j T Lo T

6z1 azn

oz,” 7 oz,

L[ 9xy | 9 n _ O
2<a +6y1 +l<6y1 ox|
1 ! Yn _ 9
2 ( +op+i(5r- o
1

3 (DyX+ Dyy +iDyx — iDy/y)

Thus the transition functions for 710 M (a5 T M are

%(DX/X-FDy/y—IIDy/X-Fl.DX/y) 0
0 2 (Dyx+ Dyy — iDyx +iDyry)

Applying the Cauchy-Riemann equations, we then seek to find a matrix P

such that
A B DX/X + iDX/y 0
C D 0 DX/X - iDX/y

_ DX/X DX’y A B
- _Dxly DX/X C D

ADX/X + ZADX/y BDX/X — lBDX/y _

CDX/X + lCDX/y DDX/X — lDDX/y -
DX' XA + DX' yC DX' xB + DX’ YD
DXIXC - DX/yA DX/XD - DX/yB

Thus we have

Thus we require the sub-matrices in P to be diagonal, and C = iA and
D = iB, so we have
A iD
P= (iA D)
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To have P be invertible, we must require A and D to be invertible:

gl _ig-l
2. 1 12 1
i — —

—ip7" ID

pl=

This is easy to do, (let A = D = Id,, to be concrete), so these bundles are
isomorphic.
b Itis given in the book that the fibers of Tx1 M are spanned by {% }, where
j

(21, ..., z,) are any holomorphic coordinates in any chart on M containing x.
. . . 0z; .
The transition functions for 719 M are the Jacobians a—j;. Since z; are holo-

J
morphic functions, their derivatives are also holomorphic, so the transition
functions are also holomorphic.

]

Question 12.3. Show that the bosonic string action

n 2 . af. of
S(f,g)=—2ﬂla, /Z > <gfk(x>a—f aj:;)@,
i J

i=1 j.k=1

where [ : X — R" is a C*® map, (X is a Riemannian surface with metric g; ; with
inverse g'), is independent of the coordinates that it is expressed in, so that the
bosonic string action makes sense.

Proof. In the first problem of the chapter, we showed that the area form @ is
coordinate-independent. In a chart with coordinates x, we rewrite the integrand
in matrix form:

PACHA I ACHH
i=1

Note that d, f; are covectors, as ), %d x; gives the differential form d f".
j

The metric 1s written

2
Z gij(x)dx; ® dx;

i,j=1
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. . . . ox! . ) . .
Since differential forms change via dx| = ) a%dx o if this chart intersects with
j

another chart that has coordinates x’, the metric transforms

/

2 0
g, (Xdx; ® dx; — Z gu(z —dxk ® Z idxk)

i,j=1

= (Dyx) T g,;(xX)(Dyx)™!
=g = gi;l — Dxlxgij(DX,X)T

Furthermore, the covectors transform as

af; 0x; 0f;
fl N Z x],c fl
0x; 0x; 0xy,
of
=(Dx,x)—Ti

Xj

Thus under a change of coordinates the integrand becomes

Y (D)o )" (Dyxg’(Dyx)") (Dyx) " 0y f,

i=1

= Y (0 f) & 0uf)
i=1

which is the same integrand. Thus the integral is coordinate-independent, so the
bosonic string action is coordinate-independent.

]
Question 12.4. Show that the term

7 o _
2m,/ Zhu(f(z))< vl 2L = +wii> dz AdZ

zZ 0z

in the A-model action is independent of the choice of coordinates in which it is
expressed.

Proof. Recallthat fisamap f : £ - X, h is the Kihler metric on X,

e y(z)isaC® sectionof f*'TX @ C
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e y,(z)is a C* section of (T2 @ 1% x
e y=(z)is a C* section of T2y @ 1'%

When changing coordinates on X from (wy, wy, ..., w,, w,) := Wto W', we
have from before that 2;5(f(z")) = (Dy W)™ h5(f (2))(Dyrw)~".

We know from the previous problem that vector fields transform via (Dy,» W) ¥(z),
and that covectors transform via (DX,X)_TWZ(z).

Thus under a change of coordinates on X = C", we get

<w£dz ® ((Dw,w)f*(i_)> >(Dw/w)_Thij(f(Z))(Dw/W)_l <Dw/wa—{j> +
azi 0z

(mz@ ((Dw,wv*(T)) >(Dw/erh,.;(f(z))(DWw)‘l (Dw,w—>
z 0z; 0z
6)(7

Wz @ 1 n (e wldz @ 1 (Lyn(r (e
=Yy azi ij 0z WE 021. ij 0z

which is our same action as before.
For a change of coordinates on Z defined by (z, z) — (z',Z"), we have

dz' AdZ'
0z’ 97’ 62’62’) L

For a holomorphic coordinate change, the Cauchy-Riemann equations require

9z _ 9z _
0z 97
so we get that dz' A dZ' = |;77”,|_2dz A dz. Furthermore, we have

70y j(oz o0z\ox (oz oz
J J
lI/Z, az = l//Z <az, azl) az az/ azl

Oy (07 az\oy [0z oz
(il £3 Wevri el Ry s
0z 0z 0z 0z \ 0z 0z
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In order to keep 1//5 as a section of (TI’OZ)* and q/; as a section of (To’lZ)*, along
with the correct derivatives of y components, this actually is

791 f(a_z)ax" 92\ _ jox 0z
WZ a— WZ az/ az az/ WZ az aZI

W% ! 9z 0)( <az>_w,-0_)(7|£|2
Z 0z z\ oz ) 0z \oz’ Z 9z 0z

Thus we have

1 Ja i ia)(f —
1 X 92 2 0)( 0z » 0Z o,
27[0(’/2 ljzlhlj(f(z ))<W/a_/|?| + Ia ,l_l |£| dZ /\dZ
! oy’ o \| .,
zml/Z ”21 hi(f(z") <t//,a_, t//_ e dz' ANdz
Thus the action is unchanged under holomorphic chance of coordinates. O

Question 12.5. This problem considers transformations T of fields
-k -k
F = Z Z Freet, o XM 01k
=1 Jk=(j{<..<j)

to differential forms on X :

2n
T(F)=) Z F1r(R1 e X)X A A X

k=1 rk=(jf<..<j$)

a Show that the transformation from fields to differential forms defined in co-
ordinates above is independent of coordinates.

b Show that under this transformation, the BRST operator Q corresponds to
the usual exterior derivative d.
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Proof. a Under a change of coordinates x! — y! on X, we know from before

; < 0V . - .
that y' — y' > i a—i{ since y' is a section of the tangent bundle.

Our y' are fermions, since we have T(y' y/) = dx; Ndx; = —dx; Ndx; =
—T(y’ ). The linearity of the wedge product applies to our y' in the same
way. Therefore a coordinate transformation gives

1 2 -k -k
Y e
Th=(jf<..<jf)
k

Z ka(xl,...,xZ") det (ny) )(jf...)(jk

Th=(jf<..<j})

where D,y is the k X k Jacobian of the coordinate change. We know further-
more from before that the wedge product of the differential forms transforms
under changes of coordinates in exactly the same way:

Z ka(xl,...,X2n)dxjic /\/\dxj]l: —
Th=(jf<..<j§)

Z frr(x1, ., Xo,) det (Dyy) dxje A .. Adx i

Th=(jk<..<jf)

Thus the diagram commutes:

Fx) — F(y)

! !

T(Fx)) — T(F(y)
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b We examine Q(g(xi))(j):
0(g(x") x)) = 0(g(xNx’ + g(xHO(x))
= 0(g(x")x’
0 . )
~ O(g(a) + a—ﬁ(a)(x’ —a)y
X

0 . 0 . .
= [0(s(@) + 05 £ @)(x' - a) + 2 (@)QO(x' — a)ly’
x! ox!

0 o
= 2 @0y’
ox
_ 98 P
ox!

where we used that Q is a derivation, OQ( ;(' ) = 0, Taylor expansion, the fact
that Q being a derivation implies that Q of a constant is 0, and Q(x') = y'.

Thus, for general functions F, we have

2n

O(F):=0 Z Z ka(xl,...,xZ"))(jf...;(jllz

k=1 yk=(jk<..<j)

2n
-k

2n af_,k 1 ) m ik
Z Z Z ——(x e, XMy >

N oxm
k=1 jk=(jf<..<jf)ym=1

2n 2n

0frk

ToeFE)y=y Yy Y a—{n(xl, s X)X A XA e A dx e
k=1 jk=(j¥<..<j$m=1 x

This is exactly the formula of the exterior derivative dT (F).

13 Topological Quantum Field Theory

Question 13.1. Show that any holomorphic section of the canonical bundle of P!

is identically zero.

Proof. We consider the coordinates according to the usual cover of P": U,
{(x0,X1) € Pl|xy # 0},U; = {(x0,x;) € P|x; # 0} with coordinates y :=

X

&|E
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and z = % The transition functions for the canonical bundle are g, = g—i
1
— SRR | 1
and 8yz = 5. For the first one, substituting 5 for z, we have 8y = 7 Thus
2
our holomorphic section @ must satisfy w(z) = —x—gco(y) whenever xy, x; # 0.
X

1
Because @ is holomorphic, for each point in U; N U,, this equality can be re-
expressed as convergent power series:

00 X x2 00 X

0 i 0 1 j
S a®-af=-2 3 4t -
i=0 1 X1 i=0 0

No matter which i term is considered, there is always a mismatch in powers on
either side, since a cannot be zero (0 ¢ IPI). Thus the only {q;} and {b;} that
satisfy this for any a € U; n U, are such that all values are identically 0, i.e. @
must be zero. [

Question 13.2. Given a complex manifold X of dimension n, a holomorphic n—form
w on X, and a point x € X, show that the notion given in the text for @ to van-
ish at x (w(z(x), ..., z,(x)) = 0 where (z{(x), ..., z,(x) are the coordinates of x)
when expressed in a given coordinate system is in fact independent of the choice
of coordinates.

Proof. Note that, in the first coordinate system, w is expressed as
@(z1(x), ..., z,(x))dzy A ... ANdz,

In different coordinates z{(x), ..., z,(x), we have

z'
@(2(X), ooy 2,(X)d z| A ... Ad 2z, = D(2{(X), ..., 2,(x)) det <Z—J) dzi A..Ndz,
1

/

If w(z;(x), ..., z,(x)) = 0, then w(z;(x), ..., z,(x)) det <i—1> = 0 as well, and thus

the zero of this n—form is independent of coordinates.

Question 13.3. Let X be a compact complex manifold of dimension n. Show that
X is Calabi-Yau if and only if the canonical bundle of X is isomorphic to the trivial
line bundle.
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Proof. Suppose the canonical bundle of X is isomorphic to the trivial line bundle,
1.e. X X C. Then, for a # 0 € C, the section X X a(x) of the trivial bundle is
nowhere vanishing. If the bundles are isomorphic, there exist nowhere vanishing
holomorphic functions f, on each chart of X such that g;.;, = f,845/ 5 ! for all
transition functions g,4 of the canonical bundle. Since g, 8,4, and all f, are
nonvanishing, and the section X X {a} is nonvanishing, there is an associated
nonvanishing section of the canonical bundle, and X must be Calabi-Yau.

Now suppose that X is Calabi-Yau. Label the associated nonvanishing n-form
Q. Now suppose we have any section of the trivial line bundle, labeled X X a(x).
The map X X C - A'"T* X given by a — a€ is invertible: given a section Q' of

Q(x) -

AN'T* X, we get o 182 complex number associated to each point x € X, i.e. a

section of X X C. Because € is nonvanishing, this map is always defined - thus
the bundles are isomorphic. [

Question 13.4. Ler Y, be the family of quintic hypersurfaces in P* defined by the
equations
xg + x? + xg + xg + xi = Syxgx;xyx3x4 =0

and G be the finite group

4
G = {(CO’Cl,Cz,CyQ) € CSlCIS = I,HC[ = 1}
i=0

where G acts on P* by the operation G x P* — P*:

(0 €15 825 635 €4) - (g, X1, X, X3, X4) = (§oX0, §1X 15 $2 X0, E3X3, E4Xy)

Let p : G XY, = Y, be the restriction of the action to Y,,, where y, ~ y, if
p(g,y1) = ¥, for some g € G. Show that the relation Yw defined by the action of
G is an equivalence relation.

Proof. For reflexivity, note that

(Lox0)” + (£1%1)° + (6x2)° + (L3x3)° + (Laxy)’ — SwloXol1 X1 Eoxalax3laXy =
(Lox0)’ + (£1%1)° + (6%2)° + (L3x3)° + (Laxa)’ — 5801 G 83 Eawx X Xy X3 Xy =
4
xg + x? + xg + xg + xi - H Ci|Swxgx 1 Xpx3X4 =
i=0

xg + x? + x; + xg + xi — SYX(X1XyX3Xy
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soy~ yforany y €7,,.

For symmetry, if y; ~ y,, then there exists some 5-tuple g := ({y, {7, 5, {3, 84)
such that p(g, y;) = y,. We know none of the ¢; can be zero, since { 1.5 = 1; thus
wehave g7' = (651, ¢ 665 ¢ 1) where p(g 7! yy) = i s0 v, ~ .

For transitivity, if y; ~ y, and y, ~ ys, then there exist g, g, such that
p(g1,¥1) = y, and p(gy, y;) = y3. Then g, g, fulfills p(g,8,,y;) = y3, 80 y; ~
Y3- 0

Question 13.5. Let F(x, ..., x4) be a homogeneous degree 5 polynomial whose
zero set inP* is X, and we can find local complex coordinates (21, ..., 24) Such that
X is locally defined by f(zy, 25, 23, 24) = 0, where f is a holomorphic function.
We define the residue, assuming loss of generality that %(IZ) # 0 by the Implicit

Function Theorem, as

Q= g(Z], Zp, 23, Z4)d22 A dZ3 A\ dZ4
a 0f (2)l0z,

X
(NOTE: the text has F in the numerator of Q instead of g, but I'm pretty sure this

is wrong.)

a Show that the definition of the residue is independent of the choice of coor-
dinates.

b Show that the holomorphic 3-form Q has no zeros.

Proof. a In different coordinates (z’l, zé’l) on x where f defines X, we sup-
pose X is defined by f(z{, ..., zj) = 0for aholomorphic f, where we assume

!’
without loss of generality that %. Then
1

g(zy, ., 29)dzy NdZy Adz)
- of’(z))loz! X

/

Notice that

d,f NQ=g(z,...,24)dz; Ndzy Ndzz Adzy
dyfANQ =g(zy,..,29)dz) Ndz) Adzi Adz)
=g(zy,..,zg)ddzy ANdzy Ndzy3 Ndzy
=Jd, f AQ'
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Thus both sides acquire a Jacobian determinant factor of the change {z;} —
{ zlf }, leaving Q coordinate-invariant:

Jd,f ANQ =Jd, f AQ

b From the Implicit Function Theorem, we know that d f # 0. Furthermore,
the text gives

A= de.xl ANPWAN dX4 + ...+ X4de A A dX3,

where A is then expressed locally as

g(zl, ceey Z4)dzl A A dZ4
f(2)

near X.

Since the globally-defined A is nonvanishing on [P’4, g(zy, ..., z4) must be
nonvanishing on the neighborhood of X for which A is expressed in g.
Therefore g is nonvanishing, and therefore d f A € is nonvanishing. Thus
€2 must be nonvanishing.

]

Question 13.6. Prove that S' is isomorphic to ST as oriented manifolds.

Proof. An isomorphism in the category of manifolds is a diffeomorphism, so we
seek to prove that S'! is diffeomorphic to S!.

Define S! in coordinates 1 € R by (cos(?), sin(f)) € R%. The tangent bundle
is then (—sin(?), cos(?)). If we define another manifold in these coordinates by
(=cos(t), —sin(t)) C R?, then the tangent bundle is (sin(#), — cos(?)), which is the
tangent bundle of our S' but with opposite sign. Thus it is S

The map from S to ST in these definitions is given by ( 0 _01> with its
inverse being itself. This is a bijection, and the derivative is itself. Thus S and

S are diffeomorphic. H

Question 13.7. Find a natural one-to-one correspondence between (V*)®" @ VS
and the set of linear transformations V®" — V&5,
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Proof. Let w;(-) be an element of V* and v’ be an element of V. An element of
(V8" ® V® is given by

wWH®.Qw(HRV® .0
For any element u' ® ... @ u” € V®, we have

W®.u - ww)®.uwu)v®..e v
=1®.010 | |wun'®..ev
i=1
wi(u")vl R..0 UV € V&

,
-

i=1

Since the tensor product is linear, we have that w () ® ... @ w,(-) ® ! R...Q0V°
linearly maps elements from V'®" to V'®. U

Question 13.8. Use the definition
(@), 0y, w3)5 :=#{f : P! > X|£,[P'1=4,fPHYNZ #0,i=1,2,3}

for Z; C X complex submanifolds of X representing cohomology classes w; €
H*(X)and p € Hy(X, Z), and plane geometry to show

(H* H* H), =1
on P%, where H € H*(P?) is the hyperplane class.

Proof. We know from Chapter 6 that H *([P’z) = Z[H])I(H 3). Furthermore, we
have the cellular decomposition PO c P! c P2 Computing H 2 e H*YP?), we
take two transversely intersecting hyperplanes and intersect, which results in P,
the generating cell of H*(P?), i.e. 1 € H*(P?). For f,[P'] = 1, we must have
the image f (IPl) be the generator [P'] of H2(|]3’2, Z). Thus we are looking for how
many P! images intersect with two P’s (points) and one hyperplane.

We will set H as the zero locus of ayx, + a;x| + a,x,, and the first H 2 as
Xxo = b and the second H? as x; = c. There is only (x(,x;) = (b, c) that sat-

—agb—ajc

isfies these conditions, as then x, = . Thus there is only one map, and

a

(H*,H>,H), = 1. O
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14 Quantum Cohomology and Enumerative Geom-
etry

Question 14.1. Use the splitting principle to prove that for a rank r holomorphic
vector bundle E we have ¢{(A"E) = ¢(E).

Proof. Choose abasis {ey, ..., e,.} of E suchthatc;(e;) = ;. The splitting principle

r

states that ¢(E) = [[(1+a;) forq; € H 2(X ), for X the manifold E is over. Taking
i=1
the single-power terms of the a; for ¢;, we get ¢;(E) = Y, a;.

Note that the dimension of A"E is () = 1, and give the basis as e; A...Ae,. We
map this to the element e; @ ... ® e, By the splitting principle, we can think of this
as an element of line bundles L; ® ... ® L,, givingus ¢(A"E) = (1 +a; + ...+ a,).
Taking the single-power terms to get ¢, we have ¢;(A"E) = ). a; = ¢((E). O

Question 14.2. Check
dim M, ,(PY,d)=Nd+ N +d+n-3
for the dimension ofﬁo,n(PN, d).

Proof. The space HO,H(PN ,d) 1s the set of isomorphism classes of maps f :
(C,p1s-spp) = PN with C a tree of rational curves satisfying the the properties:

1. f.[C] = d[line]
2. the p; € C are distinct from each other and nodes of C

3. If f; = fl, is constant, then the component C; € C is required to have at
least three special points (nodes or p;).

To consider the space of isomorphism classes, we must subtract the dimension
of the space of automorphisms P! — P!. These automorphisms are of the form

(xg, x1) = (agxg + a;xy, boxy + by x5)

i.e. are indexed by (ag,aj, by, b;). Automorphisms without special points are
therefore in one-to-one correspondence with points in 3, a 3-dimensional space.

The dimension of the space of degree d maps from a single component C =
P! to PV is found the same way: A degree d map from p' to p" has N + 1
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maps, one for each coordinate of PY. These maps are homogeneous degree d
polynomials in two variables, which are indexed by d + 1 coefficients each. Thus
a map from P! to PV is indexed by (N + 1)(d + 1) coefficients, which are in
one-to-one correspondence with PN4T4+N+1-1 g4 the dimension of the space of
isomorphism classes of maps P! — PV with n marked points is given by

Nd+d+ N —-3+n

This is the dimension in the case where C is a single component.

Suppose instead that C has a node, i.e. has two components, with the mapping
to PV having degrees d 1> do, respectively, with d; + d, = d. Then, summing the
contributions of both components, gives Nd +d +2N —2*(3)+n+ 1, where the
extra +1 dimension comes from counting the node in common between the two
components. Imposing the condition that the image of the node in PY matches
under both images of the components introduces one further dimension constraint
per coordinate:

d dy—1 d
apyy, tay, »nt..+ ag, ¥y
dy dy—1 dy .
boyy” + b1y, yi+...+ bd2y1 = anything
d dy—1 d d dy—1 d
= agyy + a1y v+ ag v = byt + by v+ + by

Imposing this constraint thus introduces N dimension reductions, and the dimen-
sion of the moduli space for a two-component tree is Nd +d + N — 5 + n.
This reduces the dimension from that of the case where C is single-component.
Thus cases of trees with nonzero nodes are lower-dimensional subspaces of an
(Nd +d + N — 3 + n)—dimensional space.

Therefore, dim M ,,(PN,d) = Nd + N +d +n - 3. O

Question 14.3. Show that the virtual dimension formula
D= {(c;(TX),p)+dimX —3+n

follows from the dimension formula dim MO’H(PN, d)=Nd+ N +d+n-23for
PN,

Proof. Since the dimension formula gives the dimension of the space of degree d
maps f : P! - PY minus the dimension of automorphisms, plus the dimension
for each given point. It remains to find the dimension of the space of degree d
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maps f : P! = PN This is asserted without proof in the book as (c;(TPN), p),
so I assume this problem is asking to prove that this is the dimension we seek.

InPY, gis given by d[line], where [line] is the homology class of a 1-dimensional
subspace of PV, i.e. hyperplane. If H € H 2(PN) is the cohomology class of a
generic hyperplane, we have f [line] H =1, since the integral counts the intersec-
tion points of a generic hyperplane with another generic hyperplane.

Recall from Chapter 8 that ¢;(TP") = (N + 1)H, so {¢;(TX),p) = (N +
d /[line] H = (N + 1)d, i.e. adegree d curve intersects the (N + 1) twists of the
hyperplane class (N + 1)d times.

If f : P! - PV defines an irreducible rational curve C of degree d such that
p = [C], then

() (TPN), By = /C e (TPN) = /P 1 [rey(TPN)y = (f*e (TPN), [P'])

where [P!] € HZ([P’l) is P!"s fundamental class, and the second equality is the
pullback asserted in Chapter 12. This gives the tangent space along which f can
vary, which is (N + 1)d.

However, we are currently undercounting, because we are integrating over the
homology class [P'], which encompasses more maps ruled out by homology’s
deformation-invariance. Thus we need to add the number of dimensions which
are covered by [[FDI].

Since [IPI] corresponds to the class of any point [x] € H 0(l]j’l) via Poincaré
Duality, we then examine the dimension of where a point x is allowed to go in the
image of f. Since this gets mapped to PV, [x] can range over all of P, so we
add dim PN = N to our number of dimensions of the space of our f.

Thus (cl(TIPN ), B) + dim PV is the expected dimension of the space of maps
f : P! - PN, (This is the best justification I can give using only the content of
the book.) OJ

Question 14.4. Compute all of the quantum products of pairs of elements from
the basis (1, H, H?) for the cohomology of P2. Verify that the quantum product is
associative.

Proof. It’s given in the text that the cohomology of P? is spanned by the basis
(Ty. Ty, T») = (1, H, H?), with dual basis (T°, T!,T?) = (H?, H, 1) respectively,
and intersection product given by (H¢, H®) = 042-p- 118 the cohomology class of
P? itself, H is the cohomology class of a hyperplane, and H? is the cohomology
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class of a point. We also have

T+ Ty = Y (T, T T)T"
r

By the dimension axiom, (H“, H, H®) is zero unless a; + a, + a3 = 3d + 2,
where d is the degree of the image of the curve.

For 1% 1,1« H, 1% H>H1,H>*1,H x H, by the dimension axiom,
the only three-point functions that are not zero have two H? arguments and one
H argument. Therefore, d = 0 for all of pairings, and we have (T}, T;,T,) =

me(PZ,O)[evT(]})evZ(]})evé‘(T D] ﬁoﬁ(ﬂj’z, 0) is just the space of constant maps

from (C, py, py, p3) to [FDZ, which is classified by the image point in IPZ, ie. P?
itself. The integrand, as we know from the text, in this case is just

[{f : (C,p1. Py p3) = P2 f(p) €T}

Since the f's are constant, all p; must map to a single point, so this cohomology
element is simply given by [T; N T; N T,]. Thus the quantum product for these

pairings is given by
/ T,-T;-T,
P2

We now compute the quantum products:

e 1x1: Asargued above, thisis givenby (/po 1-1- DH?+([fp 1-1- H)H +
( /PZ 1-1- H?)1, which, when written in terms of cohomology pairing, is
(1,1YH? + (H,1)H + (H?,1)1. Applying the pairing rule for P? above,
only the (H?,1)1 = 1 term remains. Thus 1 % 1 = 1.

e 1 H: In the same way as above, this pairing is given by

([om)ms([oomn)ms([an)

=(H,1)H*>+ (H* 1)H + (1,1)1
=H

Thus 1 « H = H.
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o 1% H?

</pzl’H2'1>H2+</F,21'H2-H>H+</le.Hz.Hz>l

= (H?>, 1)H? + (1, 1)H + (H, 1)1
= H?
Thus 1 % H? = H2.

e H1, H?+1: Note that, due to commutativity of the intersection pairing, the
quantum product, at least in these cases, is commutative as well, so H % 1 =
Hand H? %1 = H>.

e H+x H:

< H-H-1>H2+< H-H-H>H+< H-H-H2>1
P2 P2 P2

= (H?>, 1)H?> + (1, 1)H + (H, 1)1
= H?
Thus H « H = H>.

e H? % H: by the dimension axiom, if d = 1 there can be nonzero terms in
the sum, so the quantum product is given by

(H? H,1)gH? + (H?,H,H)yH + (H*, H, H*) q1 =
(H?,1)H?> + (H*,1)H + (H*, H, H?)q1 =

(1, YH?> + (H,1)H + (H*, H,H?)q1 =

(H*, H,H?)q1

From problem 8 in the previous chapter, we know that ( H 2 H,H 2)1 =1,
since intersection is commutative. Thus H? % H = q.

e H+H?: Dueto commutativity in the zero-degree correlation functions and
intersection in the one-degree correlation function, H * H 2= q.

o H>« H”is computed in the book as gH .

Thus our multiplication table is
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1 | H| H?

1| 1| H|H?
H| H|H*| ¢

H? | H>| q | qH

For associativity, we note that the group cohomology without g factors is just reg-
ular group multiplication, which is associative by axiom. Furthermore, we have

H?>+«(H+H)=H?x H>=qH
(H>« H)« H =q+ H = qH,

H? % (H?>« H)= H?%q=qH?
(H*>+ H*)« H =qH « H = qH*

Because the pairing, as established before, is abelian, the quantum pairing is asso-
ciative. O

Question 14.5. Verify the Gromov-Witten potential for P'.

Proof. Pick the basis (Ty), T}) = (1, H) of the cohomology H*(PY, with H de-
noting the hyperplane class (the cohomology class of a point). From the previous
problem, (H,1,1) = /Pl H =1 is the only nonzero degree-zero Gromov-Witten
invariant.

For higher-degree Gromov-Witten invariants, the dimension axiom gives D =
2d +n—2. By the dimension axiom, for an n—point correlation function, we must
have ), n; = 2d —2 + n. Since all n; < 2, the only degree that works is d = 1 and
each cohomology class must be H.

Since each H represents the cohomology of a point, we’ll label each of the n
H's by distinct points g;. The only degree 1 stable map f : (C, py,...,p,) — P!
with f(p;) = g; for each i is the isomorphism C — P!, and we must set p; to
! (g;)- This is the only stable map. It’s given in the text that

evi(wy)...ev,(®,) = [{f : (C,py,... pp) = X|f(p) € H,i = 1,...,n}]

Since, H is the cohomology class of a point in P!, this is just the class of maps
with f(p;) = g, for all i, which is our single stable map. Thus (H, ..., H); = 1.

Therefore, for an element y = t, + Ht| € H*(P), we have (to +t,H, 1y +
tH,ty+t1H)y = 6t1t3(H, L 1)y = 3tlté and n—point correlation functions (z, +
thH,.. tg+tH) = t'f(H, v H) = tq‘ by linearity of integrals.
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‘"n>3 p
n
1 5 5
= S0+ > 14
n>3

Question 14.6. Verify the form of the Gromov-Witten potential for P2.

Proof. With (1, H, H?) our cohomology basis of P2, we first compute the zero-
degree Gromov-Witten invariants. As we computed a problem ago, we have

<H2,1,1>0=/ H?>-1-1
P2

which is just the integral of a point over all of P2, which gives 1. Similarly, the
(H, H, 1), gives the integral of the intersection of two hyperplanes, i.e. a point of
P2, over P2, which again is 1. Thus the powers of H in the three-point correlation
functions must add to 2 mod 3 to give the cohomology class of a point, and thus a
nonzero integral. These, up to permutation, are the only correlation functions that
do this.

For nonzero d, the virtual dimension of MO,H(IPZ, d)is 3d — 1+ n. We seek to
find

<a)1, v wn)d = L eUT((I)l)...eU:(COn)
My (P2.d)

If any of the w; are equal to 1 = [P?], then the i point can go anywhere in
P2. Thus our moduli space becomes Hom_l(ﬂj’z, d), and decreases a dimension.
However, euf(l) = [eui_l([lj’z)]. Since the i'" marked point can range over all of
P2, the inverse of ev; is the entirety of ﬁo’n(ﬂj’z, d). Thus eu;k(l) = [MO,H(IPZ, d)],
so the integrand doesn’t reduce the dimension. Thus the integral is O if one of the
w; = 1.

l As detailed in the text, define K; = (H 2 . H 2) 4 as the number of rational
curves in P? of degree d passing through 3d — 1 general points. The virtual di-
mension of Mo,n(lpz, d)is 3d + n — 1. If there are ¢ copies of H? in our n—point
correlation function, then there are n — ¢ copies of H as well. Then the dimension
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axiom gives 2¢ + n — ¢ = 3d 4+ n — 1, so there must be ¢ = 3d — 1 copies of H>
in our n—point correlation function:

(H?,..,H2, H,.. H),
N—_——

3d-1

Each of the H? are represented by ¢, ..., g34_1 points, distinct because they are in
general position. Each of the n—3d +1 copies of H are lines L, in general position.
For a degree d stable map f : (C,py,...,p,) = P2, the first 3d — 1 marked points
must map to the g;. Then f must map C to one of the K, rational curves of degree
d which pass through the points g,. Proceeding as in the text, fix one of these K
rational curves and call it D. The last n — 3d + 1 marked points must map to their
respective lines L;, but they must also be contained in D. By Bézout’s Theorem,
each L, N D consists of d points. If we choose the corresponding p; to be the
preimage of one of these d points under f, we have

(H?,..,H* H,.. H),=d"3%K,

Putting all of these correlation functions together, we have, for y = 1, + ¢, H +
t,H*> € H*(P?),

<y’ I8 y)O = tz% ((Hz, 1’ 1)0 + <19H2’ 1)0 + <17 1’ H2>0)
+ 13t ((H,H, 1)g+ (H,1,H)y+ (1, H, H))
=3 (1,13 + 131)

(y,...,y)d=t"_3d+1t3d_1< " )(HZ,...,HZ,H,...,H>d
——

—_— 1 2 3d — 1
" 3d—1
— n=3d+13d-1 n Jr3d+l g
! 2 3d -1 d

since there are ( 3 d"_ 1) ways to arrange 3d —1 copies of H? in an n—point correlation

function. Plugging this into our Gromov-Witten potential, we get

1o 1 - 3d—1 1 n—3d+1 n! d
D = —I:lH, + =1yl + t —(dt K
(1) = 3150 + 300 ; 2 n>§—1 Py Gd - DI(n—3d + 1)1 44
%) 1. - 3d-1 n—3d+1 1 d
= —1:1, + =1lnl7 + t dt K
2l02 T Sl Zd: 2 n>§—l( v Gd - )\(n—3d + 1) 41
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Relabeling our second sum n — 3d + 1 — n’, we have

1, 1 - 3d—1 1 n—3d+1 n! d
(0] = —17tHh + =1t + t —(dt K
) 270727 5700 ; 2 n>§‘ 1n!( D Gd - D)l(n—3d + ! 41

1 1
- Et(z)tz + Etot% + ). 6% 1(3d K,q Z(dtl)"
d

3d—1

1 1 Z H di, d
I+ tt+ K— 1
202 20 d(3d 1! 1
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