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Alec Lau

These are all the problems in the book of the title, written by Sheldon Katz.
Errata are my own unless otherwise noted.
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1 Warming up to Enumerative Geometry
Question 1.1. Use limits to verify the assertion that a root of a quadratic equation
goes off to infinity as its leading coefficient 𝑎0 approaches 0 while 𝑎1 remains finite.
Verify that two solutions go off to infinity as 𝑎1 and 𝑎0 both approach 0 (assuming
𝑎2 stays nonzero).

Proof. Recall the quadratic formula giving roots

𝑥 =
−𝑎1 ± √𝑎2

1 − 4𝑎0𝑎2

2𝑎0

As we take 𝑎0 → 0, we assume the discriminant 𝑎2
1 − 4𝑎0𝑎2 is always positive,

as 𝑎0 eventually will become less than 𝑎2
1

4𝑎2
. If the discriminant is negative, then

𝑎0𝑎2, which must be positive, and will eventually decrease below 𝑎2
1

4 , making the
discriminant positive, and thus making its square roots defined in ℝ. Thus we have
two roots of our quadratic equation as 𝑎0 → 0.

The distance between the two roots is
2√𝑎2

1−4𝑎0𝑎2
2|𝑎0| . The limit as 𝑎0 → 0 in the

numerator is 2|𝑎2
1|, which we’ve assumed is finite. Thus the limit of the distance

between the roots is

lim
𝑎0→0

1
|𝑎0|√𝑎2

1 − 4𝑎0𝑎2 = ( lim
𝑎0→0

1
|𝑎0| )( lim

𝑎0→0 √𝑎2
1 − 4𝑎0𝑎2) = ∞

The distance between the roots therefore goes off to infinity, so at least one root
must go off to infinity.

When (𝑎0, 𝑎1) → (0, 0), we first assume 𝑎0 is sufficiently small. Then our roots
can be approximated using a Taylor expansion:

−𝑎1 ± √𝑎2
1 − 4𝑎0𝑎2

2𝑎0
=

−𝑎1 ± 𝑎1(1 − 4𝑎0𝑎2
2𝑎2

1
) + 𝒪(𝑎2

0)

2𝑎0
= −𝑎1

2𝑎0
±( 𝑎1

2𝑎0
− 𝑎2

𝑎1
)+𝒪(𝑎2

0)
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Thus our roots become −𝑎2
𝑎1

+ 𝒪(𝑎2
0), −𝑎1

𝑎0
+ 𝑎2

𝑎1
+ 𝒪(𝑎2

0). The limits as 𝑎1 → 0 of
these two roots thus become −∞ and ∞, respectively. The limits as 𝑎0 → 0 of
these two roots become 𝑎2

𝑎1
and −∞, which, then taking the limit for the first root

as 𝑎1 → 0 puts the first limit as −∞ and the second as ∞.

Question 1.2. Prove that any two equivalence classes [𝑎] and [𝑏], for 𝑎, 𝑏 in a
set 𝑆, are either equal or disjoint and that 𝑆 is the union of all the equivalence
classes.

Proof. Suppose that we have two equivalence classes [𝑎] and [𝑏] in 𝑆 that are
not disjoint. Then there exists some element 𝑥 in [𝑎] and [𝑏]. Then, 𝑥 ∼ 𝑎 for
all 𝑎 in [𝑎] and 𝑥 ∼ 𝑏 for all 𝑏 in [𝑏]. By symmetry, 𝑏 ∼ 𝑥, ∀𝑏 ∈ [𝑏]. Then
𝑏 ∼ 𝑥 ∼ 𝑎, ∀𝑎 ∈ [𝑎], 𝑏 ∼ [𝑏]. By transitivity, 𝑏 ∼ 𝑎, ∀𝑎 ∈ [𝑎], 𝑏 ∼ [𝑏], and
therefore [𝑎] = [𝑏].

Suppose that 𝑆 is not the union of all equivalence classes. Then there is an
element 𝑥 ∈ 𝑆 such that 𝑥 ∈ 𝐶, ∀𝐶 ⊂ 𝑆. By reflexivity, 𝑥 ∼ 𝑥, so 𝑥 is its own
equivalence class, as 𝑥 ∼ 𝑎∀𝑎 ∈ [𝑥]. Thus all elements belong to an equivalence
class within 𝑆.

Question 1.3. Let 𝑉 be a vector space over a field 𝑘 and consider the relation on
𝑉 − 0 defined by scalar multiplications: 𝑣 ∼ 𝑣′ if and only if 𝑣 = 𝜆𝑣′ for some
𝜆 ∈ 𝑘 − {0}. Prove that ∼ is an equivalence relation.

Proof. We need to prove reflexivity, symmetry, and transitivity.
Reflexivitiy: We have 𝑣 ∼ 𝑣 because 𝑣 = 1𝑣, so 𝑣 ∼ 1𝑣 = 𝑣.
Symmetry: Suppose 𝑣 ∼ 𝑣′. Then 𝑣 = 𝜆𝑣′ for 𝜆 ∈ 𝑘 − {0}. Then 1

𝜆 is well-
defined, so 1

𝜆𝑣 = 𝑣′, so 𝑣′ = 1
𝜆𝑣. Since 1

𝜆 ∈ 𝑘 − {0}, we therefore have 𝑣′ ∼ 𝑣.
Transitivity: If 𝑣 ∼ 𝑣′ and 𝑣′ ∼ 𝑣″, then we have 𝑣 = 𝜆′𝑣′ and 𝑣′ = 𝜆″𝑣″ for

𝜆′, 𝜆″ ∈ 𝑘 − {0}. Then 𝑣 = 𝜆′𝜆″𝑣″, and since 𝜆′𝜆″ ∈ 𝑘 − {0}, 𝑣 ∼ 𝑣″.

Question 1.4. Show that every nonzero homogeneous polynomial 𝐹 (𝑥0, 𝑥1) of de-
gree 2 has exactly two roots in ℙ1 including multiplicity.

Proof. Let 𝐹 (𝑥0, 𝑥1) ∶= 𝑎0𝑥2
0 + 𝑎1𝑥0𝑥1 + 𝑎2𝑥2

1.
In the case 𝑎2 = 0, 𝐹 (𝑥0, 𝑥1) = 𝑥0(𝑎0𝑥0 + 𝑎1𝑥1). In this case, the roots are

(0,1) and (𝑎1, −𝑎0).
Assume 𝑎2 ≠ 0. The dehomogenization of𝐹 (𝑥0, 𝑥1) gives 𝑥2

0𝑓(𝑥1
𝑥0

) for 𝑓(𝑥) ∶=
𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2. From the quadratic formula, we know therefore that the roots of
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𝐹 (𝑥0, 𝑥1) are subject to

𝑥1 =
−𝑎1 ± √𝑎2

1 − 4𝑎0𝑎2

2𝑎2
𝑥0

If the discriminant √𝑎2
1 − 4𝑎0𝑎2 is nonzero, then these are two distinct roots. If

not, then we have 𝑎2
1 = 4𝑎0𝑎2. In this case,

𝐹 (𝑥0, 𝑥1) = (√𝑎0𝑥0 + √𝑎2𝑥1)2

Thus we have one root with multiplicity 2 given by (√𝑎2, −√𝑎0).
Question 1.5. Let 𝑉 be a vector space. Find a natural one-to-one correspondence
between ℙ1(𝑉 ) and the set of all 1-dimensional linear subspaces of 𝑉 .

Proof. Label the ground field of 𝑉 be 𝐾 . Let 𝑉 1 be a 1-dimensional linear sub-
space of 𝑉 , and (𝑣0, 𝑣1, ...) be a basis vector of 𝑉 1. Then 𝑉 1 = 𝜆(𝑣0, 𝑣1, ...), ∀𝜆 ∈
𝐾∗. The correspondence between all 𝑉 1 and ℙ(𝑉 ) is then

𝜆(𝑣0, 𝑣1, ...) ↦ 𝜆(𝑣0, 𝑣1, ...) ∈ ℙ(𝑉 ), ∀𝜆 ∈ 𝐾∗

Note this is well-defined because all such basis vectors are identified in ℙ(𝑉 ).
Let (𝑣0, 𝑣1, ...) be a point in ℙ(𝑉 ). Then let 𝑉 1 be the 1-dimensional subspace

spanned by (𝑣0, 𝑣1, ...), i.e. 𝑉 1 = 𝜆(𝑣0, 𝑣1, ...)∀𝜆 ∈ 𝐾∗. If (𝑣′
0, 𝑣′

1, ...) is another
point in ℙ(𝑉 ) such that (𝑣0, 𝑣1, ...) ≠ (𝑣′

0, 𝑣′
1, ...), this means that there is no 𝜆′ ∈

𝐾∗ such that (𝑣0, 𝑣1, ...) = 𝜆′(𝑣′
0, 𝑣′

1, ...). Therefore, (𝑣′
0, 𝑣′

1, ...) is not in 𝑉 1, so
separate points in ℙ(𝑉 ) correspond to separate 1-dimensional subspaces of 𝑉 .
Question 1.6. Show that ℙ𝑛 − 𝑈0 is in natural one-to-one correspondence with
ℙ𝑛−1.

Proof. Recall that 𝑈0 ∶= {(𝑥0, ..., 𝑥𝑛)] ∈ ℙ𝑛|𝑥0 ≠ 0}. Then ℙ(𝑉 ) − 𝑈0 =
{(0, 𝑥1, ..., 𝑥𝑛) ∈ ℙ𝑛}. Consider the natural map

ℙ − 𝑈0 → ℙ𝑛−1

(0, 𝑥1, ..., 𝑥𝑛) ↦ (𝑥1, ..., 𝑥𝑛)
This is a bijection because an arbitrary point (𝑥1, ..., 𝑥𝑛) ∈ ℙ𝑛−1 has preimage
(0, 𝑥1, ..., 𝑥𝑛) ∈ ℙ𝑛 − 𝑈0, and if we have another point (0, 𝑥′

1, ..., 𝑥′
𝑛) ∈ ℙ𝑛 − 𝑈0

that maps to (𝑥1, ..., 𝑥𝑛), then 𝜆′(𝑥1, ..., 𝑥𝑛) = (𝑥′
1, ..., 𝑥′

𝑛) for some 𝜆′ ∈ ℂ∗. Then
(𝑥′

1, ..., 𝑥′
𝑛) has preimage (0, 𝜆′𝑥1, ..., 𝜆′𝑥𝑛) which is identified with (0, 𝑥1, ..., 𝑥𝑛).

4



Question 1.7. Suppose that 𝐹 (𝑥0, 𝑥1..., 𝑥𝑛) is a nonzero homogeneous polynomial
of degree 𝑑.

a Prove that 𝐹 (𝜆𝑥0, ..., 𝜆𝑥𝑛) = 𝜆𝑑𝐹 (𝑥0, ..., 𝑥𝑛) for any complex number 𝜆.

b Prove that the zero locus 𝑍(𝐹 ) ⊂ ℙ𝑛 is well defined; i.e., 𝐹 (x) = 0 if and
only if 𝐹 (𝜆x) = 0 for any 𝜆 ∈ ℂ∗

c Show that if 𝐹 is a polynomial and 𝑍(𝐹 ) is well defined in the sense of (b)
above, then 𝐹 must be homogeneous of some degree.

Proof. a 𝐹 can be written as

𝑑,...,𝑑

∑
𝑖0,...,𝑖𝑛

𝑎𝑖0...𝑖𝑛𝑥𝑖0
0 ...𝑥𝑖𝑛

𝑛 |𝑖0 ≥ 0, ..., 𝑖𝑛 ≥ 0, 𝑖0 + ... + 𝑖𝑛 = 𝑑

Then 𝐹 (𝜆𝑥0, ..., 𝜆𝑥𝑛) is written as a sum of the form 𝑎𝑖0...𝑖𝑛𝜆𝑖0𝑥𝑖0
0 ...𝜆𝑖𝑛𝑥𝑖𝑛

𝑛 .
Since 𝑖0 + ... + 𝑖𝑛 = 𝑑, this expression is equal to 𝑎𝑖0...𝑖𝑛𝜆𝑑𝑥𝑖0

0 ...𝑥𝑖𝑛
𝑛 . Since all

such terms have 𝜆𝑑 , we can factor this from the sum, yielding 𝜆𝑑𝐹 (𝑥0, ..., 𝑥𝑛).

b If 𝐹 (x) = 0, then 𝐹 (𝜆x) = 𝜆𝑑𝐹 (x) as we proved above, and this is equal to
𝜆𝑑 ∗ 0. If 𝐹 (𝜆x) = 0 for any 𝜆 ∈ ℂ∗, then 0 = 𝐹 (𝜆x) = 𝜆𝑑𝐹 (x) for any
𝜆 ∈ ℂ∗. This can only be equal to zero for any 𝜆 if 𝐹 (x) = 0.

c If 𝑍(𝐹 ) ⊂ ℙ𝑛 is well-defined, then 𝐹 (x) = 0 if and only if 𝐹 (𝜆x) = 0 for
any 𝜆 ∈ ℂ∗. We will express a general nonzero polynomial 𝐹 (x) as

𝑑0,...,𝑑𝑛

∑
𝑖0,...,𝑖𝑛

𝑎𝑖0...𝑖𝑛𝑥𝑖0
0 ...𝑥𝑖𝑛

𝑛 |𝑖0 ≥ 0, ..., 𝑖𝑛 ≥ 0

Then
𝐹 (𝜆x) = 𝜆𝑚

∑
𝑖0...𝑖𝑛

𝑎𝑖0...𝑖𝑛𝜆𝑖0+...+𝑖𝑛−𝑚𝑥𝑖0
0 ...𝑥𝑖𝑛

𝑛

where 𝑚 ∶= 𝑚𝑖𝑛(𝑖0 + ... + 𝑖𝑛). If x is such that

𝐹 (x) = ∑
𝑖0,...,𝑖𝑛

𝑎𝑖0...𝑖𝑛𝑥𝑖0
0 ...𝑥𝑖𝑛

𝑛 = 0
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the only way that 𝐹 (𝜆x) = 0 for any 𝜆 ∈ ℂ∗ is for 𝑖0 + ... + 𝑖𝑛 − 𝑚 = 0 for all
terms 𝑖0, ..., 𝑖𝑛; therefore, 𝑖0 + ... + 𝑖𝑛 must be constant for all 𝑖0, ..., 𝑖𝑛 com-
binations, which means the powers of 𝑥0, ..., 𝑥𝑛 must all add to a constant
number, i.e. 𝐹 is homogeneous.

Question 1.8. Prove that any two distinct lines in ℙ2 have exactly one point of
intersection.

Proof. We’ll label two lines in ℙ2 by the zero loci of 𝑎0𝑥0 + 𝑎1𝑥1 + 𝑎2𝑥2 = 0 and
𝑎′

0𝑥′
0 + 𝑎′

1𝑥′
1 + 𝑎′

2𝑥′
2 = 0. These intersect when there is a point (𝑦0, 𝑦1, 𝑦2) such that

𝑎0𝑦0 + 𝑎1𝑦1 + 𝑎2𝑦2 = 0
𝑎′

0𝑦0 + 𝑎′
1𝑦1 + 𝑎′

2𝑦2 = 0

or

(
𝑎0 𝑎1 𝑎2
𝑎′

0 𝑎′
1 𝑎′

2)
⎛
⎜
⎜
⎝

𝑦0
𝑦1
𝑦2

⎞
⎟
⎟
⎠

= 0

Since the lines are assumed distinct, the matrix has rank 2. By the rank-nullity
theorem, the null space, i.e. the (𝑦0, 𝑦1, 𝑦2) that satisfies the above equation, has
dimension 1, i.e. this system’s solution is the span of this point. In ℙ2, this corre-
sponds to a single point.

2 Enumerative Geometry in the Projective Plane
Question 2.1. Suppose that 𝑓(𝑥1) is a polynomial and let 𝑥2 = 𝑓(𝑥1) be the
equation defining its graph.

• Find the homogenization of this equation in ℙ2. Let 𝐷 be the corresponding
(projective) plane curve.

• Find the equation for the tangent line to 𝑦 = 𝑓(𝑥) at the point (𝑎, 𝑓 (𝑎)); then
find its homogenization to get a line 𝐶 ⊂ ℙ2.

• Use the working definition of the intersection multiplicity to show that
𝑚(1,𝑎,𝑓 (𝑎))(𝐶, 𝐷) ≥ 2, where (1, 𝑎, 𝑓 (𝑎)) is the point of ℙ2 corresponding to
(𝑎, 𝑓 (𝑎)) ∈ ℂ2.
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• Show that if (𝑎, 𝑓 (𝑎)) is a point of inflection, then

𝑚(1,𝑎,𝑓 (𝑎))(𝐶, 𝐷) ≥ 3.

Proof. • Let 𝐹 (𝑥0, 𝑥1) be the homogenization of 𝑓(𝑥1). With 𝑑 the degree of
𝑓(𝑥), the homogenization of the equation 𝑓(𝑥1) = 𝑥2 becomes

𝐹 (𝑥0, 𝑥1) − 𝑥2𝑥𝑑−1
0 = 0

• The slope of the line tangent to 𝑦 = 𝑓(𝑥) at 𝑥 = 𝑎 is 𝑑𝑓
𝑑𝑎 (𝑎). Therefore the

𝑦-intercept is 𝑓(𝑎) − 𝑎𝑑𝑓
𝑑𝑎 (𝑎). Therefore the equation for the tangent line at

(𝑎, 𝑓 (𝑎)) is
𝑑𝑓
𝑑𝑎 (𝑎)(𝑥1 − 𝑎) + 𝑓(𝑎) = 𝑥2

Homogenizing this line yields
𝑑𝑓
𝑑𝑎 (𝑎)𝑥1 − 𝑥2 + (𝑓(𝑎) − 𝑑𝑓

𝑑𝑎 (𝑎)𝑎)𝑥0 = 0

• Since 𝐹 (1, 𝑥1) = 𝑓(𝑥1), the point (1, 𝑎, 𝑓 (𝑎)) is in 𝐷. Thus, when we factor
𝐷 into a product of 𝑑 lines, one of the products must be (𝑓 (𝑎)𝑥1 − 𝑎𝑥2)𝑘

for some 𝑘 > 0. It is straightforward to calculate that (1, 𝑎, 𝑓 (𝑎)) lies in
𝐶 as well. This is the derivative of 𝐷 at (1, 𝑎, 𝑓 (𝑎)). By the product rule,
the derivative of 𝐷 is a sum of terms containing the undifferentiated term
(𝑓 (𝑎)𝑥1 − 𝑎𝑥2)𝑘 and one term containing 𝑘(𝑓(𝑎)𝑥1 − 𝑎𝑥2)𝑘−1. The terms
of the derivative with the undifferentiated (𝑓 (𝑎)𝑥1 − 𝑎𝑥2)𝑘 become zero at
(𝑎, 𝑓 (𝑎)), so, in order for (1, 𝑎, 𝑓 (𝑎)) to indeed be a root of the tangent line,
we must have 𝑘 − 1 > 0 for this final term to vanish. Therefore the multi-
plicity of (1, 𝑎, 𝑓 (𝑎)) in 𝐷 is ≥ 2, i.e. 𝑚(1,𝑎,𝑓 (𝑎))(𝐶, 𝐷) ≥ 2.

• If (1, 𝑎, 𝑓 (𝑎)) is an inflection point, then the second derivative of 𝐷 must be
0 at (1, 𝑎, 𝑓 (𝑎)). Following the logic of the above, the second derivative is a
sum of terms containing (𝑓 (𝑎)𝑥1 − 𝑎𝑥2)𝑘 or 𝑘(𝑓(𝑎)𝑥1 − 𝑎𝑥2)𝑘−1, with one
final term containing the factor 𝑘(𝑘−1)(𝑓(𝑎)𝑥1−𝑎𝑥2)𝑘−2. Thus must vanish
as well if (1, 𝑎, 𝑓 (𝑎)) is to be an inflection point, so we must have 𝑘 − 2 > 0,
i.e. 𝑚(1,𝑎,𝑓 (𝑎))(𝐶, 𝐷) ≥ 3.

Question 2.2. Use linear algebra to show that the intersection of 𝑛 general hyper-
planes in ℙ𝑛 is one point.
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Proof. We label the 𝑖𝑡ℎ hyperplane by 𝑎𝑖0𝑥0 + ... + 𝑎𝑖𝑛𝑥𝑛 = 0. Then a point
(𝑥0, ..., 𝑥𝑛) of their intersection must satisfy

⎛
⎜
⎜
⎝

𝑎10 ... 𝑎1𝑛
⋮ ⋱ ⋮

𝑎𝑛0 ... 𝑎𝑛𝑛

⎞
⎟
⎟
⎠

⎛
⎜
⎜
⎝

𝑥0
⋮
𝑥𝑛

⎞
⎟
⎟
⎠

= 0

Note that the coefficient matrix has 𝑛 rows. In general, the 𝑛 rows of this matrix
are not linearly dependent, so the matrix, in general, has full rank. Therefore, by
the rank-nullity theorem, the dimension of the null space is 𝑛 + 1 − 𝑛 = 1, i.e. the
(𝑥0, ..., 𝑥𝑛) ∈ ℙ𝑛 is 1-dimensional. This means that the solution is the span of a
single variable (𝑥0, ..., 𝑥𝑛) ∈ ℙ𝑛. The span of a single point is all identified to one
point in ℙ𝑛, so the intersection is a single point in ℙ𝑛.

Question 2.3. Show that the set of plane curves of degree 𝑑 is in one-to-one cor-
respondence with ℙ𝑑(𝑑+3)/2.

Proof. Degree 𝑑 plane curves are given by the zero loci of polynomials that are
sums of terms

𝑎𝑖0𝑖1𝑖2𝑥𝑖0
0 𝑥𝑖1

1 𝑥𝑖2
2 |0 ≤ 𝑖0, 𝑖1, 𝑖2 ≤ 𝑑, 𝑖0 + 𝑖1 + 𝑖2 = 𝑑

Thus the number of 𝑎𝑖0𝑖1𝑖2 is given by the number of 𝑑-length terms containing
𝑥0, 𝑥1, and 𝑥2 (unordered, due to multiplication being abelian in ℂ𝑛). In other
words, there are 3-choose-𝑑-with-replacement such terms 𝑎𝑖0𝑖1𝑖2 in any degree 𝑑
plane curve.

((
3
𝑑)) = (

3 + 𝑑 − 1
𝑑 ) = (𝑑 + 2)!

𝑑!2! = (𝑑 + 2)(𝑑 + 1)
2 = 𝑑(𝑑 + 3)

2 + 1

Thus there are 𝑑(𝑑+3)
2 + 1 terms 𝑎𝑖0𝑖1𝑖2 , parameterizing points in (ℙ𝑑(𝑑+3)/2+1−1)∗.

Question 2.4. Show that the set of plane curves of degree 𝑑 passing through a
fixed point 𝑝 is a hyperplane in ℙ𝑑(𝑑+3)/2 under the correspondence of the previous
exercise.

Proof. The degree 𝑑 plane curves that pass through a point 𝑝 ∶= (𝑦0, 𝑦1, 𝑦2) are
described by the set of 𝑎𝑖0𝑖1𝑖2 such that

∑
𝑖0,𝑖1,𝑖2

𝑎𝑖0𝑖1𝑖2𝑦𝑖0
0 𝑦𝑖1

1 𝑦𝑖2
2 = 0|0 ≤ 𝑖0, 𝑖1, 𝑖2 ≤ 𝑑, 𝑖0 + 𝑖1 + 𝑖2 = 𝑑

8



This is a sum of 𝑑(𝑑 + 3)/2 + 1 terms. Letting the 𝑎𝑖0𝑖1𝑖2 vary within the corre-
sponding points in ℙ𝑑(𝑑+3)/2, they become their own variables. Since each of these
variables are of degree 1, this describes a hyperplane in ℙ𝑑(𝑑+3)/2.

Question 2.5. Show that there are infinitely many conics containing five points 𝑝𝑖
if any four of the 𝑝𝑖 lie on the same line.

Proof. Suppose that four of our five 𝑝𝑖 points lie in a line. We will label the line

𝑙0𝑥0 + 𝑙1𝑥1 + 𝑙2𝑥2 = 0

To include the final out-of-plane point 𝑝𝑗 ∶= (𝑝𝑗0, 𝑝𝑗1, 𝑝𝑗2) in a conic 𝐶 , we select
(𝑙′

0, 𝑙′
1, 𝑙′

2) such that
𝑙′
0𝑝𝑗0 + 𝑙′

1𝑝𝑗1 + 𝑙′
2𝑝𝑗2 = 0

So a conic that contains all five 𝑝𝑖 can be written as

𝐶 ∶= (𝑙0𝑥0 + 𝑙1𝑥1 + 𝑙2𝑥2)(𝑙′
0𝑥0 + 𝑙′

1𝑥1 + 𝑙′
2𝑥2) = 0

We have one free variable in (𝑙′
0, 𝑙′

1, 𝑙′
2), as the only requirement is

𝑙′
0𝑝𝑗0 + 𝑙′

1𝑝𝑗1
−𝑝𝑗2

= 𝑙′
2

i.e. for any choice of 𝑙′
0, we can choose any value of 𝑙′

1 without loss of generality.
Thus there are an infinite number of conics containing our five points.

Question 2.6. Argue as for the case 𝑑 = 2 that given 𝑑(𝑑 + 3)/2 points of ℙ2 in
general position, there is a unique plane curve of degree 𝑑 containing all these
points.

Proof. Suppose we have 𝑑(𝑑 + 3)/2 points in ℙ2 in general position. We will label
the 𝑖𝑡ℎ point by (𝑝𝑖,0, 𝑝𝑖,1, 𝑝𝑖,2). As we saw in the third problem in this chapter, a
degree 𝑑 plane curve is specified by a unique point (𝑎0, ..., 𝑎𝑑(𝑑+3)/2) ∈ ℙ𝑑(𝑑+3)/2.
To clean up notation, we will denote 𝑑(𝑑 + 3)/2 by 𝔡. A plane curve that contains
all 𝔡 points would satisfy

⎛
⎜
⎜
⎜
⎜
⎜
⎝

𝑝𝑑
1,0 ... 𝑝𝑖0

1,0𝑝𝑖1
1,1𝑝𝑖2

1,2|𝑖0+𝑖1+𝑖2=𝑑 ... 𝑝𝑑
1,2

⋮ ⋱ ⋮

𝑝𝑑
𝔡,0 ... 𝑝𝑖0

𝔡,0𝑝𝑖1
𝔡,1𝑝𝑖2

𝔡,2|𝑖0+𝑖1+𝑖2=𝑑 ... 𝑝𝑑
𝔡,2

⎞
⎟
⎟
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎜
⎝

𝑎0

⋮

𝑎𝔡

⎞
⎟
⎟
⎟
⎟
⎠

= 0
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where each row of the matrix on the left is represented by all 𝔡 words made by
𝑑-length words of 𝑝0, 𝑝1, and 𝑝2. These represent 𝔡 hyperplanes in ℙ𝔡, for which
(𝑎0, ..., 𝑎𝔡) represent their intersection.

As we saw four problems ago, in general position, the rows are linearly inde-
pendent, so by the Rank-Nullity Theorem the (𝑎0, ..., 𝑎𝔡) that satisfies this system
is a single point of intersection of the 𝔡 hyperplanes. Therefore there is a single
plane curve of degree 𝑑 containing all 𝑝𝑖.

Question 2.7. Show that any rational curve of degree 2 in ℙ2 is a plane curve of
degree 2. Thus the terminology of the degree of a rational plane curve is consistent
with the terminology for the degree of a hypersurface.

Proof. We will denote an arbitrary degree 2 rational curve in ℙ2 by (𝑓0, 𝑓1, 𝑓2),
where 𝑓0, 𝑓1, and 𝑓2 are images of degree 2 homogeneous polynomials of (𝑥0, 𝑥1)
with no common factors. Then degree 2 polynomials of (𝑓0, 𝑓1, 𝑓2) can be written
as

𝜆00𝑓 2
0 + 𝜆01𝑓0𝑓1 + 𝜆02𝑓0𝑓2 + 𝜆11𝑓 2

1 + 𝜆12𝑓1𝑓2 + 𝜆22𝑓 2
2

Putting this in terms of our original variables, this becomes

𝑥4
0𝑔40 + 𝑥3

0𝑥1𝑔31 + 𝑥2
0𝑥2

1𝑔22 + 𝑥0𝑥3
1𝑔13 + 𝑥4

1𝑔04

where 𝑔⋅⋅ are each linear functions of 𝜆00, 𝜆01, 𝜆02, 𝜆11, 𝜆12, and 𝜆22. The ques-
tion is now whether there exist 𝜆00, 𝜆01, 𝜆02, 𝜆11, 𝜆12, and 𝜆22 such that all of the
𝑔⋅⋅ become equal to 0. In other words, we’d like to find the intersection of the
zero loci of five hyperplanes 𝑔⋅⋅ in ℙ5. By Bezout’s Theorem, there is at least
one point of intersection between these hyperplanes. This point is a value of
(𝜆00, 𝜆01, 𝜆02, 𝜆11, 𝜆12, 𝜆22) where the degree 2 polynomial of (𝑓0, 𝑓1, 𝑓2) is equal
to zero. Defining

(𝑦0, 𝑦1, 𝑦2) ∶= Im(𝑓0(𝑥0, 𝑥2), 𝑓1(𝑥0, 𝑥1), 𝑓2(𝑥0, 𝑥1)) ∈ ℙ5

we have the existence of at least one degree 2 homogeneous polynomial

𝑃𝜆00𝜆01𝜆02𝜆11𝜆12𝜆22(𝑦0, 𝑦1, 𝑦2)

equal to 0, defining a plane curve.

Question 2.8. Let x denote the row vector (𝑥0, 𝑥1, 𝑥2).
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(a) Show that any plane curve 𝐶 of degree 2 can be written as

x𝐴x𝑇 = 0

for some nonzero 3 × 3 symmetric matrix 𝐴, which is unique up to a scalar
multiple.

(b) Show that 𝐶 is an irreducible rational curve if and only if 𝐴 is invertible

(c) Show that 𝐶 is a union of two distinct lines if and only if 𝐴 has rank 2.

(d) Show that 𝐶 is a double line if and only if 𝐴 has rank 1.

Proof. (a) Denote an arbitrary degree 2 plane curve 𝐶 by

𝑎00𝑥2
0 + 2𝑎01𝑥0𝑥1 + 𝑎11𝑥2

1 + 2𝑎02𝑥0𝑥2 + 2𝑎12𝑥1𝑥2 + 𝑎22𝑥2
2 = 0

If we let

𝐴 =
⎛
⎜
⎜
⎝

𝑎00 𝑎01 𝑎02
𝑎01 𝑎11 𝑎12
𝑎02 𝑎12 𝑎22

⎞
⎟
⎟
⎠

This matrix is symmetric and is unique up to a scalar multiple, and we get
𝐶 by setting x𝐴x𝑇 = 0 by inspection.

(b) For now I don’t know how to prove this other than proving c) and d).

(c) If 𝐴 has rank 2, then by the Rank-Nullity Theorem, the null space of 𝐴 is
one-dimensional. Therefore, there is a nonzero y such that 𝐴y = 0. This
means that there is a nonzero y such that

𝑎00𝑦0 + 𝑎01𝑦1 + 𝑎02𝑦2 = 0
𝑎01𝑦0 + 𝑎11𝑦1 + 𝑎12𝑦2 = 0
𝑎02𝑦0 + 𝑎21𝑦1 + 𝑎22𝑦2 = 0

which define lines. Since 𝐴 has rank 2, we can write exactly one line as a
sum of the other two lines. Note that if these other two lines are not distinct,
then 𝐴’s rank would be 1. 𝐶 is thus a union of the two remaining distinct
lines.
Conversely, if 𝐶 is a union of two distinct lines, then we can write 𝐶 as

(𝑎0𝑥0 + 𝑎1𝑥1 + 𝑎2𝑥2)(𝑏0𝑥0 + 𝑏1𝑥1 + 𝑏2𝑥2) = 0
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We then write 𝐴 (in a way to preserve symmetry) as

⎛
⎜
⎜
⎜
⎝

𝑎0𝑏0
1
2 (𝑎0𝑏1 + 𝑎1𝑏0) 1

2 (𝑎0𝑏2 + 𝑎2𝑏0)
1
2 (𝑎0𝑏1 + 𝑎1𝑏0) 𝑎1𝑏1

1
2 (𝑎1𝑏2 + 𝑎2𝑏1)

1
2 (𝑎0𝑏2 + 𝑎2𝑏0) 1

2 (𝑎1𝑏2 + 𝑎2𝑏1) 𝑎2𝑏2

⎞
⎟
⎟
⎟
⎠

Notice that this is equal to

1
2[

⎛
⎜
⎜
⎝

𝑏0
𝑏1
𝑏2

⎞
⎟
⎟
⎠

(𝑎0 𝑎1 𝑎2) +
⎛
⎜
⎜
⎝

𝑎0
𝑎1
𝑎2

⎞
⎟
⎟
⎠

(𝑏0 𝑏1 𝑏2)]

This is the sum of two matrices with rank one, as each matrix’s columns are
multiples of one another. Thus we have Rank(𝐴) ≤ 2. 𝐴 cannot have rank
1, since we would need two scalars 𝜆0, 𝜆1 such that

𝜆0𝐴00 + 𝜆1𝐴01 = 𝐴02
𝜆0𝐴10 + 𝜆1𝐴11 = 𝐴12
𝜆0𝐴20 + 𝜆1𝐴21 = 𝐴22

which is an overdetermined system for which, if (𝑎0, 𝑎1, 𝑎2) ≠ (𝑏0, 𝑏1, 𝑏2),
there is no solution. Thus 𝐴 has rank 2.

(d) If 𝐴 has rank 1, then the columns are all scalar multiples of one another. If
that is the case, in projective space, the columns are all equal. Due to the
repeated entries in 𝐴, this means all the matrix entries are the same:

𝑎00 𝑎01 𝑎02

𝑎01 𝑎11 𝑎12

𝑎02 𝑎12 𝑎22

Thus, 𝐶 is expressed as

𝑎00(𝑥2
0 + 2𝑥0𝑥1 + 𝑥2

1 + 2𝑥0𝑥2 + 𝑥2
2 + 2𝑥1𝑥2) = 0

⇒ 𝑎00(𝑥0 + 𝑥1 + 𝑥2)2

12



which is a double line.
Conversely, if 𝐶 is a double line, then we have

𝐶 = (𝑎0𝑥0 + 𝑎1𝑥1 + 𝑎2𝑥2)2 = 0

⇒ 𝐴 =
⎛
⎜
⎜
⎝

𝑎2
0 𝑎0𝑎1 𝑎0𝑎2

𝑎0𝑎1 𝑎2
1 𝑎1𝑎2

𝑎0𝑎2 𝑎1𝑎2 𝑎2
2

⎞
⎟
⎟
⎠

=
⎛
⎜
⎜
⎝
𝑎0

⎛
⎜
⎜
⎝

𝑎0
𝑎1
𝑎2

⎞
⎟
⎟
⎠

𝑎1
⎛
⎜
⎜
⎝

𝑎0
𝑎1
𝑎2

⎞
⎟
⎟
⎠

𝑎2
⎛
⎜
⎜
⎝

𝑎0
𝑎1
𝑎2

⎞
⎟
⎟
⎠

⎞
⎟
⎟
⎠

Thus the columns of 𝐴 are scalar multiples of one another, and therefore 𝐴
has rank 1.

3 Stable Maps and Enumerative Geometry
Question 3.1. Show that if 𝑓 = (𝑓0, ..., 𝑓4) is a parametrization of a rational curve
of degree 𝑑 on 𝑋, then for any homogeneous polynomial ℎ(𝑥0, 𝑥1) of degree ℎ, the
replacement of each of the 𝑓𝑖 by ℎ𝑓𝑖 gives a solution to

ℎ𝑘({𝑎𝑖𝑗}) = 0

with parametrizing polynomials of degree 𝑑 + ℎ.
Proof. Recall from the text that 𝑋 is defined as the zero locus of a homogeneous
degree five polynomial 𝐹 (𝑥0, ..., 𝑥4). Let

𝑓𝑗(𝑥0, 𝑥1) ∶=
𝑑

∑
𝑖=0

𝑎𝑖𝑗𝑥𝑖
0𝑥𝑑−𝑖

1 , ℎ(𝑥0, 𝑥1) ∶=
ℎ

∑
𝑚=0

𝑐𝑚𝑥𝑚
0 𝑥ℎ−𝑚

1

Since 𝑓 is on 𝑋, we have

𝐹 (𝑓0, ..., 𝑓4) = 0,

⇒
5𝑑

∑
𝑘=0

ℎ𝑘({𝑎𝑖𝑗})𝑥𝑘
0𝑥5𝑑−𝑘

1 = 0

We then have

ℎ𝑓𝑗 =
𝑑

∑
𝑖=0

ℎ

∑
𝑚=0

𝑎𝑖𝑗𝑥𝑖+𝑚
0 𝑥𝑑+ℎ−𝑚−𝑖

1
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Since 𝐹 is homogeneous, we have

𝐹 (ℎ𝑓0, ..., ℎ𝑓4) = ℎ5𝐹 (𝑓0, ..., 𝑓4) = 0,

ℎ5
5𝑑

∑
𝑘=0

ℎ𝑘({𝑎𝑖𝑗})𝑥𝑘
0𝑥5𝑑−𝑘

1 = 0

We will express ℎ(𝑥0, 𝑥1)5 as

ℎ5 =
5ℎ

∑
𝑛=0

𝑔𝑛({𝑐𝑚})𝑥𝑛
0𝑥5ℎ−𝑛

1

where 𝑔𝑛 are degreeℎ polynomials in the 𝑐𝑚 coefficients. Therefore𝐹 (ℎ𝑓0, ..., ℎ𝑓4) =
0 given by

5(ℎ+𝑑)

∑
𝑝=0

[ ∑
𝑛+𝑘=𝑝

𝑔𝑛({𝑐𝑚})ℎ𝑘({𝑎𝑖𝑗})]𝑛≤5ℎ,𝑘≤5𝑑𝑥𝑝
0𝑥5(𝑑+ℎ)−𝑝

1 = 0

The [∑𝑛+𝑘=𝑝 𝑔𝑛({𝑐𝑚})ℎ𝑘({𝑎𝑖𝑗})]𝑛≤5ℎ,𝑘≤5𝑑 are degree ℎ + 𝑑 polynomials in 𝑐𝑚 and
𝑎𝑖𝑗 , and each 𝑗 value gives a parametrizing degree 5(𝑑 + ℎ) polynomial.

Question 3.2. Show that the morphism 𝑓 ∶ ℙ1 → ℙ2 defined by 𝑓(𝑥0, 𝑥1) =
(𝑥2

0, 𝑥2
1, 0) is two-to-one onto the line 𝑥2 = 0, except that it is one-to-one over the

branch points (1, 0, 0), (0, 1, 0).

Proof. Notice that (𝑥0, 𝑥1) and (𝑥0, −𝑥1) will be distinct points in ℙ1 except when
𝑥0 = 0 or 𝑥1 = 0, yet these both map to (𝑥2

0, 𝑥2
1, 0). Thus 𝑓 is two-to-one

on ℙ1\(𝑥0, 0) ∪ (0, 𝑥1). At the point (1, 0), these points are identified, and so
𝑓(1, 0) = (1, 0, 0) is one-to-one. At the point (0, 1), these points are also iden-
tified, so 𝑓(0, 1) = (0, 1, 0) is one-to-one as well.

Question 3.3. Show that if 𝑓 ∈ 𝑀(ℙ2, 2), then the restriction of 𝑓 to each com-
ponent is nonconstant.

Proof. This is the moduli space of degree 2 stable maps into ℙ2. Degree 2 stable
maps are defined by a map 𝑓 ∶ 𝐶 → ℙ2 such that each

𝑓𝑖 ∶= 𝑓 ∘ 𝜙𝑖 ∶ ℙ1 → ℙ2
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is a parametrized rational curve or a constant map, with ∑𝑖 deg(𝑓𝑖) = 2, and, if
𝑓|𝐶𝑖 is constant, then 𝐶𝑖 is required to have at least 3 nodes of 𝐶 .

Suppose that 𝑓𝑖 is constant over 𝐶𝑖 for some 𝑖. Then 𝐶𝑖 is required to contain
at least three nodes, i.e. it must intersect with at least three components, which
we’ll label 𝐶0, 𝐶1, and 𝐶2. In order to keep deg(𝑓 ) = 2, we must have at least
one of 𝑓0, 𝑓1, 𝑓2 be degree 0, or constant, as well. Therefore, the corresponding
component must intersect with at least two more components, 𝐶3 and 𝐶4. Note
that these components must be distinct from 𝐶𝑖, 𝐶0, 𝐶1, and 𝐶2, since, if not, 𝐶
would contain a cycle. However, 𝑓3 and 𝑓4 must also be constant to keep deg(𝑓 )
= 2, implying the existence of more distinct components. See the below diagram.

𝐶0 𝐶1 𝐶2

...

...

⋮

𝐶𝑖

To ensure 𝑓2(𝐶2) remains constant

𝐶𝑖

𝐶3

𝐶4

This recurses infinitely. This is a contradiction, however, since𝐶 must have finitely
many components by definition. Thus there cannot be any such 𝑓𝑖.
Question 3.4. Show that if 𝑓 ∶ ℙ1 → ℙ2 has degree 2, then either 𝑓 is a one-to-
one correspondence onto a smooth conic or is two-to-one with two branch points
onto a line.

Proof. By definition of morphisms, 𝑓 must be a parametrized rational curve of
degree 2. We showed in Exercise 7 of Chapter 2 that any rational curve of degree
2 in ℙ2 is a plane curve of degree 2, i.e. a conic. Let

𝛼𝑖(𝑥0, 𝑥1) ∶= 𝑎𝑖
00𝑥2

0 + 𝑎𝑖
01𝑥0𝑥1 + 𝑎𝑖

11𝑥2
1
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Suppose we have two points (𝑥0, 𝑥1), (𝑥′
0, 𝑥′

1) such that 𝑓(𝑥0, 𝑥1) = 𝑓(𝑥′
0, 𝑥′

1).
Then we have

⎛
⎜
⎜
⎝

𝑎0
00 𝑎0

01 𝑎0
11

𝑎1
00 𝑎1

01 𝑎1
11

𝑎2
00 𝑎2

01 𝑎2
11

⎞
⎟
⎟
⎠

⎛
⎜
⎜
⎝

𝑦0
𝑦1
𝑦2

⎞
⎟
⎟
⎠

= 0 (1)

where (𝑦0, 𝑦1, 𝑦2) ∶= (𝑥2
0 − 𝑥′2

0 , 𝑥0𝑥1 − 𝑥′
0𝑥′

1, 𝑥2
1 − 𝑥′2

1 ). Suppose we have a smooth
conic. Then all 𝛼𝑖 ≠ 0. Since this is a parametrized rational curve, this matrix
has full rank. Thus the null space is zero dimensional, so (𝑦0, 𝑦1, 𝑦2) must be the
zero vector, i.e. (𝑥0, 𝑥1) = ±(𝑥′

0, 𝑥′
1). Therefore, if 𝑓 is a smooth conic, then 𝑓 is

one-to-one.
Conics can either be smooth conics, line pairs, or double lines. A line pair has

two components as shown in Example 3.3, which goes against our assumption,
so instead suppose that our conic is a double line. Note that the image of 𝑓 must
therefore contain a zero, as the zero polynomial 𝛼∗(𝑥0, 𝑥1) = 0 is the only homo-
geneous polynomial that is constant. Without loss of generality, let our line in ℙ2

be
(𝛼0(𝑥0, 𝑥1), 𝛼1(𝑥0, 𝑥1), 0)

We can assume also that at least one of 𝛼1
⋅⋅ ≠ 0, so without loss of generality

assume 𝑎1
01 ≠ 0. Subtracting 𝑎0

01
𝑎1

01
times the second row from the first row, we get

the equation

(𝑎0
00 −

𝑎0
01

𝑎1
01

𝑎1
00)(𝑥0 − 𝑥′

0)(𝑥0 + 𝑥′
0) = (𝑎0

00 −
𝑎0

01
𝑎1

01
𝑎1

11)(𝑥1 − 𝑥′
1)(𝑥1 + 𝑥′

1)

Since we assume general polynomials, we must have 𝑥0 = ±𝑥′
0 and 𝑥1 = ±𝑥′

1.
Thus we have (𝑥0, 𝑥1) and ±(𝑥0, −𝑥1) mapping to the same point on our double
line. In the case where 𝑥0 ≠ 0 or 𝑥1 ≠ 0, these are distinct points, so themapping is
two-to-one. These become the same point at both (1, 0) and (0, 1), so the mapping
then becomes one-to-one. Thus without loss of generality we have two branch
points on this line: (𝛼0(1, 0), 𝛼1(1, 0), 0) and (𝛼0(0, 1), 𝛼1(0, 1), 0).

Question 3.5. Generalizing Exercise 3 from Chapter 2, prove that the set of hyper-
surfaces of degree 𝑑 in ℙ𝑛 is in one-to-one correspondence with ℙ(𝑑+𝑛

𝑑 )−1. Note:
the question in the book states ℙ(𝑑+𝑛

𝑛 )−1, but I think this is a typo.
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Proof. In ℙ𝑛, we have 𝑛 + 1 variables in our polynomials. For degree 𝑑 polyno-
mials, we have ((𝑛+1

𝑑 )) possible combinations of 𝑑 variables with replacement.

((
𝑛 + 1

𝑑 )) = (
𝑛 + 1 + 𝑑 − 1

𝑑 )

Thus each degree 𝑑 hypersurface in ℙ𝑛 is uniquely described by (𝑛+𝑑
𝑑 ) coefficients

for our (𝑛+𝑑
𝑑 ) terms modulo scalar multiplication for every term. (𝑛+𝑑

𝑑 )-tuples
modulo scalar multiplication are in one-to-one correspondence with (𝑛+𝑑

𝑑 ) coordi-

nates of ℙ(𝑛+𝑑
𝑑 )−1.

Question 3.6. Show that if 𝐶 ⊂ ℙ2 is a smooth conic, then 𝐶∗ ⊂ (ℙ2)∗ is a smooth
conic. Show that (𝐶∗)∗ = 𝐶 under the natural identification ((ℙ2)∗)∗ = ℙ2.

Proof. 𝐶∗ ⊂ (ℙ2)∗ is the set of lines in 𝑃 2 (set of elements in (ℙ2)∗) such that
𝐶 ∩ 𝐿 is a single point with 𝑚𝑝(𝐶 ⋅ 𝐿) = 2 for 𝐿 ∈ (ℙ2)∗. Choose an arbitrary
point 𝑝 ∶= (𝑝0, 𝑝1, 𝑝2) ∈ 𝐶 . The tangent line to 𝐶 at 𝑝 is

𝜕𝐶(𝑝)
𝜕𝑥0

𝑥0 + 𝜕𝐶(𝑝)
𝜕𝑥1

𝑥1 + 𝜕𝐶(𝑝)
𝜕𝑥2

𝑥2 = 0

Define our smooth conic 𝐶 by

𝐶 ∶= 𝑎00𝑥2
0 + 𝑎01𝑥0𝑥1 + 𝑎11𝑥2

1 + 𝑎02𝑥0𝑥2 + 𝑎12𝑥1𝑥2 + 𝑎22𝑥2
2 = 0

The tangent line at 𝑝 satisfies

(2𝑎00𝑝0 + 𝑎01𝑝1 + 𝑎02𝑝2)𝑥0 + (2𝑎11𝑝1 + 𝑎01𝑝0 + 𝑎12𝑝2)𝑥1+
(2𝑎22𝑝2 + 𝑎02𝑝0 + 𝑎12𝑝1)𝑥2 = 0

∶= 𝑎′
0(𝑝0, 𝑝1, 𝑝2)𝑥0 + 𝑎′

1(𝑝0, 𝑝1, 𝑝2)𝑥1 + 𝑎′
2(𝑝0, 𝑝1, 𝑝2)𝑥2 = 0

Reframing this, we have

⎛
⎜
⎜
⎝

2𝑎00 𝑎01 𝑎02
𝑎01 2𝑎11 𝑎12
𝑎02 𝑎12 2𝑎22

⎞
⎟
⎟
⎠

⎛
⎜
⎜
⎝

𝑝0
𝑝1
𝑝2

⎞
⎟
⎟
⎠

= 0

Since 𝐶 is a smooth conic, this matrix has full rank as shown in Chapter 2. Thus
we can isolate each 𝑝𝑖 as a linear function of 𝑎′

0, 𝑎′
1, and 𝑎′

2:

𝑝𝑖 ∶= 𝜆𝑖0𝑎′
0 + 𝜆𝑖1𝑎′

1 + 𝜆𝑖2𝑎′
2

17



Since we must also have

𝑎′
0𝑝0 + 𝑎′

1𝑝1 + 𝑎′
2𝑝2 = 0

for our tangent line to contain 𝑝. Therefore (𝑎′
0, 𝑎′

1, 𝑎′
2) ∈ (ℙ2)∗, and we can also

write:

𝑎′
0(𝜆00𝑎′

0 + 𝜆01𝑎′
1 + 𝜆02𝑎′

2) + 𝑎′
1(𝜆10𝑎′

0 + 𝜆11𝑎′
1 + 𝜆12𝑎′

2)
+𝑎′

2(𝜆20𝑎′
0 + 𝜆21𝑎′

1 + 𝜆22𝑎′
2) = 0

⇒ 𝜆00𝑎′2
0 + (𝜆01 + 𝜆10)𝑎′

0𝑎′
1 + 𝜆11𝑎′2

1 + (𝜆02 + 𝜆20)𝑎′
0𝑎′

2
+(𝜆12 + 𝜆21)𝑎′

1𝑎′
2 + 𝜆22𝑎′2

2 = 0

This is our (general) dual conic 𝐶∗, which is an expression of a homogeneous
degree 2 polynomial of lines (𝑎′

0, 𝑎′
1, 𝑎′

2) ∈ (ℙ2)∗, i.e. a homogeneous degree 2
polynomial in (ℙ2)∗.

Assume this is a line pair. Without loss of generality, assume then that 𝜆02 =
𝜆20 = 𝜆12 = 𝜆21 = 𝜆22 = 0. Then 𝑝0 is always 0, so 𝐶 is a line pair, which
contradicts our initial assumption. A similar contradiction arises if we assume 𝐶∗

is a double line. Thus 𝐶∗ is a smooth conic in (ℙ2)∗.
To find (𝐶∗)∗, we do the same process, resulting in a smooth conic of variables

𝑏′
0, 𝑏′

1, and 𝑏′
2 such that

𝑏′
0𝑎′

0 + 𝑏′
1𝑎′

1 + 𝑏′
2𝑎′

2 = 0

Since, for a given (𝑎′
0, 𝑎′

1, 𝑎′
2) ∈ (ℙ2)∗, we already have a tuple such that the above

expression is 0, which is (𝑝0, 𝑝1, 𝑝2), because that was how (𝑎0, 𝑎1, 𝑎2) was defined.
Thus we have a natural identification (𝑏0, 𝑏1, 𝑏2) ∈ ((ℙ2)∗)∗ → (𝑝0, 𝑝1, 𝑝2) ∈ ℙ2.

Question 3.7. Suppose that 𝐶 is a smooth conic. Prove that 𝑝 ∈ 𝐶 if and only if
𝐿𝑝 is tangent to 𝐶∗.

Proof. Recall 𝐿𝑝 ⊂ (ℙ2)∗ is the set of lines through 𝑝.
Suppose 𝑝 ∶= (𝑝0, 𝑝1, 𝑝2) ∈ 𝐶 . We also have that 𝐿𝑝 = (𝑝0, 𝑝1, 𝑝2) ∈ ((ℙ2)∗)∗.

Let our dual curve be

𝐶∗ = 𝜆00𝑎′2
0 +(𝜆01+𝜆10)𝑎′

0𝑎′
1+𝜆11𝑎′2

1 +(𝜆02+𝜆20)𝑎′
0𝑎′

2+(𝜆12+𝜆21)𝑎′
1𝑎′

2+𝜆22𝑎′2
2 = 0
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where 𝜆⋅⋅ are defined by 𝑝𝑖 ∶= 𝜆𝑖0𝑎′
0 +𝜆𝑖1𝑎′

1 +𝜆𝑖2𝑎′
2 as in the previous proof. Then

the tangent line at (𝑎′
0, 𝑎′

1, 𝑎′
2) is given by

⎛
⎜
⎜
⎝

2𝜆00𝑎′
0 + (𝜆01 + 𝜆10)𝑎′

1 + (𝜆02 + 𝜆20)𝑎′
2

2𝜆11𝑎′
1 + (𝜆01 + 𝜆10)𝑎′

0 + (𝜆12 + 𝜆21)𝑎′
2

2𝜆22𝑎′
2 + (𝜆02 + 𝜆20)𝑎′

0 + (𝜆12 + 𝜆21)𝑎′
1

⎞
⎟
⎟
⎠

⋅
⎛
⎜
⎜
⎝

𝑎′
0

𝑎′
1

𝑎′
2

⎞
⎟
⎟
⎠

= 0

=
⎛
⎜
⎜
⎝

𝑝0 + (𝜆00𝑎′
0 + 𝜆10𝑎′

1 + 𝜆20𝑎′
2)

𝑝1 + (𝜆01𝑎′
0 + 𝜆11𝑎′

1 + 𝜆21𝑎′
2)

𝑝2 + (𝜆02𝑎′
0 + 𝜆12𝑎′

1 + 𝜆22𝑎′
2)

⎞
⎟
⎟
⎠

⋅
⎛
⎜
⎜
⎝

𝑎′
0

𝑎′
1

𝑎′
2

⎞
⎟
⎟
⎠

= 2(𝑝0𝑎′
0 + 𝑝1𝑎′

1 + 𝑝2𝑎′
2) = 0

This is the tangent line 𝐿𝑝.
Conversely, suppose that 𝐿𝑝 ∶= (𝑝0, 𝑝1, 𝑝2) ∈ ((ℙ2)∗)∗ is a line tangent to 𝐶∗.

Then 𝑝0𝑎′
0 + 𝑝1𝑎′

1 + 𝑝2𝑎′
2 = 0 for some (𝑎′

0, 𝑎′
1, 𝑎′

2) ∈ 𝐶∗. By definition, (𝑎′
0, 𝑎′

1, 𝑎′
2)

is a line tangent to 𝐶 , so we have

⎛
⎜
⎜
⎜
⎜
⎝

𝜕𝐶
𝜕𝑝′

0
(𝑝′

0)
𝜕𝐶
𝜕𝑝′

1
(𝑝′

1)
𝜕𝐶
𝜕𝑝′

2
(𝑝′

2)

⎞
⎟
⎟
⎟
⎟
⎠

⋅
⎛
⎜
⎜
⎝

𝑝′
0

𝑝′
1

𝑝′
2

⎞
⎟
⎟
⎠

= 0 =
⎛
⎜
⎜
⎝

𝑎′
0

𝑎′
1

𝑎′
2

⎞
⎟
⎟
⎠

⋅
⎛
⎜
⎜
⎝

𝑝′
0

𝑝′
1

𝑝′
2

⎞
⎟
⎟
⎠

for some (𝑝′
0, 𝑝′

1, 𝑝′
2) ∈ 𝐶 . Since 𝑎′

0𝑝′
0 + 𝑎′

1𝑝′
1 + 𝑎′

2𝑝′
2 = 0 is a linear equation, its

solution is uniquely determined up to a scalar factor, so (𝑝′
0, 𝑝′

1, 𝑝′
2) = (𝑝0, 𝑝1, 𝑝2) ∈

ℙ2, therefore 𝑝 is in 𝐶 .

4 Crash Course in Topology and Manifolds
Question 4.1. Let 𝑎 ∈ ℝ𝑛 and 𝑟 > 0. Let 𝐵(𝑎; 𝑟) denote the open ball in ℝ𝑛 of
radius 𝑟 centered at 𝑎:

𝐵(𝑎; 𝑟) = {𝑥 ∈ ℝ𝑛||𝑥 − 𝑎| < 𝑟}.

Let 𝒯 be the set of all arbitrary unions of balls 𝐵(𝑎; 𝑟). Show that 𝒯 defined this
way is a topology.

Proof. 1. Arbitrary unions of balls includes the empty set, so 𝒯 contains the
empty set.
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2. Define 𝑈 ∶=
∞
⋃
𝑖∈ℕ

𝐵(0, 𝑖). 𝑈 is an arbitrary union. Suppose let 𝑟0 be an

arbitrary element in ℝ𝑛. Let 𝑛𝑟0 = |𝑟0|. Since ℕ goes on infinitely, there
is always some 𝑛 ∈ ℕ such that 𝑛 > 𝑛𝑟0 . Thus 𝑟 ∈ 𝐵(0, 𝑛), and therefore
𝑟 ∈ 𝑈 . Since this did not depend on the choice of 𝑟, we have that 𝑈 covers
all of ℝ𝑛, so ℝ𝑛 ∈ 𝒯 .

3. If {𝑈𝛼} is a set of elements of 𝒯 , they are a set of arbitrary unions of balls.
Then their union ⋃𝛼 𝑈𝛼 is also a union of balls, so ⋃𝛼 𝑈𝛼 ∈ 𝒯 .

4. Suppose we have two 𝑈1, 𝑈2 ∈ 𝒯 . If either of them is a union of balls
given by an infinite diverging sequence of 𝑟s, then by a similar argument
above, this element of the topology is ℝ𝑛, and therefore ℝ𝑛 ∩ 𝑈 = 𝑈 for any
element 𝑈 ∈ 𝒯 , so 𝑈1 ∩ 𝑈2 ∈ 𝒯 . If instead both are given by either an
infinite converging sequences of 𝑟s or a finite sequence of 𝑟s, then let 𝑟1𝑚𝑎𝑥 be
the maximum radius of the balls in 𝑈1 (or the limit of the infinite converging
sequence of 𝑟s if the limit is larger than all 𝑟s in 𝑈1), and let 𝑟2𝑚𝑎𝑥 be defined
the same way but for 𝑈2. Then 𝑈1 ∩ 𝑈2 is 𝐵(𝑎; 𝑚𝑖𝑛(𝑟1𝑚𝑎𝑥 , 𝑟2𝑚𝑎𝑥)). The set
{𝐵(𝑎; 𝑚𝑖𝑛(𝑟1𝑚𝑎𝑥 , 𝑟2𝑚𝑎𝑥))} is an arbitrary union of balls 𝐵(𝑎; 𝑟), 𝑟 > 0, and so
is an element of 𝒯 .

Question 4.2. Let 𝑋 be a topological space, and let 𝑌 ⊂ 𝑋 be a subset. Let

𝒯𝑌 = {𝑈 ∩ 𝑌 |𝑈 ∈ 𝒯𝑋}

Prove that 𝒯𝑌 is a topology.

Proof. 1. Since 𝒯𝑋 is a topology, ∅ ∈ 𝒯𝑋 , and ∅ ∩ 𝑌 = ∅, so ∅ ∈ 𝒯𝑌 .

2. Since 𝒯𝑋 is a topology, 𝑋 ∈ 𝒯𝑋 , and 𝑋 ∩𝑌 = 𝑌 since 𝑌 ⊂ 𝑋, so 𝑌 ∈ 𝒯𝑌 .

3. Each set 𝑈𝛼 ∈ 𝒯𝑌 has a corresponding set 𝑈 ′
𝛼 ∈ 𝒯𝑋 such that 𝑈 ′

𝛼 ∩𝑌 = 𝑈𝛼.
If {𝑈𝛼} is a set of elements of 𝒯𝑌 , let {𝑈 ′

𝛼} be the corresponding set of
elements of 𝒯𝑋 such that 𝑈 ′

𝛼 ∩𝑌 = 𝑈𝛼. ⋃𝛼 𝑈𝛼 = ⋃𝛼(𝑈 ′
𝛼 ∩𝑌 ) = (⋃𝛼 𝑈 ′

𝛼)∩
𝑌 . Since 𝒯𝑋 is a topology, ⋃𝛼 𝑈 ′

𝛼 ∈ 𝒯𝑋 , so ⋃𝛼 𝑈𝛼 ∈ 𝒯𝑌 .

4. If 𝑈1, 𝑈2 are elements of 𝒯𝑌 , let 𝑈 ′
1 , 𝑈 ′

2 be the elements in 𝒯𝑋 such that
𝑈 ′

1 ∩ 𝑌 = 𝑈1, 𝑈 ′
2 ∩ 𝑌 = 𝑈2. Because 𝒯𝑋 is a topology, 𝑈 ′

1 ∩ 𝑈 ′
2 ∈ 𝒯𝑋 , so

(𝑈 ′
1 ∩ 𝑈 ′

2) ∩ 𝑌 ∈ 𝒯𝑌 , so 𝑈1 ∩ 𝑈2 ∈ 𝒯𝑌 .
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Question 4.3. Prove that a closed subset of a compact topological space is com-
pact in the subspace topology.

Proof. Let 𝑈 ′ ⊂ 𝑋 be an arbitrary closed subset, and define 𝑈 ∶= 𝑋 − 𝑈 ′ be the
complement of 𝑈 ′ in 𝑋’s topology. Let {𝑈 ′

𝛼}𝛼∈𝐼′ be an arbitrary open cover of
𝑈 ′. Then

{𝑈 ′
𝛼}𝛼∈𝐼′ ∪ 𝑈 = 𝑋

{𝑈 ′
𝛼}𝛼∈𝐼′ ∪ 𝑈 is an open cover of 𝑋. Since 𝑋 is compact, there must exist a finite

subcover of this open cover, so there must exist a finite 𝐽 ′ ⊂ 𝐼′ such that

{𝑈 ′
𝛼}𝛼∈𝐽 ′ ∪ 𝑈 = 𝑋

and therefore {𝑈 ′
𝛼}𝛼∈𝐽 ′ is a finite subcover of {𝑈 ′

𝛼}𝛼∈𝐼′ of 𝑈 ′.

Question 4.4. (a) Show that isomorphism in the category of sets is the usual
notion of bijection.

(b) Show that isomorphism in the category of vector spaces is the usual notion
of an invertible linear transformation.

Proof. (a) Let 𝑓 ∶ 𝑋 → 𝑌 be a bijection between sets 𝑋 and 𝑌 . Because 𝑓 is a
bijection, it is onto, so every element 𝑦 ∈ 𝑌 has a preimage 𝑓 −1(𝑦) ∈ 𝑋, and
since 𝑓 is one-to-one, the preimage is unique. Therefore, for every 𝑥 ∈ 𝑋,
𝑓 −1(𝑓 (𝑥)) = 𝑥. Similarly, for every 𝑦 ∈ 𝑌 , 𝑓(𝑓 −1(𝑦)) = 𝑦.

(b) We will represent an invertible linear transformation between two vector
spaces 𝐹 ∶ 𝑉 → 𝑊 by definition has an inverse linear transformation 𝐹 −1

such that 𝐹 −1𝐹 = 𝐼𝑉 , the identity transformation on 𝑉 . Furthermore, since
𝐹 −1𝐹 𝑉 = 𝐼𝑣𝑉 = 𝑉 , we have

𝐹 −1𝐹 𝑉 = 𝐼𝑣𝑉
⇒ 𝐹 𝐹 −1𝐹 𝑉 = 𝐹 𝐼𝑣𝑉
⇒ 𝐹 𝐹 −1𝑊 = 𝐹 𝑉
⇒ 𝐹 𝐹 −1𝑊 = 𝑊

so 𝐹 𝐹 −1 = 𝐼𝑊 , the identity transformation on 𝑊 .
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Question 4.5. If a function 𝑓 ∶ ℝ → ℝ has the property that, given any 𝑎 ∈ ℝ
and any 𝜀 > 0, there exists 𝛿 > 0 such that if |𝑥 − 𝑎| < 𝛿, then |𝑓 (𝑥) − 𝑓(𝑎)| < 𝜀,
then 𝑓 is continuous in the sense of topology; namely, 𝑓 −1(𝑉 ) is open for all open
sets 𝑉 .

Proof. Fix an 𝑎 ∈ ℝ. Define our topology on our ℝ codomain as the set of all
arbitrary unions of open balls 𝐵(𝑓(𝑎), 𝑟) for 𝑟 > 0, and define the topology on
our ℝ domain as the set of all arbitrary unions of open balls 𝐵(𝑎, 𝑟) defined the
same way. Then, on our assumption, we have 𝑓 −1(𝐵(𝑓(𝑎), 𝜀)) = 𝐵(𝑎, 𝛿), for each
𝐵(𝑓(𝑎), 𝜀) ⊂ ℝ. We also have 𝑓 −1(𝐵(𝑓(𝑎), 𝜀1)∪𝐵(𝑓(𝑎), 𝜀2)) = 𝐵(𝑎, 𝛿1)∪𝐵(𝑎, 𝛿2),
so this is closed under unions. Hence 𝑓 −1(𝑉 ) is open for all open sets 𝑉 .

Question 4.6. For 𝑖 = 0, ..., 𝑛 define 𝑈𝑖 = {(𝑥0, ..., 𝑥𝑛) ∈ ℙ𝑛|𝑥𝑖 ≠ 0}, and the
maps

𝜙𝑖 ∶ 𝑈𝑖 → ℂ𝑛, (𝑥0, ..., 𝑥𝑛) ↦ (𝑥0
𝑥𝑖

, ..., 𝑥𝑖−1
𝑥𝑖

,
𝑥𝑖+1
𝑥𝑖

, ..., 𝑥𝑛
𝑥𝑖

) → ℝ2𝑛

where the final identification is given by

(𝑦1, ..., 𝑦𝑛) ↦ (𝑅𝑒(𝑦1), 𝐼𝑚(𝑦1), ..., 𝑅𝑒(𝑦𝑛), 𝐼𝑚(𝑦𝑛))

A subset 𝑈 ⊂ ℙ𝑛 is open if 𝜙𝑖(𝑈 ∩ 𝑈𝑖) is open in ℂ𝑛 for all 𝑖. Show that these sets
define a topology and that the 𝜙𝑖 are homeomorphisms. Hence ℙ𝑛 is a manifold.

Proof. When 𝑈 is the empty set, it is mapped to the empty set in ℝ2𝑛’s topology,
which is an open set, so ∅ is included. When 𝑈 = ℙ𝑛, we have 𝜙𝑖(𝑈 ∩ 𝑈𝑖) =
𝜙𝑖(𝑈𝑖). Because division by a nonzero scalar is continuous, by the previous prob-
lem we have that 𝜙𝑖(𝑈𝑖) is open in ℝ2𝑛. Note that, for transition functions 𝜓𝑖1, we
have

𝜓𝑖1 ∶ ℂ𝑛 → ℂ𝑛

(𝑐0, ..., 𝑐𝑛) ↦ ( 1
𝑐𝑖

, 𝑐0
𝑐𝑖

, ..., 𝑐𝑖−1
𝑐𝑖

,
𝑐𝑖+1
𝑐𝑖

, ..., 𝑐𝑛
𝑐𝑖

)

which, due tomultiplication and division by nonzero scalars, is a homeomorphism.
The other transition functions 𝜓𝑖𝑗 can be shown to be homeomorphic in the same
way.

If we have two open sets 𝑈1, 𝑈2, we have 𝜙𝑖((𝑈1 ⋃ 𝑈2) ∩ 𝑈𝑖) = 𝜙𝑖((𝑈1 ∩
𝑈𝑖) ⋃(𝑈2 ∩ 𝑈𝑖)). This is the union of two open sets in ℝ2𝑛, which is itself another
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open set of ℝ2𝑛. Thus 𝑈1 ⋃ 𝑈2 is an open set as well. We also have 𝜙𝑖((𝑈1 ∩𝑈2)∩
𝑈𝑖) = 𝜙𝑖(𝑈1 ∩ 𝑈𝑖) ∩ 𝜙𝑖(𝑈2 ∩ 𝑈𝑖), which is an open set of ℝ2𝑛, so 𝑈1 ∩ 𝑈2 is open
as well. Hence this defines a topology.

We examine the following:

𝜙−1
0 (𝜙0(𝑎0 + 𝑖𝑏0, ..., 𝑎𝑛 + 𝑖𝑏𝑛))

= 𝜙−1
0 (𝑎1 + 𝑖𝑏1

𝑎0 + 𝑖𝑏0
, ..., 𝑎𝑛 + 𝑖𝑏𝑛

𝑎0 + 𝑖𝑏0
)

= 𝜙−1
0 (𝑎1𝑎0 + 𝑏1𝑏0

𝑎2
0 + 𝑏2

0
, 𝑏1𝑎0 − 𝑎1𝑏0

𝑎2
0 + 𝑏2

0
, ..., 𝑎𝑛𝑎0 + 𝑏𝑛𝑏0

𝑎2
0 + 𝑏2

0
, 𝑏𝑛𝑎0 − 𝑎𝑛𝑏0

𝑎2
0 + 𝑏2

0
)

= (1, 𝑎1 + 𝑖𝑏1
𝑎0 + 𝑖𝑏0

, ..., 𝑎𝑛 + 𝑖𝑏𝑛
𝑎0 + 𝑖𝑏0

)

= (𝑎0 + 𝑖𝑏0, 𝑎1 + 𝑖𝑏1, ..., 𝑎𝑛 + 𝑖𝑏𝑛)
𝜙0(𝜙−1

0 (𝑎0, 𝑏0, ..., 𝑎𝑛, 𝑏𝑛))
= 𝜙0(1, 𝑎0 + 𝑖𝑏0, ..., 𝑎𝑛 + 𝑖𝑏𝑛)
= (𝑎0, 𝑏0, ..., 𝑎𝑛, 𝑏𝑛)

Every operation involved here is either multiplication by a scalar, addition, or di-
vision by a nonzero scalar. These are all continuous in the sense of calculus, and
therefore from the previous problem, continuous in topology. The other 𝜙𝑖 maps
work in the same way. Thus 𝜙−1

𝑖 𝜙𝑖 = 𝐼𝑑ℙ𝑛 and 𝜙𝑖(𝜙−1
𝑖 ) = 𝐼𝑑ℝ2𝑛 , and the 𝜙𝑖 are

therefore homeomorphisms.

Question 4.7. Suppose that 𝑋 is a set covered by a collection of subsets {𝑈𝛼}.
Suppose we are given one-to-one correspondences 𝜙𝛼 ∶ 𝑈𝛼 → 𝑉𝛼, such that the
maps 𝜓𝛼𝛽 defined via

𝜓𝛼𝛽 ∶ 𝜙𝛽(𝑈𝛼 ∩ 𝑈𝛽) → 𝜙𝛼(𝑈𝛼 ∩ 𝑈𝛽),
𝜓𝛼𝛽 = 𝜙𝛼 ∘ (𝜙𝛽|𝑈𝛼∩𝑈𝛽 )−1

are homeomorphisms. Show that there is a natural topology on 𝑋 such that the
{(𝑈𝛼, 𝜙𝛼)} form an atlas.

Proof. Note: in the text, 𝑉𝛼 are open sets in ℝ𝑛. Define 𝒯𝑋 by the collection of
subsets 𝑈 ⊆ 𝑋 such that 𝜙𝛼(𝑈 ∩ 𝑈𝛼) is open in ℝ𝑛 for all 𝛼. We have ∅ ∈ 𝒯 ,
as 𝜙𝛼(∅ ∩ 𝑈𝛼) = 𝜙𝛼(∅) = ∅ for all 𝛼, which is open in ℝ𝑛’s topology. We also
have 𝑋 ∈ 𝒯 , since 𝜙𝛼(𝑋 ∩ 𝑈𝛼) = 𝜙𝛼(𝑈𝛼) = 𝑉𝛼 for all 𝛼, which are open in
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ℝ𝑛 by definition. If we have two 𝑈1, 𝑈2 ⊂ 𝑋 in this collection, this means that
𝜙𝛼(𝑈1 ∩ 𝑈𝛼) and 𝜙𝛼(𝑈2 ∩ 𝑈𝛼) are open sets for all 𝛼. Therefore 𝜙𝛼((𝑈1 ⋃ 𝑈2) ∩
𝑈𝛼) = 𝜙𝛼(𝑈1 ∩ 𝑈𝛼) ⋃ 𝜙𝛼(𝑈2 ∩ 𝑈𝛼) for all 𝛼. Since ℝ𝑛’s topology is closed under
unions, this is also an open set. Similar logic follows for intersections. Thus 𝒯𝑋
defines a topology on 𝑋. Since the 𝜓𝛼𝛽 are homeomorphisms, our {𝜙𝛼} define an
atlas.

Question 4.8. Prove that the 𝑛-sphere 𝑆𝑛 is an 𝑛−dimensional manifold.

Proof. 𝑆𝑛 is defined as {(𝑥0, ..., 𝑥𝑛) ⊂ ℝ𝑛+1|𝑥2
0 +...+𝑥2

𝑛 = 1}, so it is a topological
space with the subspace topology. Define

𝑈1 ∶= 𝑆𝑛 − (0, ..., 0, 1)
𝑈2 ∶= 𝑆𝑛 − (0, ..., 0, −1)

and let our charts be stereographic projections:

𝜙1 ∶ 𝑈1 → ℝ𝑛

(𝑥0, ..., 𝑥𝑛) ↦ ( 𝑥0
1 − 𝑥𝑛

, ..., 𝑥𝑛−1
1 − 𝑥𝑛

)

𝜙−1
1 (𝑥0, ..., 𝑥𝑛−1) = ( 2𝑥0

|𝑥|2 + 1
, ..., 2𝑥𝑛−1

|𝑥|2 + 1
, −2

|𝑥|2 + 1
+ 1)

𝜙2 ∶ 𝑈2 → ℝ𝑛

(𝑥0, ..., 𝑥𝑛) ↦ ( 𝑥0
1 + 𝑥𝑛

, ..., 𝑥𝑛−1
1 + 𝑥𝑛

)

𝜙−1
2 (𝑥0, ..., 𝑥𝑛−1) = ( 2𝑥0

|𝑥|2 + 1
, ..., 2𝑥𝑛−1

|𝑥|2 + 1
, 2

|𝑥|2 + 1
− 1)

where we found these formulas by using point-slope form and intersecting the
resulting line with the sphere. Both of these charts are only multiplying dividing
by nonzero scalars, and so are both continuous, and therefore their transition maps
are homeomorphic. Thus 𝑆𝑛 is an 𝑛−manifold given this atlas.

Question 4.9. Convince yourself that a surface of genus 𝑔 is a manifold of dimen-
sion 2.

Proof. Since no proof if required, this’ll be very ad hoc. A genus 𝑔 surface is 𝑔 +1
copies of a square with opposite ends identified, with 𝑔 −1 of these squares having
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two 2-discs removed and the remaining 2 squares with one 2-disc removed, and
the boundaries of these removed discs identified. This can be embedded in ℝ3,
and so inherits the subset topology. The atlas consists of local charts covering
the surface where each domain of the chart is contractible on the surface. This is
homeomorphic to a disc on ℝ2, so this is a 2-manifold.

5 Crash Course in 𝐶∞ Manifolds and Cohomology
Question 5.1. Let 𝜏 ∈ ℂ with 𝐼𝑚(𝜏) > 0. Define 𝐸 = ℂ/(ℤ + 𝜏ℤ), the quotient
of ℂ by the subgroup {𝑚 + 𝑛𝜏|𝑚, 𝑛 ∈ ℤ}. Show that 𝐸 is a complex manifold.
Proof. Let 𝑐0, 𝑐1 ∈ ℂ be a complex interval with |𝑅𝑒(𝑐1) − 𝑅𝑒(𝑐0)| < 1 and
|𝐼𝑚(𝑐1)−𝐼𝑚(𝑐0)| < 𝐼𝑚(𝜏). Let 𝜋 ∶ ℂ → 𝐸 be themap sending a complex number
to its equivalence class. Then 𝜋−1

(𝑐0,𝑐1) ∶ 𝜋(𝑐0, 𝑐1) → (𝑐0, 𝑐1) are the charts of our
atlas on 𝐸. (𝑐0, 𝑐1) pairs with |𝑅𝑒(𝑐1) − 𝑅𝑒(𝑐0)| ≥ 1 or |𝐼𝑚(𝑐1) − 𝐼𝑚(𝑐0)| ≥ 𝐼𝑚(𝜏)
would give a noninjective map 𝜋(𝑐0,𝑐1). The transition functions are simply adding
an integer to the real part and an integer multiple of 𝐼𝑚(𝜏) to the complex part.
We illustrate this with an example.

Let 𝜏 ∶= 𝑎 + 𝑏𝑖, where by definition 𝑏 > 0. If we look at the two domains
𝑉0 ∶= (0, 2

3 + 2𝑏
3 𝑖) and 𝑉1 ∶= (21

3 + 21
3𝑏𝑖, 3 + 3𝑏𝑖), we see that 𝜋(𝑉0) ∩ 𝜋(𝑉1) ≠ ∅,

and

𝜋(𝑉0) = [0, 2
3 + 2𝑏

3 𝑖]

𝜋(𝑉1) = [1
3 + 𝑏

3𝑖, 1 + 𝑏𝑖]

⇒ 𝜋(𝑉0) ∩ 𝜋(𝑉1) = [1
3 + 𝑏

3𝑖, 2
3 + 2𝑏

3 𝑖]

The image of this intersection is [1
3 + 𝑏

3 𝑖, 2
3 + 2𝑏

3 𝑖] ⊂ 𝑉0, and it is easy to see that
its image under the transition function is [21

3 + 2 𝑏
3 𝑖, 22

3 + 22𝑏
3 𝑖] ⊂ 𝑉1.

Since the transition functions are simply adding complex numbers, the transi-
tion functions are holomorphic. To make this explicit, the transition functions are
given by

𝑓(𝑧) =
∞

∑
𝑖=0

𝑎𝑖(𝑧 − 𝑎)𝑖

where 𝑅𝑒(𝑎) is an integer, 𝐼𝑚(𝑎) is an integer multiple of 𝐼𝑚(𝜏), and {𝑎𝑖} is the
sequence {0, 1, 0, ...}.
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Question 5.2. Prove that if {𝑣1, ..., 𝑣𝑘} is a basis for a vector space 𝑉 , then the
set of vectors {𝑣𝑖1 ∧ ... ∧ 𝑣𝑖𝑘|1 ≤ 𝑖1 < ... < 𝑖𝑘 ≤ 𝑛} is a basis for ∧𝑘𝑉 .

Proof. Any nonzero vector in ∧𝑘𝑉 can be written as a sum of 𝑣𝑗1 ∧ ... ∧ 𝑣𝑗𝑘 terms
where all 𝑗𝑛 are unique. If there is some 𝑗𝑚 = 𝑗𝑝 in this expression, then we have
𝑣𝑗1 ∧ ... ∧ 𝑣𝑗𝑚 ∧ 𝑣𝑗𝑚+1 ... ∧ 𝑣𝑗𝑝 ∧ ... ∧ 𝑣𝑗𝑘 = −𝑣𝑗1 ∧ ... ∧ 𝑣𝑗𝑚+1 ∧ 𝑣𝑗𝑚 ... ∧ 𝑣𝑗𝑝 ∧ 𝑣𝑗𝑘

⋮
= ±𝑣𝑗1 ∧ ... ∧ 𝑣𝑗𝑚+1 ...𝑣𝑗𝑚 ∧ 𝑣𝑗𝑝 ∧ ... ∧ 𝑣𝑗𝑘

= ±𝑣𝑗1 ∧ ... ∧ 𝑣𝑗𝑚+1 ...0 ∧ ... ∧ 𝑣𝑗𝑘

= 0
Thus our 𝑘−tuple of 𝑗𝑛 must be all unique. Since 𝑘 is finite, we can rearrange the
𝑗𝑛 in ascending order by flipping adjacent 𝑣𝑗s and adding a minus sign. Thus we
have gotten to the prescribed basis.

It remains to show that that each of these vectors are linearly independent.
Suppose not. Then there exists three vectors such that

...𝑎𝑣𝑖 ∧ 𝑣𝑗 ... + ...𝑏𝑣𝑘 ∧ 𝑣𝑙... = ...𝑣𝑚 ∧ 𝑣𝑛...
Then by the definition of the wedge product, we have 𝑎𝑣𝑖 + 𝑏𝑣𝑘 = 𝑣𝑚 with 𝑖 ≠ 𝑗 ≠
𝑚. This, however, contradicts the {𝑣𝑖} being a basis for 𝑉 . Thus our vectors here
must be linearly independent.
Question 5.3. Let {𝑒1, ..., 𝑒𝑛} be a basis for a vector space. Let {𝑓1, ..., 𝑓𝑛} be a
change of basis with 𝑓𝑖 = ∑𝑗 𝑎𝑖𝑗𝑒𝑗 Prove that

𝑓1 ∧ ... ∧ 𝑓𝑛 = det(𝐴)𝑒1 ∧ ... ∧ 𝑒𝑛
where 𝐴 is the matrix with entries 𝑎𝑖𝑗 .
Proof. We will use induction. Suppose 𝑛 = 2. Then

𝑓1 ∧ 𝑓2 ∶= (𝑎11𝑒1 + 𝑎12𝑒2) ∧ (𝑎21𝑒1 + 𝑎22𝑒2)
= (𝑎11𝑎22 − 𝑎12𝑎21)𝑒1 ∧ 𝑒2

Now suppose this is true for 𝑛. In an (𝑛 + 1)−dimensional vector space, we have

𝑓1 ∧ ... ∧ 𝑓𝑛 ∧ 𝑓𝑛+1 ∶= (
𝑛+1

∑
𝑗

𝑎1𝑗𝑒𝑗) ∧ ... ∧ (
𝑛+1

∑
𝑗

𝑎𝑛𝑗𝑒𝑗) ∧ (
𝑛+1

∑
𝑗

𝑎(𝑛+1)𝑗𝑒𝑗)

= (
𝑛

∑
𝑖=1

det(𝐴𝑖)𝑒 ̂𝑖) ∧ 𝑓𝑛+1
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where 𝑒 ̂𝑖 is the wedge product 𝑒1 ∧ ... ∧ 𝑒𝑛 without 𝑒𝑖, and 𝐴𝑖 is the corresponding
change of basis determinant. Thus we have

𝑓1 ∧ ... ∧ 𝑓𝑛 ∧ 𝑓𝑛+1 = (
𝑛

∑
𝑖=1

det(𝐴𝑖)𝑒 ̂𝑖) ∧ 𝑓𝑛+1

= (
𝑛

∑
𝑖=1

det(𝐴𝑖)𝑒 ̂𝑖) ∧
𝑛+1

∑
𝑗

𝑎(𝑛+1)𝑗𝑒𝑗

= [det(𝐴1)𝑎(𝑛+1)1 − det(𝐴2)𝑎(𝑛+1)2 + ...]𝑒1 ∧ ... ∧ 𝑒𝑛+1
= det(𝐴)𝑒1 ∧ ... ∧ 𝑒𝑛+1

Question 5.4. Let 𝑋 be an oriented manifold with boundary. Show that the defini-
tion of the induced orientation on 𝜕𝑋 is independent of the choice of coordinates.

Proof. Suppose we have a point 𝑥 ∈ 𝜕𝑋 such that we have two charts 𝜙1 ∶
𝑈1 → ℝ𝑛, 𝜙2 ∶ 𝑈2 → ℝ𝑛 where 𝑥 ∈ 𝑈1 ∩ 𝑈2. Let the coordinates of 𝑥 be
(𝑥1, ..., 𝑥𝑛) under the 𝜙1 coordinate chart, and (𝑦1, ..., 𝑦𝑛) under 𝜙2. Since 𝑋 is ori-
entable, det(𝜕𝑦𝑗

𝜕𝑥𝑖
) > 0, so (𝑦1, ..., 𝑦𝑛) is consistent with 𝑋’s orientation if and only if

(𝑥1, ..., 𝑥𝑛) is consistent with 𝑋’s orientation. If we now restrict our charts to 𝜕𝑋

𝜙1|𝜕𝑋 ∶ 𝜕𝑋 → 𝐻𝑛, 𝜙2|𝜕𝑋 ∶ 𝜕𝑋 → 𝐻𝑛

we have coordinates (𝑥1, ..., 𝑥𝑛−1, 0) and (𝑦1, ..., 𝑦𝑛−1, 0). By the definition given
in the text, these coordinates are consistent with the orientation on 𝜕𝑋 if and only
if (𝑥1, ..., 𝑥𝑛), and therefore (𝑦1, ..., 𝑦𝑛), are consistent with 𝑋’s orientation. Thus

𝜕
𝜕𝑥1

∧...∧ 𝜕
𝜕𝑥𝑛−1

and 𝜕
𝜕𝑦1

∧...∧ 𝜕
𝜕𝑦𝑛−1

both lie in the same component of∧𝑛𝑇𝑥𝑋−0.

Question 5.5. Prove that if 𝐻 ⊂ 𝐺 is a nonempty subset of 𝐺 such that ℎ1 − ℎ2 ∈
𝐻 whenever ℎ1, ℎ2 ∈ 𝐻 , then 𝐻 is a subgroup of 𝐺.

Proof. Because 𝐻 is a subset of 𝐺 and 𝐺 is a group, all elements of 𝐻 satisfy
associativity. If ℎ is in 𝐻 , then ℎ − ℎ = 0 ∈ 𝐻 , so 𝐻 has 𝐺’s identity, and all
elements in𝐻 have inverses. By definition,𝐻 is closed under our + operation.

Question 5.6. Prove that if𝐺, 𝐻 , and𝐾 are groups and 𝑓 ∶ 𝐺 → 𝐻, 𝑔 ∶ 𝐻 → 𝐾
are homomorphisms, then 𝑔 ∘ 𝑓 ∶ 𝐺 → 𝐾 is a homomorphism.
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Proof. Consider two elements 𝑔1, 𝑔2 ∈ 𝐺. Then

𝑔 ∘ 𝑓(𝑔1 + 𝑔ℎ) = 𝑔 ∘ (𝑓(𝑔1) + 𝑓(𝑔2)) = 𝑔(𝑓(𝑔1)) + 𝑔(𝑓(𝑔2))

Question 5.7. Show that there is a category whose objects are groups and whose
morphisms are group homomorphisms. Isomorphism in this category is just the
usual notion of isomorphism of groups.

Proof. For any two groups, there exists at least the trivial homomorphism between
them, that sends all elements in the preimage group to the identity. The identity
morphism just sends all elements in a group to themselves. We proved above that
for any three groups 𝐺, 𝐻, 𝐾 , the composition of homomorphisms provide a map

Mor(𝐺, 𝐻) × Mor(𝐻, 𝐾) → Mor(𝐺, 𝐾)

Since the identity morphisms don’t change the elements in their groups, we have
𝑓 ∘ 1𝐺 = 𝑓 = 1𝐻 ∘ 𝑓 for all 𝑓 ∈ Mor(𝐺, 𝐻). Furthermore, due to associativity
of group elements and the definition of homomorphisms, we have associativity of
homomorphisms.
Question 5.8. Prove that 𝜕𝑘−1 ∘ 𝜕𝑘 = 0.
Recall that

𝜕𝑘 ∶ 𝐶𝑘(𝑋) → 𝐶𝑘−1(𝑋), ∑𝑟
𝑛𝑟𝑓𝑟 ↦ ∑

𝑟,𝑖
(−1)𝑖𝑛𝑟(𝑓𝑟 ∘ 𝑗𝑖)

where 𝑓𝑖 ∶ Δ𝑘 → 𝑋 and 𝑗𝑖 ∶ Δ𝑛−1 → Δ𝑖
𝑛 is defined by

𝑗𝑖(𝑥1, ..., 𝑥𝑛) = (𝑥1, ..., 𝑥𝑖−1, 0, 𝑥𝑖+1, ..., 𝑥𝑛)

Proof. For any 𝑓 ∶ Δ𝑘 → 𝑋, we have

𝜕𝑘−1(𝜕𝑘(𝑓 )) = 𝜕𝑘−1(
𝑘

∑
𝑖

(−1)𝑖(𝑓 ∘ 𝑗𝑖))

=
𝑘−1

∑𝑚
(−1)𝑚(

𝑘

∑
𝑖

(−1)𝑖(𝑓 ∘ 𝑗𝑖) ∘ 𝑗𝑚)

=
𝑘−1

∑𝑚

𝑘

∑
𝑖

(−1)𝑚+𝑖(𝑓 ∘ 𝑗𝑖) ∘ 𝑗𝑚
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because 𝜕𝑘 are homomorphisms. This sum contains two terms of equal simplices:

𝑗𝑎 ∘ 𝑗𝑏(𝑥1, ..., 𝑥𝑛) = (𝑥1, ..., 𝑥𝑎−1, 𝑥𝑎+1, ..., 𝑥𝑏−1, 𝑥𝑏+1, ..., 𝑥𝑛)
= 𝑗𝑏 ∘ 𝑗𝑎+1(𝑥1, ..., 𝑥𝑛)

These are two terms of equal and opposite sign, as (−1)𝑎+𝑏 = −(−1)𝑎+1+𝑏. Thus
our sum amounts to 0 for every 𝑓𝑟 ∈ 𝐶𝑘(𝑋).

Question 5.9. Prove that 𝛿𝑘+1 ∘ 𝛿𝑘 = 0.

Proof. For 𝑍 ∈ 𝐶𝑘+2(𝑋) and 𝑓 ∈ 𝐶𝑘(𝑋), we have

𝛿𝑘+1 ∘ 𝛿𝑘(𝑓 )(𝑍) = 𝛿𝑘+1(𝑓 (𝜕𝑘+1(⋅)))(𝑍)
= 𝑓(𝜕𝑘+1(𝜕𝑘+2(𝑍)))

In the previous problem we proved that 𝜕𝑘+1(𝜕𝑘+2(⋅)) = 0, so 𝛿𝑘+1 ∘ 𝛿𝑘 = 0.

Question 5.10. Prove that the pairing

⟨ , ⟩ ∶ 𝐻𝑘(𝑋) × 𝐻𝑘(𝑋) → ℤ, ⟨[𝑓], [𝑍]⟩ = 𝑓(𝑍)

where 𝑓 ∈ 𝑍𝑘(𝑋) and 𝑍 ∈ 𝑍𝑘(𝑋) are representatives of the cohomology class
[𝑓 ] and the homology class [𝑍], respectively, is well defined.

Proof. We need to check that there are no problems with the (co)homology ele-
ments representing their (co)homology classes. Thus we need to ensure that the
pairing is zero if [𝑍] is a boundary or if [𝑓 ] is a coboundary.

If the former is true, then [𝑍] = 𝜕𝑘+1𝑍 for some 𝑍′ ∈ 𝐶𝑘+1(𝑋). Then
the pairing is 𝑓(𝜕𝑘+1(𝑍′)) = (𝛿𝑘(𝑓 ))(𝑍′). This is equal to zero because 𝑓 is
in 𝑍𝑘(𝑋) = 𝐾𝑒𝑟(𝛿𝑘). Thus if [𝑍] is a boundary, then the pairing is zero.

If [𝑓 ] is a coboundary, then there is some 𝑓 ′ ∈ 𝐶𝑘−1 such that 𝑓 = 𝛿𝑘−1(𝑓 ′).
Then our pairing is 𝛿𝑘−1(𝑓 ′)(𝑍) = 𝑓 ′(𝜕𝑘(𝑍)). This is equal to zero because
𝑍 ∈ 𝑍𝑘(𝑋) = 𝐾𝑒𝑟(𝛿𝑘). Thus , and the pairing is well-defined.

Question 5.11. Show that any two hyperplanes inℙ𝑛 represent the same homology
class 𝐻 ∈ 𝐻2𝑛−2(ℙ𝑛). For each 𝑘, find a submanifold representing
𝐻𝑘 ∈ 𝐻2𝑛−2𝑘(ℙ𝑛), where 𝐻𝑘 denotes an iterated intersection product of 𝐻 with
itself.
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Proof. Recall that a hyperplane in ℙ𝑛 is a degree 1 hypersurface. First we prove
that a hyperplane in ℙ𝑛 is a (2𝑛 − 2)−manifold. Denote our hyperplane by

𝑎0𝑥0 + ... + 𝑎𝑖𝑥𝑖 + ... + 𝑎𝑛𝑥𝑛 = 0

where without loss of generality at least 𝑎𝑖 is nonzero. Then we have

𝑥𝑖 = − 1
𝑎𝑖

(𝑎0𝑥0 + ... + 𝑎𝑛𝑥𝑛)

Our atlas is given by the atlas

ℝ2𝑛−2 → ℂ𝑛−1 → ℙ𝑛−1 ↦ ℙ𝑛

(𝑎0, 𝑏0, ..., 𝑎𝑛−1, 𝑏𝑛−1) ↦ (𝑎0 + 𝑖𝑏0, ..., 𝑎𝑛−1 + 𝑖𝑏𝑛−1) ∶= (𝑐0, ..., 𝑐𝑛−1)

↦ (𝑐0, ..., − 1
𝑎𝑖

(𝑎0𝑐0 + ... + 𝑎𝑛𝑐𝑛), ..., 𝑐𝑛−1)

All of these maps are smooth, so hyperplanes are (2𝑛 − 2)-dimensional subman-
ifolds of ℙ𝑛. Notice that the images of these charts for different hyperplanes can
be continuously mapped from one another:

(𝑥0, ..., − 1
𝑎𝑖

(𝑎0𝑥0 + ... + 𝑎𝑛𝑥𝑛), ..., 𝑥𝑛) ↦ (𝑥0, ..., − 1
𝑏𝑗

(𝑏0𝑥0 + ... + 𝑏𝑛𝑥𝑛), ..., 𝑥𝑛)

This is a continuous map with a continuous inverse, i.e. any two hyperplanes are
homeomorphic. Therefore the simplicial complexes are the same, and so they both
represent the same homology class in 𝐻2𝑛−2(ℙ𝑛).

For each 𝑘, define 𝐾 ⊂ ℙ𝑛 to be the intersection of 𝑘 hyperplanes: (𝑥0 =
0) ∩ (𝑥1 = 0) ∩ ... ∩ (𝑥𝑘−1 = 0). The intersection between (0, ..., 0, 𝑥𝑘−2, ..., 𝑥𝑛) and
the hyperplane 𝑥𝑘−1 = 0 can be given local coordinates where the 𝑘𝑡ℎ hyperplane’s
coordinates can be rearranged from (𝑥0, ..., 𝑥𝑘−2, 0, 𝑥𝑘, ..., 𝑥𝑛) ↦ (𝑥0, ..., 𝑥𝑛−1, 0)
by a change of coordinates, so these hyperplanes all intersect transversely. There-
fore, 𝐾 is a submanifold. Since this is the intersection of 𝑘 hyperplanes, and we
proved above that all hyperplanes represent the same homology class, the 𝑘 is rep-
resented by the intersection product given by [𝐻] × ... × [𝐻] = [𝐻 ∩ ... ∩ 𝐻] ∶=
𝐻𝑘 ∈ 𝐻2𝑛−2𝑘(ℙ𝑛).

6 Cellular Decompositions and Line Bundles
Question 6.1. Prove that any two hyperplanes in ℙ𝑛 represent the same homology
class in 𝐻2𝑛−2(ℙ𝑛).
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Proof. Let

𝑎0𝑥0 + ... + 𝑎𝑛𝑥𝑛 = 0,
𝑏0𝑥0 + ... + 𝑏𝑛𝑥𝑛 = 0

be any two hyperplanes in ℙ𝑛. Assuming without loss of generality that 𝑎𝑛, 𝑏𝑛 ≠ 0,
define the map 𝑓 ∶ ℙ𝑛−1 × [0, 1] by

𝑓(𝑥0, ..., 𝑥𝑛−1, 𝑡) = (𝐿0(𝑡)𝑥0, ..., 𝐿𝑛−1(𝑡)𝑥𝑛−1, 𝐿0(𝑡)𝑥0 + ... + 𝐿𝑛−1(𝑡)𝑥𝑛−1
−𝐿𝑛(𝑡) )

where 𝐿𝑖(𝑡) = (1 − 𝑡)𝑎𝑖 + 𝑡𝑏𝑖.
Let

{𝑓𝑖 ∶ Δ2𝑛−2 → ℙ𝑛−1}
be a triangulation of ℙ𝑛−1 and

𝐹𝑖 ∶ Δ2𝑛−2 × [0, 1] → ℙ𝑛

𝐹𝑖(𝑣, 𝑡) = 𝑓(𝑓𝑖(𝑣), 𝑡)

maps given in the text, respectively. Let

{𝑔𝑗 ∶ Δ𝑗
2𝑛−1 → Δ2𝑛−2 × [0, 1]}

be a triangulation of Δ2𝑛−2 × [0, 1]. Then the restriction maps

{𝐹𝑖|Δ𝑗
2𝑛−1

∶ Δ𝑗
2𝑛−1 → ℙ𝑛−1 × [0, 1]}

form a triangulation Γ of ℙ𝑛−1 × [0, 1].
Since Γ is a triangulation, 𝜕Γ is a sum of (2𝑛 − 2)-chains, and each of these

chains is described by a map Δ2𝑛−2 → ℙ𝑛−1 × [0, 1]. All such chains except those
on ℙ𝑛−1 × {0} ∪ ℙ𝑛−1 × {1} occurs twice, once with a plus sign and once with a
minus sign, since each (2𝑛 − 2)-dimensional face of the simplices occurs twice,
once for each of the two simplices which border it on opposite sides. The chains
that are on ℙ𝑛−1 × {0} ∪ ℙ𝑛−1 × {1} are given by triangulations of ℙ𝑛−1.

Taking the boundary map of the Γ chain, we have

𝜕2𝑛−1Γ = 𝑍1 − 𝑍0,
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where 𝑍0, 𝑍1 are (2𝑛 − 2)-cycles representing the triangulations of our boundary
ℙ𝑛−1s (they are cycles because ℙ𝑛−1 is boundaryless. Since 𝑍0, 𝑍1 are cycles,
they are the kernel of 𝜕2𝑛−2. Therefore we have

𝑍0 + 𝜕2𝑛−1Γ = 𝑍1 ⇒
𝑘𝑒𝑟(𝜕2𝑛−2)
𝐼𝑚(𝜕2𝑛−1) + 0 = 𝑘𝑒𝑟(𝜕2𝑛−2)

𝐼𝑚(𝜕2𝑛−1) ⇒

𝐻2𝑛−2(𝑍0) = 𝐻2𝑛−2(𝑍1)

Alternatively, we could just take the 𝑓 map defined at the beginning and state
that this is a homotopy, so any two hyperplanes in ℙ𝑛 are homotopic, and since
homology groups are homotopic invariant, they represent the same homology
class.

Question 6.2. Prove that any two distinct hyperplanes in ℙ𝑛 intersect transversely.

Proof. Let

𝑎0𝑥0 + ... + 𝑎𝑛𝑥𝑛 = 0
𝑏0𝑥0 + ... + 𝑏𝑛𝑥𝑛 = 0

be two distinct hyperplanes in ℙ𝑛. Without loss of generality, assume 𝑎0 ≠ 0.
Then we the intersection of these two planes satisfying

(𝑏1 − 𝑏0𝑎1
𝑎0

)𝑥1 + ... + (𝑏𝑛 − 𝑏0𝑎𝑛
𝑎0

)𝑥𝑛 = 0

This is just a hyperplane in ℙ𝑛−1, which can be identified with ℙ𝑛−2. We can
identify coordinates on this ℙ𝑛−2 by

(0, 𝑥1, ..., 𝑥𝑛, 0)

which satisfies this book’s definition of transversality.

Question 6.3. Show that the definition of degree given by 𝑑(𝑍)

[𝑍] = 𝑑(𝑍)𝐻 𝑖 ∈ 𝐻2𝑖(𝑋)

for 𝑍 ⊂ ℙ𝑛 is a submanifold of codimension 𝑖 and 𝐻 the cohomology class of any
hyperplane in ℙ2 is consistent with the notion of the degree of a hypersurface.
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Proof. A degree 𝑑 hypersurface described by 𝐹 (𝑥) can continuously deform into
a union of 𝑑 hyperplanes by the equations

𝐺𝑡 ∶= 𝑡𝐹 (𝑥) + (1 − 𝑡)
𝑑

∏
𝑖=1

𝑙𝑖(𝑥) = 0

where 𝑡 ∈ [0, 1] and the 𝑙𝑖(𝑥) are homogeneous linear forms. By the homotopy
(deformation) argument above, [𝑍(𝐹 )] = ∑𝑑

𝑖=1[𝑍(𝑙𝑖)] = 𝑑𝐻 ∈ 𝐻2(ℙ𝑛).
Turning to cellular homology, let 𝐹 ′(𝑥) define a hyperplane. Since this is 1-

dimensional, we can define the homotopy

𝐺′
𝑡 ∶= 𝑡𝐹 ′(𝑥) + (1 − 𝑡)𝑋𝑖

where 𝑋𝑖 is the subspace defined by (𝑥0, ..., 𝑥𝑖, 0, ..., 0). [𝑋𝑖] is the generator for
𝐻2(ℙ𝑛), so all hyperplanes have the same homology class 𝐻 ∈ 𝐻2(ℙ𝑛).

Since singular homologies and cellular homologies are isomorphic, each 𝑑𝐻
in singular homology has a corresponding element in cellular homology, deter-
mined by this isomorphism. Thus, if 𝑍 is a codimension 𝑖 hypersurface, its ho-
mology class 𝑑(𝑍)𝐻 ∈ 𝐻2𝑖 corresponds to the degree of 𝑍.

Question 6.4. Suppose that 𝑍 is a complex submanifold of ℙ𝑛 of complex codi-
mension 𝑖. Suppose that you can find a complex 𝑖−dimensional linear subspace of
ℙ𝑛 intersecting 𝑍 transversally in a finite set 𝑆. Prove that the number of points
in 𝑆 is equal to the degree of 𝑍.

Proof. Denote our 𝑖-dimensional linear subspace by 𝑃 ⊂ ℙ𝑛. We take the inter-
section product

[𝑃 ] ⋅ [𝑍] = ∑
𝛼,𝛽

𝑛𝛼𝑚𝛽[𝑃𝛼 ∩ 𝑍𝛽]

Since by the assumption of the problem we have 𝑃𝛼 ∩ 𝑍𝛽 is a finite set of points,
it remains to find 𝑛𝛼 and 𝑚𝛽 . We know that [𝑍] = 𝑑𝐻 𝑖 ∈ 𝐻2(𝑛−𝑖)(ℙ𝑛), i.e.
[𝑍] = ∑𝑑

𝛽=1[𝐻] where 𝐻 is a hyperplane in ℙ𝑛. Thus our indexing set 𝛽 has 𝑑
elements, and each 𝑛𝛼 is 1.

Since 𝑃 can be deformed into 𝑋𝑖, they have the same homology class, and
therefore [𝑃 ] is the generator of the cellular homology group 𝐻2𝑖(ℙ𝑛) ≅ ℤ. Since
cellular homologies are isomorphic with singular homologies, [𝑃 ] is also the gen-
erator of 𝐻2𝑖(ℙ𝑛) in singular homology. Thus [𝑃 ] = 1 ∈ ℤ ≅ 𝐻2𝑖(ℙ𝑛), and our
indexing set 𝛼 is just {1}.
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Since 𝑃 and 𝑍 intersect transversally, we add up their dimensions, and get that
𝑃𝛼 ∩ 𝑍𝛽 is 0-dimensional. Furthermore, 𝑍𝛽 (𝐻) is a hyperplane, which is com-
plex 1-dimensional, and, when transversally intersecting an 𝑖-dimensional linear
subspace, intersects at a single point, oriented with a + since 𝑃 , 𝑍 are complex
manifolds.

Therefore our sum ∑𝛼,𝛽 𝑛𝛼𝑚𝛽[𝑃𝛼 ∩ 𝑍𝛽] is a sum of positively oriented points,
and since 𝑛𝛼 = 1, the number of such points is 𝑑.

Question 6.5. Find the degree of the common zero locus of the polynomials

𝑥0𝑥2 − 𝑥2
1, 𝑥0𝑥3 − 𝑥1𝑥2, 𝑥1𝑥3 − 𝑥2

2

in ℙ3.

Proof. By inspection, the intersection of the first two zero loci results in the zero
locus of the third:

𝑥0𝑥3 = 𝑥1𝑥2

→ 𝑥1𝑥2
𝑥3

𝑥2 = 𝑥2
1

→ 𝑥2
2 = 𝑥1𝑥3

Therefore the intersection is not transverse, and the hypersurfaces are not in general
position. Isolating 𝑥2 and 𝑥3, we get

(𝑥0, 𝑥1, 𝑥2, 𝑥3) → (𝑥0, 𝑥1,
𝑥2

1
𝑥0

,
𝑥3

1
𝑥2

0
)

This allows us to reparametrize coordinates:

(𝑥0, 𝑥1) ↦ (𝑥3
0, 𝑥2

0𝑥1, 𝑥0𝑥2
1, 𝑥3

1)

which is a rational curve of degree 3. Thus the common zero locus of these three
polynomials has degree 3.

Question 6.6. Prove that the only holomorphic section of 𝒪ℙ1(1) are those ob-
tained by dehomogenizing homogeneous linear polynomials:

For 𝑈0 = ℙ1\{(0, 1)} and 𝑈1 = ℙ1\{(1, 0)} and inverse charts 𝜓𝑖 ∶ ℂ → 𝑈𝑖
given by

𝜓0(𝑥) = (1, 𝑥), 𝜓1(𝑤) = (𝑤, 1)
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where 𝑥 = 𝑥1
𝑥0

and 𝑤 = 𝑥0
𝑥1

we have

𝑠0 = 𝑎0 + 𝑎1𝑥, 𝑠1 = 𝑎0𝑤 + 𝑎1

as dehomogenizations of linear polynomials.

Proof. Note that, for transition functions 𝑔𝛼𝛽 ∶= 𝜓𝛼𝜓−1
𝛽 , we have 𝑔𝛼𝛽(𝑧) = 𝑧−1.

Suppose we have a set of functions {𝑠′
0, 𝑠′

1} such that 𝑠′
1(𝑤) = 𝑥−1𝑠′

0(𝑥) and
𝑠′

0(𝑥) = 𝑤−1𝑠′
1(𝑤) (where we’ve replaced 𝑔10(𝑥), 𝑔01(𝑤) with their images), i.e.

𝑥1𝑠′
1(𝑥0

𝑥1
) = 𝑥0𝑠′

0(𝑥1
𝑥0

)

Our 𝑠′
𝑖 must be holomorphic by definition, so locally we have

𝑠′
𝑖 (

𝑥0
𝑥1

) =
∞

∑
𝑖=0

𝑎𝑖(
𝑥0
𝑥1

− 𝑎)𝑖

In order for 𝑥1𝑠′
1(𝑥0

𝑥1
) to equal 𝑥0𝑠′

0(𝑥1
𝑥0

) for all (𝑥0, 𝑥1) ∈ 𝑈0 ∩𝑈1, we can only have
𝑎0, 𝑎1 be nonzero in our convergent series, as the powers of the 𝑥0 and 𝑥1 will be
mismatched. This yields 𝑠0, 𝑠1 defined above, so these are the only holomorphic
sections of 𝒪ℙ1(1).

Question 6.7. Let {𝑈0, ..., 𝑈𝑛} be the standard open cover of ℙ𝑛. Let 𝑑 be an
integer.

a Show that the functions 𝑔𝛼𝛽 = (𝑥𝛽 /𝑥𝛼)𝑑 are the transition functions of a line
bundle on ℙ𝑛, denoted 𝒪ℙ𝑛(𝑑).

b If 𝑑 > 0, show that this bundle coincides with the bundle 𝒪ℙ𝑛(𝑑) defined by
𝒪ℙ𝑛(1)⊗𝑑 .

c If 𝑑 > 0, show that the homogeneous polynomials of degree 𝑑 on ℙ𝑛 natu-
rally correspond via dehomogenization to the holomorphic sections of𝒪ℙ𝑛(𝑑).

Proof. a The {𝑈𝛼} are defined such that 𝑥𝛼 ≠ 0 on 𝑈𝛼, so the function 𝑔𝛼𝛽 =
(𝑥𝛽

𝑥𝛼
)𝑑 is everywhere defined on 𝑈𝛼. Furthermore, 𝑔𝛼𝛼 = (𝑥𝛼

𝑥𝛼
)𝑑 = 1 and

𝑔𝛼𝛽𝑔𝛽𝛾 = (𝑥𝛽
𝑥𝛼

)𝑑( 𝑥𝛾
𝑥𝛽

)𝑑 = ( 𝑥𝛾
𝑥𝛼

)𝑑 = 𝑔𝛼𝛾 , satisfying the requirements to be
transition functions of a line bundle on ℙ𝑛.
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b The line bundle 𝐿 ⊗ 𝐿′ is defined by multiplying the transition functions:
{𝑔𝛼𝛽𝑔′

𝛼𝛽}, so the line bundle 𝐿⊗𝑑 of 𝒞ℙ𝑛(1)⊗𝑑 is given by 𝑔𝑑
𝛼𝛽 , which is

(𝑥𝛽
𝑥𝛼

)𝑑 .

c We have 𝑠𝛼 = 𝑔𝛼𝛽𝑠𝛽 in each 𝑈𝛼 ∩ 𝑈𝛽 . We must have 𝑠𝛼(𝑥𝛼, 𝑥𝛽) be polyno-
mials of degree 𝑑 in order to have the powers of 𝑥𝛼 and 𝑥𝛽 to match between
𝑠𝛼 and 𝑠𝛽 , by the same argument used above. If

𝑠𝛼(𝑥𝛼, 𝑥𝛽) = 𝑎0 + 𝑎1
𝑥𝛽
𝑥𝛼

+ ... + 𝑎𝑑+1(
𝑥𝛽
𝑥𝛼

)𝑑 ,

i.e. degree 𝑑 polynomials of 𝑥𝛽
𝑥𝛼
, where 𝑥𝛼, 𝑥𝛽 ∈ 𝑈𝛼 ∩ 𝑈𝛽 , we have

𝑔𝛼𝛽𝑠𝛽 = (
𝑥𝛽
𝑥𝛼

)𝑑(𝑎0 + 𝑎1
𝑥𝛼
𝑥𝛽

+ ... + 𝑎𝑑+1(𝑥𝛼
𝑥𝛽

)𝑑)

= 𝑎0(
𝑥𝛽
𝑥𝛼

)𝑑 + 𝑎1(
𝑥𝛽
𝑥𝛼

)𝑑−1 + ... + 𝑎𝑑+1

= 𝑠𝛼

which satisfies the holomorphic section requirement. Thus the holomorphic
sections of 𝒪ℙ𝑛(𝑑) are dehomogenized polynomials of degree 𝑑.

7 Enumerative Geometry of Lines
Question 7.1. Complete the details of the description of the cellular decomposition
of 𝐺(2, 4), describing all the cells.

Proof. From the text, the cellular decomposition is

𝐿 ⊂ 𝜎2,1(𝑝, 𝑃 ) ⊂ 𝜎2(𝑝) ∪ 𝜎1,1(𝑃 ) ⊂ 𝜎1(𝐿) ⊂ 𝐺,

where

𝜎1(𝐿) = {𝑙 ∈ 𝐺|𝑙 ∩ 𝐿 ≠ ∅}
𝜎2(𝑝) = {𝑙 ∈ 𝐺|𝑝 ∈ 𝑙}, 𝑝 = (0, 0, 0, 1)

𝜎1,1(𝑃 ) = {𝑙 ∈ 𝐺|𝑙 ⊂ 𝑃 }, 𝑃 = 𝑍(𝑥0)
𝜎2,1(𝑝, 𝑃 ) = {𝑙 ∈ 𝐺|𝑝 ∈ 𝑙 ⊂ 𝑃 }
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where 𝐿 is the line defined by 𝑥0 = 𝑥1 = 0. (𝑍(𝑥0) is the subspace defined by
𝑥0 = 0.) The text also gives the 4-cell 𝐺 − 𝜎1(𝐿) as the row space of

(
1 0 𝑎 𝑏
0 1 𝑐 𝑑) ≅ ℂ4

and the 3-cell 𝜎1(𝐿) − 𝜎2(𝑝) − 𝜎1,1(𝑃 ) is given by

(
1 𝑎 0 𝑏
0 0 1 𝑐) ≅ ℂ3

The 2-cell is given by (𝜎2(𝑝) ∪ 𝜎1,1(𝑃 )) − 𝜎2,1(𝑝, 𝑃 ), i.e. the set of lines 𝑙 that
either contain 𝑝 while not being in 𝑍(𝑥0) plus the set of lines that don’t contain 𝑝
and are contained in 𝑍(𝑥0). For the former, we need the 2-dimensional subspace
generated by two vectors

𝑒1 ∶=
⎛
⎜
⎜
⎜
⎝

𝑎0
𝑏0
𝑐0
𝑑0

⎞
⎟
⎟
⎟
⎠

, 𝑒2 ∶=
⎛
⎜
⎜
⎜
⎝

𝑎1
𝑏1
𝑐1
𝑑1

⎞
⎟
⎟
⎟
⎠

To ensure that 𝛼𝑒1 +𝛽𝑒2 ∉ 𝑃 spanning 𝛼 and 𝛽, we must have either 𝑎0 or 𝑎1 equal
to 1. We will set 𝑎0 = 1. To ensure that 𝑝 ∈ 𝑙 for at least one combination of 𝛼, 𝛽,
we must have 𝛼 = 0, so 𝑒1 = 𝑝. This covers all values in the fourth entry of the
resulting vector, so we can set 𝑑0 = 0. The remaining 𝑏0, 𝑐0 can be any value and
still fit these criteria, so this space is given by the row space of

(
1 𝑏0 𝑐0 0
0 0 0 1)

for the set {𝑙 ∈ 𝐺|𝑝 ∉ 𝑙, 𝑙 ⊂ 𝑃 }, we note that both 𝑎0 and 𝑎1 in the above definitions
of 𝑒1, 𝑒2 must be 0 to ensure any resulting vector from spanning 𝛼, 𝛽 remains in 𝑃 .
Furthermore, to ensure the 𝑝 ∉ 𝑙 for any 𝛼, 𝛽 requires 𝑑0 = 𝑑1 = 0. The remaining
second and third entries can be any values, so we set 𝑐0 = 1 and 𝑏1 = 1, giving the
row space

(
0 𝑏0 1 0
0 1 𝑐1 0)

Both of these row spaces are disjoint and isomorphic to ℂ2, thus these are the
2-cells.
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The 1-cell given by 𝜎2,1(𝑝, 𝑃 ) − {𝐿}, we must first have 𝑎0 = 𝑎1 = 0 to remain
in 𝑃 . We must also have either 𝑏0 or 𝑏1 be 1 to ensure we stray from 𝐿, so we’ll
set 𝑏0 = 1. To ensure 𝑝 is hit, we will set 𝑏1 = 𝑐1 = 0 and 𝑑1 = 1. The third entry
in the resulting vector can be anything, so we have the resulting vector given by
(0, 𝛼, 𝛼𝑐0, 𝛽) with 𝛼, 𝛽 spanning. Thus we have the 1-cell given by the row space
of

(
0 1 𝑐0 0
0 0 0 1)

This is in bijection withℂ, and completes our description of the cells in our cellular
decomposition of 𝐺.

Question 7.2. Let 𝑝 = (1, 0, 0, 0) and 𝑝′ = (0, 1, 0, 0) in ℙ3. Show explicitly that
𝜎2(𝑝) and 𝜎2(𝑝′) intersect transversely by using the local coordinates (𝑎, 𝑏, 𝑐, 𝑑) to
describe the row space of

(
1 0 𝑎 𝑏
0 1 𝑐 𝑑)

near the line 𝐿 joining 𝑝 and 𝑝′. Note that 𝐿 itself corresponds to the origin
(0, 0, 0, 0). Find the equations in (𝑎, 𝑏, 𝑐, 𝑑) defining 𝜎2(𝑝) and 𝜎2(𝑝′), and note
that these satisfy the condition for a transverse intersection.

Proof. In computing 𝜎2(𝑝), in order to ensure 𝑝 ∈ 𝑉 , where 𝑉 is the row space of

the above matrix, we need 𝑎 = 𝑏 = 0. When this is the case, 𝛼
⎛
⎜
⎜
⎜
⎝

1
0
0
0

⎞
⎟
⎟
⎟
⎠

+ 𝛽
⎛
⎜
⎜
⎜
⎝

0
1
𝑐
𝑑

⎞
⎟
⎟
⎟
⎠

hits 𝑝

when 𝛼 = 1, 𝛽 = 0. Outside of that, 𝑐 and 𝑑 can take any value, so 𝜎2(𝑝) is given
by the 2-dimensional subspace of (𝑎, 𝑏, 𝑐, 𝑑) ≅ ℂ4 given by (0, 0, 𝑐, 𝑑) ≅ ℂ2.

Similarly, for 𝜎2(𝑝′), we must have 𝑐 = 𝑑 = 0 and 𝑎, 𝑏 can take any values,
so so 𝜎2(𝑝′) is given by the 2-dimensional subspace of (𝑎, 𝑏, 𝑐, 𝑑) ≅ ℂ4 given by
(𝑎, 𝑏, 0, 0) ≅ ℂ2. This is the exact definition of transversality given in the text.
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Question 7.3. Verify the multiplication table for 𝐻∗(𝐺(2, 4)).

⋅ 1 𝜎1 𝜎2 𝜎1,1 𝜎2,1 𝜎2,2
1 1 𝜎1 𝜎2 𝜎1,1 𝜎2,1 𝜎2,2
𝜎1 𝜎1 𝜎2 + 𝜎1,1 𝜎2,1 𝜎2,1 𝜎2,2 0
𝜎2 𝜎2 𝜎2,1 𝜎2,2 0 0 0

𝜎1,1 𝜎1,1 𝜎2,1 0 𝜎2,2 0 0
𝜎2,1 𝜎2,1 𝜎2,2 0 0 0 0
𝜎2,2 𝜎2,2 0 0 0 0 0

Proof. The first row is trivial, because the intersection of subspaces like e.g. 𝑝s,
𝑃 s, and 𝐿s with 𝐺 itself acts by the identity on the respective subspaces.

Due to commutativity of intersection and multiplication of integers in ℤ, the
table is symmetric.

𝜎1 ⋅ 𝜎1 is proven in the text to be 𝜎2 + 𝜎1,1.
𝜎1 ⋅ 𝜎2 is given by {𝑙 ∈ 𝐺|𝑝 ∈ 𝑙, 𝑙 ∩ 𝐿 ≠ ∅}, i.e. the set of lines that intersect

a point and a line. In other words, we want to find, for a point 𝑝 = (𝑎′, 𝑏′, 𝑐′, 𝑑′)
in general position, which 𝑎, 𝑏, 𝑐, 𝑑 yield

𝛼
⎛
⎜
⎜
⎜
⎝

1
𝑎
0
𝑏

⎞
⎟
⎟
⎟
⎠

+ 𝛽
⎛
⎜
⎜
⎜
⎝

0
0
1
𝑐

⎞
⎟
⎟
⎟
⎠

=
⎛
⎜
⎜
⎜
⎝

𝑎′

𝑏′

𝑐′

𝑑′

⎞
⎟
⎟
⎟
⎠

This gives the constraints 𝑎 = 𝑏′

𝑎′ and 𝑏 = 𝑑′−𝑐′𝑐
𝑎′ . This means that, without loss

of generality 𝑐 can take any value and still give a line that intersects 𝑝 and 𝐿. The
lines must therefore be contained on a plane given by (𝑎, 𝑐). To intersect with 𝑝, we
have a constraint on 𝑎 as well. Thus we have a set of lines on a plane that intersect
𝑝, i.e. 𝜎2,1 = {𝑙 ∈ 𝐺|𝑝 ∈ 𝑙 ⊂ 𝑃 }.

For 𝜎1 ⋅ 𝜎1,1, we seek {𝑙 ∈ 𝐺|𝑙 ∩ 𝐿 ∉ ∅, 𝑙 ⊂ 𝑃 }. In a transversal intersection,
a line 𝐿 intersects a plane 𝑃 in a point. Thus lines in 𝑃 intersecting with 𝐿 must
contain this point. Therefore 𝜎1 ⋅ 𝜎1,1 = {𝑙 ∈ 𝐺|𝑝 ∈ 𝑙 ⊂ 𝑃 } = 𝜎2,1.

For 𝜎1 ⋅ 𝜎2,1, we seek {𝑙 ∈ 𝐺|𝑝 ∈ 𝑙 ⊂ 𝑃 , 𝑙 ∩ 𝐿 ≠ ∅}. From the prevous
reasoning, a line contained in a plane 𝑃 that intersects with 𝐿 must intersect with
the single point of intersection 𝐿 ∩ 𝑃 . To also intersect with another point 𝑝 ∈ 𝑃
reduces our set to a single line, as only one line intersects two points. Thus our set
is {𝐿} = 𝜎2,2.

For 𝜎1 ⋅ 𝜎2,2, we need the intersection of a line with another line. In general
position, however, this is the empty set, so 𝜎1 ⋅ 𝜎2,2 = 0.
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𝜎2
2 is shown to be 𝜎2,2 and 𝜎2 ⋅ 𝜎1,1 is shown to be 0 in the text.

𝜎2 ⋅ 𝜎2,2 is the intersection of a line with a point, which in general position is
the empty set, so 𝜎1 ⋅ 𝜎2,2 = 0.

𝜎2
1,1 is given by 𝜎2,2 in the text.

𝜎1,1 ⋅ 𝜎2,1 is {𝑙 ∈ 𝐺|𝑙 ⊂ 𝑃 , 𝑝 ∈ 𝑙 ⊂ 𝑃 ′}. The intersection 𝑃 ∩ 𝑃 ′ is a line, and
this line does not intersect a point in general position, so 𝜎1,1 ⋅ 𝜎2,1 = 0.

𝜎1,1 ⋅ 𝜎2,2 is the intersection of lines in a plane with another line in general
position. Since a line in general position isn’t in a plane, the intersection is 0.

𝜎2
2,1 is given by {𝑙 ∈ 𝐺|𝑝, 𝑝′ ∈ 𝑙, 𝑙 ⊂ 𝑃 , 𝑃 ′}. Any 𝑙 that must exist in the

intersection of two planes in general position must be a single line. This line will
not intersection both 𝑝 and 𝑝′, as both points will in general be off of this line, so
𝜎2

2,1 = 0.
𝜎2,1 ⋅𝜎2,2 requires a selected line to contain a point and be contained in a plane,

both in general position. A general line won’t be contained in a general plane, so
𝜎2,1 ⋅ 𝜎2,2 = 0.

𝜎2
2,2 is asking for a line that is two distinct lines (sincewe’re in general position),

which can’t happen, so 𝜎2
2,2 = 0.

Question 7.4. a Let 𝐶 ⊂ ℙ3 be a curve of degree 𝑑. Let 𝑍 be the set of lines
in ℙ3 which intersect 𝐶 . Find the cohomology class [𝑍] ∈ 𝐻∗(𝐺(2, 4)).

b Howmany lines inℙ3 meet each of four given general curves𝐶𝑖 of respective
degrees 𝑑𝑖?

Proof. a 𝑍 must be the cohomology class [{𝑙 ∈ ℙ3|𝑙 ∩ 𝐶 ≠ ∅}]. This is

the same as the cohomology given by [
𝑑
⋂
𝑖=1

{𝑙 ∈ ℙ3|𝑙 ∩ 𝐿𝑖 ≠ ∅}] since our

hypersurface 𝐶 is homotopy equivalent to
𝑑

∏
𝑖=1

𝐿𝑖. This is just
𝑑
⋂
𝑖=1

𝜎1(𝐿𝑖) =

𝑑
∑
𝑖=1

𝜎1. Therefore [𝑍] = 𝑑𝜎1 ∈ 𝐻2(𝐺(2, 4)).
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b We look for the intersection of these four cohomology classes:

𝑑1𝜎1 ∩ 𝑑2𝜎1 ∩ 𝑑3𝜎1 ∩ 𝑑4𝜎1 =
4

∏
𝑖=1

𝑑𝑖𝜎4
1

=
4

∏
𝑖=1

𝑑𝑖(𝜎2 + 𝜎1,1)2

=
4

∏
𝑖=1

𝑑𝑖(𝜎2
2 + 2𝜎2𝜎1,1 + 𝜎2

1,1)

=
4

∏
𝑖=1

𝑑𝑖2𝜎2,2

Thus we have ∫𝐺 ∏4
𝑖=1 𝑑𝑖2𝜎2,2 = 2𝑑1𝑑2𝑑3𝑑4 ∫𝐺 𝜎2,2 = 2𝑑1𝑑2𝑑3𝑑4 lines in

ℙ3 meeting all four hypersurfaces.

Question 7.5. How many lines in ℙ4 intersect each of six general 2-planes? How
many lines in ℙ4 intersect each of three general 2-planes and pass through a fixed
point?

Proof. The set of lines that intersect a single 2-plane in general position in ℙ4 is
given by the Schubert cycle

𝜎𝑎,𝑏 = {𝑙 ∈ 𝐺(2, 5)|𝑙 ∩ ℙ(𝑉4−𝑎) ≠ ∅, 𝑙 ⊂ ℙ(𝑉4+1−𝑏)}

for 𝑎 = 1, 𝑏 = 0. (This is because a 2-plane is 3-dimensional, i.e. ℙ(𝑉3), and no
further restrictions on 𝑙, so we set 𝑏 = 0 to ensure 𝑙 ⊂ ℙ(𝑉5) = ℙ4.) Therefore
we seek the value of 𝜎6

1,0. To compute this, we’ll use Pieri’s Formula given in the
book, since I’m feeling lazy right now:

𝜎𝑎 ⋅ 𝜎𝑏,𝑐 = ∑
{(𝑑,𝑒)|𝑑+𝑒=𝑎+𝑏+𝑐, 𝑛−1≥𝑑≥𝑏≥𝑒≥𝑐}

𝜎𝑑,𝑒
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We then have

𝜎2
1,0 = 𝜎2,0 + 𝜎1,1

𝜎2,0 ⋅ 𝜎1,0 = 𝜎3,0 + 𝜎2,1
𝜎1,0 ⋅ 𝜎1,1 = 𝜎2,1
𝜎3,0 ⋅ 𝜎1,0 = 𝜎4,0 + 𝜎3,1
𝜎1,0 ⋅ 𝜎2,1 = 𝜎3,1 + 𝜎2,2
𝜎4,0 ⋅ 𝜎1,0 = 0
𝜎1,0 ⋅ 𝜎3,1 = 𝜎3,2
𝜎1,0 ⋅ 𝜎2,2 = 𝜎3,2
𝜎1,0 ⋅ 𝜎3,2 = 𝜎3,3

Thus we have

𝜎6
1,0 = 𝜎2

1,0 ⋅ 𝜎4
1,0

= (𝜎2,0 + 𝜎1,1) ⋅ 𝜎4
1,0

= (𝜎3,0 + 2𝜎2,1) ⋅ 𝜎3
1,0

= (𝜎4,0 + 3𝜎3,1 + 2𝜎2,2) ⋅ 𝜎2
1,0

= 5𝜎3,2 ⋅ 𝜎1,0
= 5𝜎3,3

Following the

⟨𝜎𝑎,𝑏, 𝜎𝑐,𝑑⟩ =
{

1 𝑐 = 𝑛 − 1 − 𝑏, 𝑑 = 𝑛 − 1 − 𝑎
0 otherwise

pairing rule given in the text, 𝜎3,3’s dual is 𝜎0,0 = 1. We then have

∫𝐺(2,5)
𝜎6

1,0 = ∫𝐺(2,5)
5𝜎3,3 = 5 ∫𝐺(2,5)

𝜎3,3 = 5⟨𝜎3,3, 𝜎0,0⟩ = 5,

giving us five lines in ℙ4 intersecting six general 2-planes.
For the second question, from the same reasoning above, we seek ∫𝐺(2,5) 𝜎3

1,0 ⋅
𝜎3,0. The computations above give us

𝜎3
1,0 ⋅ 𝜎3,0 = (𝜎3,0 + 2𝜎2,1) ⋅ 𝜎3,0

= 𝜎2
3,0 + 2𝜎3,0 ⋅ 𝜎2,1
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Pieri’s Formula gives us

𝜎2
3,0 = 𝜎3,3

𝜎3,0 ⋅ 𝜎2,1 = 0

So we have

∫𝐺(2,4)
𝜎3

1,0 ⋅ 𝜎3,0 = ∫𝐺(2,4)
𝜎3,3 = 1

Thus there is one line in ℙ4 intersecting three general 2-planes passing through a
fixed point.
Question 7.6. Show that

(𝑝, 𝑣𝛼) ∼ (𝑞, 𝑣𝛽) if 𝑝 = 𝑞 and 𝑣𝛼 = 𝑔𝛼𝛽(𝑝) ⋅ 𝑣𝛽

(where (𝑝, 𝑣𝛼) ∈ 𝑈𝛼 × ℂ𝑟 and (𝑞, 𝑣𝛽) ∈ 𝑈𝛽 × ℂ𝑟, given transition functions 𝑔𝛼𝛽 on
𝑋 a manifold with atlas sets {𝑈𝛼}) is an equivalence relation and that 𝑉 (𝐸) is a
complex manifold of dimension dim 𝑋 + 𝑟.
Proof. We start with reflexivity: since 𝑔𝛼𝛽 are transition functions, we have 𝑔𝛼𝛼 =
1. Therefore (𝑝, 𝑣𝛼) ∼ (𝑝, 𝑣𝛼).

For symmetry, a requirement of transition functions for a rank 𝑟 vector bundle
subordinate to the cover {𝑈𝛼} is that the 𝑔𝛼𝛽 transition functions are invertible.
Therefore, if (𝑝, 𝑣𝛼) ∼ (𝑞, 𝑣𝛽), then we have 𝑝 = 𝑞 and a transition function 𝑔𝛼𝛽
such that 𝑣𝛼 = 𝑔𝛼𝛽𝑣𝛽 , we have another transition function 𝑔−1

𝛼𝛽 such that 𝑣𝛽 =
𝑔−1

𝛼𝛽 𝑣𝛼. Therefore we have (𝑞, 𝑣𝛽) ∼ (𝑝, 𝑣𝛼).
For transitivity, a further requirement of transition functions for a rank 𝑟 vector

bundle subordinate to the cover {𝑈𝛼} is that 𝑔𝛼𝛽𝑔𝛽𝛾 = 𝑔𝛼𝛾 on each nonempty
𝑈𝛼 ∩ 𝑈𝛽 ∩ 𝑈𝛾 ≠ ∅. Therfore, if we have (𝑝, 𝑣𝛼) ∼ (𝑞, 𝑣𝛽) and (𝑞, 𝑣𝛽) ∼ (𝑚, 𝑣𝛾 ),
then we have 𝑝 = 𝑞 = 𝑚 and transition functions 𝑔𝛼𝛽 and 𝑔𝛽𝛾 such that 𝑣𝛼 = 𝑔𝛼𝛽𝑣𝛽
and 𝑣𝛽 = 𝑔𝛽𝛾𝑣𝛾 . Since 𝑝 = 𝑞 = 𝑚, we must have nonempty 𝑈𝛼 ∩ 𝑈𝛽 ∩ 𝑈𝛾 , and
therefore a transition function 𝑔𝛼𝛾 = 𝑔𝛼𝛽𝑔𝛽𝛾 . We then have

𝑔𝛼𝛾𝑣𝛾 = 𝑔𝛼𝛽𝑔𝛽𝛾𝑣𝛾 = 𝑔𝛼𝛽𝑣𝛽 = 𝑣𝛼

so (𝑝, 𝑣𝛼) ∼ (𝑚, 𝑣𝛾 ).
𝑉 (𝐸) is defined as the quotient of the disjoint union of the 𝑈𝛼 × ℂ𝑟 by this

equivalence relation. Since 𝑋 is a complex topological manifold, there are charts
𝜙𝛼 ∶ 𝑈𝛼 → 𝑉𝛼 ⊂ ℂdim(𝑋). Therefore we define charts on 𝑉 (𝐸) via

𝜙𝛼 × 1 ∶ 𝑈𝛼 × ℂ𝑟 → 𝑉𝛼 × ℂ𝑟 ⊂ ℂdim(𝑋) × ℂ𝑟 ≅ ℂdim(𝑋)+𝑟
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where 1 denotes the 𝑟 × 𝑟 identity matrix on ℂ𝑟. Quotienting the 𝑈𝛼 × ℂ𝑟 by the
equivalence relation, we check well-definedness: Suppose (𝑝, 𝑣𝛼) ∼ (𝑞, 𝑣𝛽). Then

𝜙𝛼 × 1(𝑝, 𝑣𝛼) = 𝜙𝛼(𝑝) × 𝑣𝛼 = 𝜙𝛼(𝑝) × 𝑔𝛼𝛽𝑣𝛽 ,
𝜙𝛽 × 1(𝑞, 𝑣𝛽) = 𝜙𝛽(𝑞) × 𝑣𝛽 = 𝜙𝛽(𝑞) × 𝑣𝛽 = 𝜙𝛼(𝑝) × 𝑣𝛽

So the transition maps are given by 1𝑋 × 𝑔𝛼𝛽 , which are holomorphic.

Question 7.7. a Try to make precise the meaning of the statement “the fiber
of 𝜋 over 𝑥 has a vector space structure, the operations depending holomor-
phically on 𝑥” in the geometric construction of 𝑉 (𝐸).

b Prove that the correspondence between vector bundles and geometric vector
bundles is a one-to-one correspondence.

c Finally, prove that under the above correspondence, holomorphic sections
are in one-to-one correspondence with holomorphic maps 𝑠 ∶ 𝑋 → 𝑉 (𝐸)
such that 𝜋 ∘ 𝑠 = 1𝑋 .

Proof. a In the construction of the geometric vector bundle in the text, we are
given a holomorphic mapping 𝜋 ∶ 𝑉 → 𝑋 with a covering of {𝑈𝛼} of 𝑋
such that 𝜋−1(𝑈𝛼) ≃ 𝑈𝛼 × ℂ𝑟. Let 𝑖𝛼 ∶ 𝑈𝛼 × ℂ𝑟 → 𝜋−1(𝑈𝛼) be the isomor-
phism of this neighborhood. Fixing 𝑥 ∈ 𝑈𝛼, we define the isomorphism
𝑗𝛼(𝑥) = 𝑖𝛼(𝑥, 𝑣). We define the vector space operations on 𝜋−1(𝑥) by

𝑣 + 𝑤 = 𝑗𝛼(𝑗−1
𝛼 (𝑣) + 𝑗−1

𝛼 (𝑤))
𝑐𝑣 = 𝑗𝛼(𝑐𝑗−1

𝛼 (𝑣))

Because 𝜋 is holomorphic, 𝑗𝛼 varies holomorphically depending on 𝑥, so
the vector space operations depend holomorphically on 𝑥.

b Suppose we have two rank−𝑟 vector bundles 𝑉 , 𝑉 ′ corresponding to the
same geometric vector bundle 𝑉 (𝐸). Then 𝑉 can be trivialized over a cover
{𝑈𝛼} of𝑋, and 𝑉 ′ can be trivialized over another cover {𝑈 ′

𝛼} of𝑋, such that
there exist isomorphisms 𝜋 ∶ 𝑉 → 𝑋, 𝜋′ ∶ 𝑉 ′ → 𝑋, such that 𝜋−1(𝑈𝛼) ≃
𝑈𝛼 × ℂ𝑟 and 𝜋′−1(𝑈 ′

𝛼) ≃ 𝑈 ′
𝛼 × ℂ𝑟. Since 𝑉 , 𝑉 ′ correspond to 𝑉 (𝐸), 𝑉 (𝐸)

is the quotient of both of the equivalence relations

(𝑝, 𝑣𝛼) ∼ (𝑞, 𝑣𝛽), 𝑣𝛼 = 𝑔𝛼𝛽𝑣𝛽
(𝑝, 𝑣′

𝛼) ∼ (𝑞, 𝑣′
𝛽), 𝑣′

𝛼 = 𝑔′
𝛼𝛽𝑣′

𝛽
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Let 𝑝 ∈ 𝑈𝛼 ∩ 𝑈𝛽 in the 𝑉 bundle with 𝑝 ∈ 𝑈 ′
𝛼 ∩ 𝑈 ′

𝛽 in the 𝑉 ′ bundle,
and{𝑒𝑖} be a basis of 𝜋−1(𝑈𝛼) and {𝑒′

𝑖 } be a basis of 𝜋′−1(𝑈 ′
𝛼). We use

these to construct a linear map 𝑓𝛼 that sends each 𝑒𝑖 ↦ 𝑒′
𝑖 . Since the vector

space operations on a fiber depends holomorphically on the fiber’s point,
this linear map also depends holomorphically on the fiber’s point, and this
sends 𝑣𝛼 to 𝑣′

𝛼. We do the same for the bases of 𝜋−1(𝑈𝛽) and 𝜋′−1(𝑈 ′
𝛽), and

call the resulting map 𝑓𝛽 , which sends 𝑣𝛽 to 𝑣′
𝛽 . Therefore we have

𝑔′
𝛼𝛽𝑓𝛽𝑣𝛽 = 𝑓𝛼𝑔𝛼𝛽𝑣𝛽

⇒ 𝑔′
𝛼𝛽𝑣𝛽 = 𝑓𝛼𝑔𝛼𝛽𝑓 −1

𝛽 𝑣𝛽

⇒ 𝑔′
𝛼𝛽 = 𝑓𝛼𝑔𝛼𝛽𝑓 −1

𝛽

on {𝑈𝛼 ∩ 𝑈𝛽}, which is the equivalence given in the text. Therefore 𝑉
is isomorphic to 𝑉 ′, and the correspondence between vector bundles and
geometric vector bundles is one-to-one.

c Suppose we have two holomorphic sections 𝑠, 𝑠′ with bundle trivializations
{𝑈𝛼}, {𝑈 ′

𝛼} corresponding to a holomorphic map 𝑠𝑔𝑒𝑜 ∶ 𝑋 → 𝑉 (𝐸) such
that 𝜋 ∘ 𝑠𝑔𝑒𝑜 = 1𝑋 . Then restricting 𝑠𝑔𝑒𝑜 to covers 𝑈𝛼 ∈ {𝑈𝛼} and 𝑈 ′

𝛼 ∈
{𝑈 ′

𝛼}, we identify

𝜋−1(𝑈𝛼) ≃ 𝑈𝛼 × ℂ𝑟, 𝜋−1(𝑈 ′
𝛼) ≃ 𝑈 ′

𝛼 × ℂ𝑟

and restrict 𝑠𝑔𝑒𝑜|𝑈𝛼 and 𝑠𝑔𝑒𝑜|𝑈′
𝛼 as 𝑥 ↦ (𝑥, 𝑠𝑔𝑒𝑜,𝛼(𝑥)) and 𝑥 ↦ (𝑥, 𝑠′

𝑔𝑒𝑜,𝛼(𝑥)),
respectively, where 𝑠𝑔𝑒𝑜,𝛼, 𝑠′

𝑔𝑒𝑜,𝛼 are vector-valued holomorphic functions.
This is well defined, because if 𝑥 ∈ 𝑈𝛼 ∩ 𝑈𝛽 and 𝑥 ∈ 𝑈 ′

𝛼 ∩ 𝑈 ′
𝛽 ,

(𝑥, 𝑠𝑔𝑒𝑜,𝛽(𝑥)) = (𝑥, 𝑔𝛼𝛽𝑠𝑔𝑒𝑜,𝛼(𝑥)), (𝑥, 𝑠′
𝑔𝑒𝑜,𝛽(𝑥)) = (𝑥, 𝑔′

𝛼𝛽𝑠′
𝑔𝑒𝑜,𝛼(𝑥))

which are identified under the vector bundle equivalence relation. This is
the case because the vector bundle sections correspond to 𝑠𝑔𝑒𝑜. Under the
above correspondence, we can write linear maps {𝑓𝛼} that send 𝑠𝑔𝑒𝑜,𝛼 to
𝑠′

𝑔𝑒𝑜,𝛼. These give equivalences between transition functions 𝑔𝛼𝛽 ∼ 𝑔′
𝛼𝛽 :

(𝑥, 𝑠′
𝑔𝑒𝑜,𝛽(𝑥)) = (𝑥, 𝑓𝛽𝑠𝑔𝑒𝑜,𝛽(𝑥)) = (𝑥, 𝑓𝛽𝑔𝛼𝛽𝑠𝑔𝑒𝑜,𝛼(𝑥))

= (𝑥, 𝑓𝛽𝑔𝛼𝛽𝑓 −1
𝛼 𝑠′

𝑔𝑒𝑜,𝛼(𝑥))
= (𝑥, 𝑔′

𝛼𝛽𝑠′
𝑔𝑒𝑜,𝛼(𝑥))

⇒ 𝑓𝛽𝑔𝛼𝛽𝑓 −1
𝛼 = 𝑔′

𝛼𝛽
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Since the transition functions are identified, the sections 𝑠, 𝑠′ are identified,
and therefore the holomorphic sections are in one-to-one correspondence
with holomorphic maps 𝑠 ∶ 𝑋 → 𝑉 (𝐸), 𝜋 ∘ 𝑠 = 1𝑋 .

Question 7.8. Let 𝑄 = ⋃𝑙∈𝐺(2,𝑛+1){𝑙} × 𝑄𝑙 be the disjoint union of the {𝑙} × 𝑄𝑙.
(𝑄𝑙 is the 2-dimensional vector space of homogeneous linear polynomials on 𝑙.)
Show that 𝑄 has the structure of a rank 2 vector bundle on 𝐺(2, 𝑛 + 1) by giving
an explicit trivialization.

Proof. Let {𝑥0, ..., 𝑥𝑛} be a basis of ℂ𝑛+1. Let 𝑈𝑥𝑖,𝑥𝑗 be the subset of 𝐺(2, 𝑛 + 1)
consisting of lines where their spans can be written as two vectors where the 𝑖𝑡ℎ

entries are 1 and 0 and the 𝑗𝑡ℎ entries are 0 and 1, respectively, with the requirement
that 𝑖 < 𝑗. For example, 𝑈𝑥0,𝑥1 consists of the lines 𝑙 for which their respective
spans can be given by elements of the row space

(
1 0 𝑎11 ... 𝑎1(𝑛−1)
0 1 𝑎21 ... 𝑎2(𝑛−1))

The trivialization then gives 𝑆𝑝𝑎𝑛(𝑥𝑖, 𝑥𝑗) ≅ ℂ2 over each 𝑈𝑥𝑖,𝑥𝑗 . These 𝑈𝑥𝑖,𝑥𝑗
clearly span 𝐺(2, 𝑛 + 1): If there is an 𝑙 in 𝐺(2, 𝑛 + 1), let it be spanned by two
basis vectors 𝑣 = (𝑣0, ..., 𝑣𝑛), 𝑤 = (𝑤0, ..., 𝑤𝑛). Row reducing the matrix (

𝑣
𝑤)

into Echelon form gives a matrix of the form 𝑈𝑥0,𝑥𝑖 . Transition functions are sim-
ply given by the 2D identity matrix, mapping 𝑥𝑖1 ↦ 𝑥𝑖2 by a 1 in the upper left
corner and 𝑥𝑗1 ↦ 𝑥𝑗2 by a 1 in the lower right corner, and 0 elsewhere. Under
the identification (𝑙, 𝑎𝑥𝑖1 + 𝑏𝑥𝑗1) ∼ (𝑙′, 𝑔𝑥𝑖1𝑥𝑗1 ,𝑥𝑖2𝑥𝑗2

(𝑎𝑥𝑖2 + 𝑏𝑥𝑗2)), this gives the
structure of a rank-2 vector bundle.
Question 7.9. Find the number of lines in ℙ3 which lie in a general degree 2
hypersurface and meet a given line.

Proof. Let 𝑄 be the rank-2 fiber bundle of 𝐺(2, 4) defined above. A line 𝑙 in
a degree 2 hypersurface 𝑋, where 𝑋 = 𝑍(𝐹 (𝑥)) for 𝐹 our defining degree 2
polynomial. Then 𝑙 ∈ 𝑋 when 𝐹 |𝑙 = 0. As in the text, 𝐹 is a section of 𝑄’s second
symmetric power 𝑆𝑦𝑚2(𝑄). This is a rank-3 bundle, generated by {𝑥2

𝑖 , 𝑥𝑖𝑥𝑗 , 𝑥2
𝑗 }

over 𝑈𝑥𝑖𝑥𝑗 . Thus we seek to find

∫𝐺(2,4)
𝑐3(𝑆𝑦𝑚2(𝑄)) ∩ 𝜎1
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Using the splitting principle, we assume that 𝑄 ≅ 𝐿1 ⊕ 𝐿2 is a direct sum of line
bundles, with first Chern classes denoted 𝛼 = 𝑐1(𝐿1), 𝛽 = 𝑐1(𝐿2), with 𝑐(𝑄) =
(1 + 𝛼)(1 + 𝛽). We are given in the text that 𝑐(𝑄) = 1 + 𝜎1 + 𝜎1,1, so

𝛼 + 𝛽 = 𝜎1, 𝛼𝛽 = 𝜎1,1

We have that 𝑆𝑦𝑚2(𝐿1 ⊕ 𝐿2) ≅ 𝐿⊗2
1 ⊕ (𝐿1 ⊗ 𝐿2) ⊕ 𝐿⊗2

2 , so

𝑐(𝑆𝑦𝑚2(𝑄)) = (1 + 2𝛼)(1 + 𝛼 + 𝛽)(1 + 2𝛽)
which gives the degree 3 term 2𝛼𝛼2𝛽 + 2𝛼𝛽2𝛽 = 4(𝛼2𝛽 + 𝛼𝛽2). Substituting in
the Schubert cycles, we get

𝑐3(𝑆𝑦𝑚2(𝑄)) = 4(𝛼2𝛽 + 𝛼𝛽2) = 4(𝛼 + 𝛽)𝜎1,1 = 4𝜎1𝜎1,1

ByPieri’s Formula above, this gives us 4𝜎2,1. Thereforewewant to find∫𝐺(2,4) 4𝜎2,1𝜎1
which, again by Pieri’s Formula, gives ∫𝐺(2,4) 4𝜎2,2 = 4.
Question 7.10. Calculate the number of lines on a general cubic hypersurface in
ℙ3.
Proof. Following the same approach as in the previous problem, we now seek to
find

∫𝐺(2,4)
𝑐4(𝑆𝑦𝑚3(𝑄))

This is because 𝐹 this time is a rank-3 bundle, generated by {𝑥3
𝑖 , 𝑥2

𝑖 𝑥𝑗 , 𝑥𝑖𝑥2
𝑗 , 𝑥3

𝑗 }
over𝑈𝑥𝑖𝑥𝑗 . 𝑆𝑦𝑚3(𝐿1⊕𝐿2) ≅ 𝐿⊗3

1 ⊕(𝐿⊗2
1 ⊗𝐿2)⊕(𝐿1⊗𝐿⊗2

2 )⊕𝐿⊗3
2 . Calculating

this Chern class, we get
𝑐(𝑆𝑦𝑚3(𝑄)) = (1 + 3𝛼)(1 + 2𝛼 + 𝛽)(1 + 𝛼 + 2𝛽)(1 + 3𝛽)

The fourth order term is 18𝛼3𝛽 + 45𝛼2𝛽2 + 18𝛼𝛽3. Calculating this out in terms
of Schubert cycles, we get

18𝛼3𝛽 + 45𝛼2𝛽2 + 18𝛼𝛽3 = 9𝛼𝛽(2𝛼2 + 5𝛼𝛽 + 2𝛽2)
= 9𝛼𝛽(𝛼𝛽 + 2(𝛼2 + 2𝛼𝛽 + 𝛽2))
= 9𝛼𝛽(𝛼𝛽 + 2(𝛼 + 𝛽)2)
= 9𝜎1,1(𝜎1,1 + 2𝜎2

1)
= 9𝜎2,2 + 18𝜎2,2 = 27𝜎2,2

Evaluating our integral, we therefore get ∫𝐺(2,4) 𝑐4(𝑆𝑦𝑚3(𝑄) = 27 ∫𝐺(2,4) 𝜎2,2,
which gives 27 lines.
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Question 7.11. Perform the details of the calculation of the number of lines on a
quintic threefold.

Proof. The thing left to prove in the text is evaluating 𝑐6(𝑄) = (5𝛼)(4𝛼 + 𝛽)...(𝛼 +
4𝛽)(5𝛽). I assume the problem is to just bash this out:

𝑐6(𝑄) = 5𝛼4𝛼3𝛼2𝛼𝛼5𝛽 + 5𝛼𝛽3𝛼2𝛼𝛼5𝛽
+ 5𝛼4𝛼3𝛼2𝛼4𝛽5𝛽 + 5𝛼𝛽3𝛼2𝛼4𝛽5𝛽
+ 5𝛼4𝛼3𝛼3𝛽𝛼5𝛽 + 5𝛼𝛽3𝛼3𝛽𝛼5𝛽
+ 5𝛼4𝛼3𝛼3𝛽4𝛽5𝛽 + 5𝛼𝛽3𝛼3𝛽4𝛽5𝛽
+ 5𝛼4𝛼2𝛽2𝛼𝛼5𝛽 + 5𝛼𝛽2𝛽2𝛼𝛼5𝛽
+ 5𝛼4𝛼2𝛽2𝛼4𝛽5𝛽 + 5𝛼𝛽2𝛽2𝛼4𝛽5𝛽
+ 5𝛼4𝛼2𝛽3𝛽𝛼5𝛽 + 5𝛼𝛽2𝛽3𝛽𝛼5𝛽
+ 5𝛼4𝛼2𝛽3𝛽4𝛽5𝛽 + 5𝛼𝛽2𝛽3𝛽4𝛽5𝛽
= 600𝛼5𝛽 + (2400 + 900 + 400 + 150)𝛼4𝛽2

+ (3600 + 1600 + 600 + 600 + 225 + 100)𝛼3𝛽3

+ (2400 + 900 + 400 + 150)𝛼2𝛽4 + 600𝛼𝛽5

= 600𝛼5𝛽 + 3850𝛼4𝛽2 + 6725𝛼3𝛽3 + 3850𝛼2𝛽4 + 600𝛼𝛽5

= 25𝛼𝛽(24𝛼4 + 154𝛼3𝛽 + 269𝛼2𝛽2 + 154𝛼𝛽3 + 24𝛽4)
= 25𝛼𝛽(24(𝛼 + 𝛽)4 + 125𝛼2𝛽2 + 58(𝛼3𝛽 + 𝛼𝛽3))

Substituting in Schubert cycles, we get

= 25𝜎1,1(24𝜎4
1 + 125𝜎2

1,1 + 58𝛼𝛽(𝛼2 + 𝛽2))
= 25𝜎1,1(24𝜎4

1 + 125𝜎2
1,1 + 58𝜎1,1((𝛼 + 𝛽)2 − 2𝛼𝛽))

= 25𝜎1,1(24𝜎4
1 + 125𝜎2

1,1 + 58𝜎1,1(𝜎2
1 − 2𝜎1,1))
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Using Pieri’s Formula again, we have

𝜎1𝜎1,1 = 𝜎2,1
𝜎2

1 = 𝜎1,1 + 𝜎2
𝜎2𝜎1,1 = 𝜎3,1

𝜎2𝜎1 = 𝜎3 + 𝜎2,1
𝜎1𝜎2,1 = 𝜎3,1 + 𝜎2,2

𝜎1𝜎3 = 𝜎3,1
𝜎2

2 = 𝜎3,1 + 𝜎2,2

Therefore, we get 𝜎4
1 = 3𝜎3,1 + 2𝜎2,2 and 𝜎1,1(𝜎2

1 − 2𝜎1,1) = 𝜎3,1 + 𝜎2,2 − 2𝜎2
1,1.

This gives

𝑐6(𝑄) = 25𝜎1,1(24𝜎4
1 + 125𝜎2

1,1 + 58𝜎1,1(𝜎2
1 − 2𝜎1,1))

= 25𝜎1,1(130𝜎3,1 + 48𝜎2,2 + 67𝜎2
1,1)

We can find 𝜎2
1,1 by using what we know about 𝜎2

1 and 𝜎4
1 :

(𝜎2
1)2 = 𝜎4

1
(𝜎1,1 + 𝜎2)2 = 3𝜎3,1 + 2𝜎2,2

𝜎2
1,1 + 2𝜎1,1𝜎2 + 𝜎2

2 = 3𝜎3,1 + 2𝜎2,2

⇒ 𝜎2
1,1 = 𝜎2,2

So we now have our Chern class as

𝑐6(𝑄) = 25𝜎1,1(130𝜎3,1 + 115𝜎2,2)

It remains to find 𝜎1,1𝜎3,1 and 𝜎1,1𝜎2,2. Starting with the former, knowing that
𝜎2𝜎1,1 = 𝜎3,1, we can multiply both sides by 𝜎1,1 further to get 𝜎3,1𝜎1,1 = 𝜎2𝜎2,2.
Using Pieri’s Formula once again, we see that this is equal to 0. For the latter, we
see that

𝜎2
1 = 𝜎1,1 + 𝜎2

⇒ 𝜎2
1𝜎2,2 = 𝜎1,1𝜎2,2 + 𝜎2𝜎2,2

Using Pieri’s Formula yet again, we have that 𝜎2
1𝜎2,2 = 𝜎3,3 = 𝜎1,1𝜎2,2. Thus

we have 𝑐6(𝑄) = 2875𝜎3,3. Integrating this over 𝐺(2, 5), we get 2875 lines as
desired.
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8 Excess Intersection
Question 8.1. Assuming the validity of the Splitting Principle, prove the formula

𝑐(𝐸/𝐹 ) = 𝑐(𝐸)
𝑐(𝐹 )

for the Chern classes of a quotient bundle.

Proof. Recall that the Splitting Principle states that a rank-𝑟 vector bundle can
thought of as able to be decomposed into a direct sum of 𝑟 line bundles.

We know from the text that 𝑐(𝐿1 ⊕ ... ⊕ 𝐿𝑟) = ∏𝑟
𝑖=1(1 + 𝑐1(𝐿𝑖)). Choose a

basis of 𝐸 which we’ll label as {𝑥1, ..., 𝑥𝑛}, where 𝑥𝑖 is the basis of 𝐿𝑖. Our basis
of a subbundle 𝐹 will be given by {𝑥1, ..., 𝑥𝑘}, 𝑘 ≤ 𝑛, so the basis of 𝐸/𝐹 is given
by {𝑥𝑘+1, ..., 𝑥𝑛}. Then we have

𝑐(𝐸)
𝑐(𝐹 ) =

𝑟
∏
𝑖=1

(1 + 𝑐1(𝐿𝑖))

𝑘
∏
𝑖=1

(1 + 𝑐1(𝐿𝑖))
=

𝑟

∏
𝑖=𝑘+1

(1 + 𝑐1(𝐿𝑖))

This is the same Chern class of the (𝐿𝑘+1 ⊕...⊕𝐿𝑛) bundle, which by the Splitting
principle we set as equivalent to 𝐸/𝐹 .
Question 8.2. Let 𝑋 ⊂ ℙ𝑛 be a smooth hypersurface of degree 𝑑, and let 𝑁 be
the normal bundle of 𝑋 in ℙ𝑛. Prove that 𝑁 ≃ 𝒪ℙ𝑛(𝑑)|𝑋 . Hint: let 𝐹 be a
homogeneous polynomial of degree 𝑑 with 𝑋 = 𝑍(𝐹 ), and consider the map

𝜓 ∶ 𝑇 ℙ𝑛|𝑋 → 𝒪ℙ𝑛(𝑑)|𝑋 , 𝜓(𝜃) = 𝜃(𝐹 )|𝑋 .

Show that 𝜓(𝑇 𝑋) = 0 and that 𝜓 induces an isomorphism from 𝑁 to 𝒪ℙ𝑛(𝑑)|𝑋 .

Proof. First we remind ourselves that, proven in the final exercise of Chapter 6,
𝒪ℙ𝑛(𝑑) has sections of inhomogeneous degree 𝑑 polynomials: If𝑈𝛼 is our standard
chart on ℙ𝑛 (𝑐𝛼 ≠ 0), i.e. coordinates on 𝑈𝛼 ⊂ ℙ𝑛 are given by

( 𝑐0
𝑐𝛼

, ..., 𝑐𝛼−1
𝑐𝛼

,
𝑐𝛼+1
𝑐𝛼

, ..., 𝑐𝑛
𝑐𝛼

) ∶= (𝑧1, ..., 𝑧𝑛) ∈ 𝑈𝛼 ⊂ ℙ𝑛

with sections ℙ𝑛 → 𝒪ℙ𝑛(𝑑) and transition functions given by

𝐺(𝑧1, ..., 𝑧𝑛), 𝑔𝛽𝛼 = (𝑐𝛼
𝑐𝛽

)𝑑
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where 𝐺(𝑧1, ..., 𝑧𝑛) is a homogeneous polynomial of degree 𝑑.
We follow the hint and let 𝐹 be the homogeneous polynomial with 𝑋 = 𝑍(𝐹 ).
First we provewell-definedness. In𝑈𝛼∩𝑋 we’ll label our coordinates (𝑧1, ..., 𝑧𝑛)

and in 𝑈𝛽 ∩ 𝑋 we’ll label our coordinates (𝑧′
1, ..., 𝑧′

𝑛). For 𝑈𝛼 ∩ 𝑈𝛽 ∩ 𝑋 we have

𝜃𝛼 ∶ =
𝑛

∑
𝑖=1

𝑓𝑖
𝜕

𝜕𝑧𝑖

=
𝑛

∑
𝑖,𝑗=1

𝑓𝑖
𝜕𝑧′

𝑗
𝜕𝑧𝑖

𝜕
𝜕𝑧′

𝑗

= 𝑔𝛼𝛽𝜃𝛽

From the Chain Rule,

𝜕𝐹 (𝑧0, ..., 𝑧𝑛)
𝜕𝑧𝑖

=
𝜕𝑧′

𝑗
𝜕𝑧𝑖

𝜕𝐹 (𝑧′
1(𝑧1, ..., 𝑧𝑛), ..., 𝑧′

𝑛(𝑧1, ..., 𝑧𝑛))
𝜕𝑧′

𝑗
,

so 𝜓(𝜃𝛼) = 𝜓(𝑔𝛼𝛽𝜃𝛽) on 𝑈𝛼 ∩ 𝑈𝛽 ∩ 𝑋. Therefore, 𝜓 is well-defined.
For each section 𝜃 = ∑

𝑖
𝑓𝑖

𝜕
𝜕𝑧𝑖

of 𝑇 ℙ𝑛|𝑋 , 𝜓 gives us the vector field ∑
𝑖

𝑓𝑖
𝜕𝐹
𝜕𝑧𝑖

.

Note that ( 𝜕𝐹
𝜕𝑧𝑖

) is the gradient of 𝐹 , which is normal to 𝑋. Therefore, if (𝑓𝑖) is a
vector tangent to 𝑋, i.e. ∈ 𝑇 𝑋, (𝑓𝑖) ⋅ ( 𝜕𝐹

𝜕𝑧𝑖
) = 0. Thus 𝜓|𝑇 𝑋 = 0. Alternatively,

we note that, since 𝜓 is coordinate-independent and 𝐹 gives a section 𝑠 of 𝒪ℙ𝑛(𝑑),
𝑠 can be locally expressed as

𝑠 = (0, ..., 0, 𝑧𝑛),

with 𝑍(𝐹 ) = 𝑋 having coordinates (𝑧1, ..., 𝑧𝑛−1). Elements of 𝑇 𝑋 are given by
(𝑓1

𝜕
𝜕𝑧1

, ..., 𝑓𝑛−1
𝜕

𝜕𝑧𝑛−1
, 0), so we have

𝜃(𝐹 )|𝑋 =
𝑛−1

∑
𝑖=1

𝜕𝑠
𝜕𝑧𝑖

=
𝑛−1

∑
𝑖=1

𝜕
𝜕𝑧𝑖

(0, ..., 0, 𝑧𝑛) = 0

Thus 𝜓(𝑇 𝑋) = 0.
Next we prove isomorphism. Denote 𝐹 expressed in 𝑈𝛼 coordinates by 𝐹𝛼. 𝐹𝛼

can be expressed as 1
𝑥𝑑

𝛼
𝑓𝛼(𝑥1, ..., 𝑥𝛼−1, 𝑥𝛼+1, ..., 𝑥𝑛), where 𝑓𝛼 is a homogeneous
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degree 𝑑 polynomial in 𝑛 − 1 variables. Therefore, transition functions 𝑔′
𝛼𝛽 from

𝐹𝛼 to 𝐹𝛽 are given by (𝑥𝛼
𝑥𝛽

)𝑑 . We then have

𝜓(𝜃𝛽) = 𝜃𝛽(𝐹𝛽)|𝑋
= 𝑔𝛼𝛽𝜃𝛼(𝑔′

𝛼𝛽𝐹𝛼)|𝑋

= 𝑔𝛼𝛽[𝜃𝛼(𝑔′
𝛼𝛽)𝐹𝛼|𝑋 + 𝑔′

𝛼𝛽𝜃𝛼(𝐹𝛼)|𝑋]
= 𝑔𝛼𝛽[0 + 𝑔′

𝛼𝛽𝜃𝛼(𝐹𝛼)|𝑋]

= (𝑥𝛼
𝑥𝛽

)𝑑𝑔𝛼𝛽𝜃𝛼(𝐹𝛼)|𝑋

The (𝑥𝛼
𝑥𝛽

)𝑑 are exactly the transition functions of 𝒪ℙ𝑛(𝑑), so 𝜓 induces an isomor-
phism from 𝑇 ℙ𝑛/𝑇 𝑋|𝑋 = 𝑁 to 𝒪ℙ𝑛(𝑑)|𝑋 .

Question 8.3. Check that the map 𝒪ℙ𝑛(1)𝑛+1 → 𝑇 ℙ𝑛 defined by

(𝑙0, ..., 𝑙𝑛) ↦
𝑛

∑
𝑖=0

𝑙𝑖
𝜕

𝜕𝑥𝑖

is onto and identifies 𝑇 ℙ𝑛 with the quotient of𝒪ℙ𝑛(1)𝑛+1 by a trivial line subbundle.

Proof. We will choose local coordinates in 𝑈𝛼, which we’ll label 𝑥 = (𝑥0, ..., 𝑥𝑛).
Suppose we have an arbitrary element ∑𝑛

𝑖=0 𝑎𝑖
𝜕

𝜕𝑥𝑖
in 𝑇𝑥ℙ𝑛. Since we have 𝑛 + 1

coefficients 𝑎𝑖, we can find 𝑛2 values 𝑙⋅⋅ such that 𝑙𝑖(𝑥) = 𝑎𝑖 for all 𝑖:

⎛
⎜
⎜
⎝

𝑙0(𝑥)
⋮

𝑙𝑛(𝑥)

⎞
⎟
⎟
⎠

∶=
⎛
⎜
⎜
⎝

𝑙00 ... 𝑙0𝑛
⋮ ⋱ ⋮

𝑙𝑛0 ... 𝑙𝑛𝑛

⎞
⎟
⎟
⎠

⎛
⎜
⎜
⎝

𝑥0
⋮
𝑥𝑛

⎞
⎟
⎟
⎠

=
⎛
⎜
⎜
⎝

𝑎0
⋮
𝑎𝑛

⎞
⎟
⎟
⎠

Thus we can find an element (𝑙0, ..., 𝑙𝑛) ∈ 𝒪ℙ𝑛(1)𝑛+1 such that the image of this
map is our arbitrarily selected element of 𝑇 ℙ𝑛. Therefore the mapping is onto.

We saw in the text that the trivial line subbundle 𝐹 generated by (𝑥0, ..., 𝑥𝑛) ∈
𝒪ℙ𝑛(1)𝑛+1 maps to 0 in 𝑇 ℙ𝑛 as a consequence of Euler’s Formula, i.e. is the kernel
of this mapping. Then by the First Isomorphism Theorem of modules, since 𝑇 ℙ𝑛

is the image of this mapping, 𝑇 ℙ𝑛 ≅ 𝒪ℙ𝑛(1)𝑛+1/𝐹 .

Question 8.4. Let 𝑄1, 𝑄2, 𝑄3 be degree 2 hypersurfaces in ℙ3 which contain a
line 𝐿 but are otherwise general. Suppose that 𝑄1 ∩ 𝑄2 ∩ 𝑄3 = 𝐿 ∪ {𝑝1, ..., 𝑝𝑘}.
Find 𝑘.
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Proof. Since 𝑄1, 𝑄2, and 𝑄3 are general, we assume they aren’t singular or double
lines. We view 𝐿 as ℙ1 in ℙ3. We denote 𝐻 ∈ 𝐻2(ℙ3), ℎ ∈ 𝐻2(ℙ1) as the
hyperplane classes of ℙ3, ℙ1, respectively. Note that the restriction of 𝒪ℙ3(1)|ℙ1

is 𝒪ℙ1(1), so the restriction of 𝐻 to ℙ1 is ℎ. Calculating the Chern class of the
normal bundle 𝑁𝐿/ℙ3 yields

𝑐(𝑇 ℙ3|ℙ1)
𝑐(𝑇 ℙ1)

= (1 + 𝐻)4|ℙ1

(1 + ℎ)2 = (1 + ℎ)4

(1 + ℎ)2 = (1 + ℎ)2 = 1 + 2ℎ + ℎ2 = 1 + 2ℎ

We view (𝑄1, 𝑄2, 𝑄3) as a section of 𝒪ℙ3(2)3, and then compute the Chern class
of the excess bundle 𝐵 = 𝒪ℙ3(2)3|ℙ3/𝑁𝐿/ℙ3:

𝑐(𝐵) = 𝑐(𝒪ℙ3(2)3|ℙ1)
𝑐(𝑁𝐿/ℙ3) = (1 + 2𝐻)3|ℙ1

1 + 2ℎ = (1 + 2ℎ)3

1 + 2ℎ = 1 + 4ℎ

Therefore 𝑐1(𝐵) = 4ℎ and ∫ℙ1 𝑐1(𝐵) = 4.
Bezout’s Theorem gives 2∗2∗2 = 8 points of intersection. Since we calculated

that 4 of these are due to our conics’ common line, there must be 4 extra points of
intersection.

9 Rational Curves on the Quintic Threefold
Question 9.1. Find all automorphisms of the stable map 𝑓 ∶ 𝐶 → ℙ4 described
as follows. The curve 𝐶 has two components 𝐶1 and 𝐶2, with restrictions 4𝑓𝑖 of
𝑓 to 𝐶𝑖 given by

𝑓1(𝑥0, 𝑥1) = (𝑥3
0, 𝑥3

1, 0, 0, 0)
𝑓2(𝑥0, 𝑥1) = (𝑥3

1, 𝑥3
0, 0, 0, 0).

We have described 𝑓𝑖 by identifying each 𝐶𝑖 with ℙ1. The curve 𝐶 has a single
node, formed by joining the point (0,1) of 𝐶1 to the point (1,0) of 𝐶2.

Proof. We wish to find automorphisms 𝑔(𝑥0, 𝑥1) ↦ (𝑎0𝑥0 + 𝑎1𝑥1, 𝑏0𝑥0 + 𝑏1𝑥1)
such that their images, when cubed, give 𝑥2

0 and 𝑥3
1 or vice versa. Expanding this

out, this means we require either 𝑎3
0 = 𝑏3

1 = 1, 𝑎1 = 𝑏0 = 0, or 𝑎3
1 = 𝑏3

0 =
1, 𝑎0 = 𝑏1 = 0. Recall that we’re working in ℂ, so these coefficients are allowed
to take third roots of unity 𝑒𝑖2𝜋/3 and their powers. Assigning each of 𝑎0, 𝑏1 ∈
{𝑒𝑖2𝜋/3, 𝑒𝑖4𝜋/3, 1} in the case where 𝑎1 = 𝑏0 = 0 yields an automorphism group
ℤ3 × ℤ3. Including the other case adds a factor of ℤ2, as it flips the values 𝑎0 ↔
𝑎1, 𝑏0 ↔ 𝑏1, so the automorphism group is ℤ3 × ℤ3 × ℤ2.
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Question 9.2. It was asserted that 𝐸5 is a rank 11 vector bundle on 𝑀(ℙ4, 2).
Check that dim(𝐸5)𝑓 = 11 for the stable map 𝑓 ∶ 𝐶 → ℙ4 described as follows.
The curve 𝐶 has two components 𝐶1 and 𝐶2, with restrictions 𝑓𝑖 of 𝑓 to 𝐶𝑖 given
by

𝑓1(𝑥0, 𝑥1) = (𝑥0, 𝑥1, 0, 0, 0)

and

𝑓2(𝑥0, 𝑥1) = (0, 𝑥0, 𝑥1, 0, 0).

We have described 𝑓𝑖 by identifying each 𝐶𝑖 with ℙ1. The curve 𝐶 has a single
node, formed by joining the point (0,1) of 𝐶1 to the point (1,0) of 𝐶2.

Proof. In the text, (𝐸5)𝑓 is defined as

(𝐸5)𝑓 = 𝐻0(𝑓 ∗(𝒪ℙ4(5)))

which is the vector space of sections of the pullback of 𝒪ℙ4(5) to 𝐶 .
Sections of 𝒪ℙ4(5) correspond to degree 5 homogeneous polynomials over ℙ4.

We choose an arbitrary section ∑
|𝐼|=5

𝑐𝐼𝑥𝐼 . There are two variables in ℙ1 among

which we need to choose five terms with replacement where order doesn’t matter,
i.e. |𝑐𝐼 | = (𝑛+𝑑

𝑑 ) = (9
5) = 3024 terms in this polynomial. The pullback corre-

sponds to setting 𝑛 to 1, as the preimage of each of the components of 𝑓 is ℙ1, so
there are (1+𝑑

𝑑 ) = 𝑑 + 1 coefficients. Since there are two components, we have a
2(𝑑 + 1) coefficients. However, one of them is shared, as there is one node, so the
vector space of sections is 2(𝑑 + 1) − 1 = 2𝑑 + 1-dimensional.

We can see this explicitly for 𝑓 : The pullback via 𝑓 corresponds to setting
𝑥3 = 𝑥4 = 0 and either 𝑥2 = 0 or 𝑥0 = 0 in the polynomial, so that only the terms
with coefficients either 𝑐⋅⋅000 or 𝑐0⋅⋅00 are kept:

𝑐50000𝑥5
0 + 𝑐41000𝑥4

0𝑥1 + 𝑐32000𝑥3
0𝑥2

1 + 𝑐23000𝑥2
0𝑥3

1 + 𝑐14000𝑥1
0𝑥4

1 + 𝑐05000𝑥5
1,

𝑐05000𝑥5
0 + 𝑐04100𝑥4

0𝑥1 + 𝑐03200𝑥3
0𝑥2

1 + 𝑐02300𝑥2
0𝑥3

1 + 𝑐01400𝑥1
0𝑥4

1 + 𝑐00500𝑥5
1

Thus we have 11 unique (𝑐05000 shows up twice) coefficients that are kept in the
pullback. These correspond to sections of the pullback 𝑓 ∗(𝒪ℙ4(5)), so this is an
11-dimensional vector space.

Question 9.3. Now prove that for any 𝑓 ∈ 𝑀(ℙ4, 𝑑),we have dim(𝐸5)|𝑓 = 5𝑑+1.
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Proof. From the previous problem, we have that sections of each component 𝑓𝑖
correspond to 𝒪ℙ1(5𝑐𝑖), where 𝑐𝑖 is the degree of 𝑓𝑖: if 𝑓𝑖 ∶ ℙ1 → ℙ4 defines an
irreducible rational curve of degree 𝑐𝑖, then 𝑓 ∗(𝒪ℙ4(𝑐𝑖)) ≃ 𝒪ℙ1(5𝑐𝑖) since degree
𝑐𝑖 polynomials in the variables of ℙ4 pull back via 𝑓𝑖 to polynomials of degree 5𝑐𝑖
in the variables of ℙ1. Each of these sections are classified by (1+5𝑐𝑖

5𝑐𝑖
) = 5𝑐𝑖 + 1

coefficients corresponding to the terms in the homogeneous polynomials. Suppose
our stable map has 𝑚 components. For each component, we then have 5𝑐𝑖 + 1

coefficients, so we have
𝑚
∑
𝑖=1

(5𝑐𝑖+1) coefficients in total. However, wemust subtract

the number of nodes, as these are shared coefficients. For 𝑚 components, we have
𝑚 − 1 nodes which we must subtract, so we have

𝑚

∑
𝑖=1

(5𝑐𝑖 + 1) − (𝑚 − 1) = 5
𝑚

∑
𝑖=1

𝑐𝑖 + 𝑚 − 𝑚 + 1

= 5𝑑 + 1
unique sets of coefficients, and therefore a (5𝑑 +1)−dimensional vector space.

10 Mechanics
In the first two exercises, 1-dimensional Newtonian mechanics is generalized to
𝑛 dimensions. A path is given in coordinates by a vector-valued function x(𝑡) =
(𝑥1(𝑡), ..., 𝑥𝑛(𝑡)). Introduce a potential function 𝑉 (x). The action is

𝑆 = ∫
𝑡1

𝑡0 (
𝑚
2

𝑛

∑
𝑖=1 (

𝑑𝑥𝑖
𝑑𝑡 )

2
− 𝑉 (x)

)
𝑑𝑡

Question 10.1. Derive the equations of motion 𝑚𝑑2𝑥𝑖/𝑑𝑡2 + 𝜕𝑉 /𝜕𝑥𝑖 = 0. If we
put F = −∇𝑉 , this is just the familiar F = 𝑚a.
Proof. The Lagrangianℒ is the integrand, and the Euler-Lagrange Equations give

𝛿ℒ
𝛿𝑥𝑖(𝑡)

= 𝑑
𝑑𝑡 (

𝛿ℒ
𝛿𝑥′

𝑖 (𝑡))
𝜕𝑉
𝜕𝑥𝑖

= 𝑑
𝑑𝑡 (𝑚𝑑𝑥𝑖

𝑑𝑡 )
𝜕𝑉
𝜕𝑥𝑖

= 𝑚𝑑2𝑥𝑖
𝑑𝑡2
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for each 𝑥𝑖(𝑡). Summing both sides over all 𝑥𝑖(𝑡), we get = ∇𝑉 + 𝑚a = 0.

Question 10.2. Fro 𝑛 = 3, let 𝑟 = √𝑥2
1 + 𝑥2

2 + 𝑥2
3 and suppose that 𝑉 = 𝑉 (𝑟).

Show that the action is invariant under rotations x → x’ = 𝐴x, where 𝐴 is the
3 × 3 matrix of a rotation (which satisfies 𝐴𝐴𝑡 = 𝐼, the identity matrix) and x, x’
are expressed as column vectors. What quantity is conserved by rotation about the
third axis, i.e., by the rotations with matrix

𝐴 =
⎛
⎜
⎜
⎝

cos(𝜃) − sin(𝜃) 0
sin(𝜃) cos(𝜃) 0

0 0 1

⎞
⎟
⎟
⎠

∗ .

*The center entry in my copy of the book says sin(𝜃) but it should be cos(𝜃).
Proof. The only term in the Lagrangian concerning 𝑥𝑖(𝑡) is the potential function.
Note that we have 𝑉 (𝑟) = 𝑉 (√x𝑡x). Therefore, with the transformation x → 𝐴x,
we have 𝑉 (𝑟) → 𝑉 (√(𝐴x)𝑡𝐴x) = 𝑉 (√x𝑡𝐴𝑡𝐴x) = 𝑉 (√x𝑡x) = 𝑉 (𝑟).
Taking an infinitesimal rotation, we Taylor Expand our rotation to first order:

𝑥1 → 𝑥1 − 𝜃𝑥2
𝑥2 → 𝜃𝑥1 + 𝑥2
𝑥3 → 𝑥3

Thus our potential function gets transformed to first order as
𝑉 (x) → 𝑉 (𝐴x) (2)

→ 𝑉 (x) +
3

∑
𝑖=1

𝜕𝑉
𝜕𝑥𝑖

(𝐴𝑥𝑖 − 𝑥𝑖) (3)

= 𝑉 (x) + 𝜕𝑉
𝜕𝑥1

(−𝜃𝑥2) + 𝜕𝑉
𝜕𝑥2

(𝜃𝑥1) (4)

= 𝑉 (x) − 𝜃(∇𝑉 × x)2𝐷 (5)
= 𝑉 (x) − 𝜃(𝑚a × x)2𝐷 (6)

Since our potential is the only term in our action that depends on x, the variation
in our action is

𝛿𝑆 = − ∫ (𝜃𝑚a × x)2𝐷 𝑑𝑡

= −𝜃𝑚v × x|𝑡1
𝑡0

= −𝜃p × x|𝑡1
𝑡0

56



Since 𝛿𝑆 = 0, the p × x (in dimensions 1 and 2, in this case) must be the same at
𝑡0 and 𝑡1, so the p × x is conserved. This is canonically angular momentum.

Question 10.3. a Check that the infinitesimal transformation

𝛿𝑥(𝑡) = −𝜖 𝑑𝑥
𝑑𝑡

is a symmetry of the action given by

𝑆 = ∫
𝑡1

𝑡0
(

𝑚
2 (

𝑑𝑥
𝑑𝑡 )

2
− 𝑉 (𝑥(𝑡))) 𝑑𝑡

Use Noether’s method applied to the above infinitesimal transformation to

derive the conservation of total energy (𝐻(𝑡) = 1
2𝑚 (

𝑑𝑥
𝑑𝑡 )

2
+ 𝑉 (𝑥)) of a 1-

dimensional particle in the presence of a potential 𝑉 (𝑥). In the above, 𝜖 is
an infinitesimal parameter.

b Check directly that the total energy is conserved, usingNewton’s Law (𝑚𝑑2𝑥
𝑑𝑡2 +

𝑉 ′(𝑥) = 0).
Proof. a Notice that 𝑥 − 𝜖 𝑑𝑥

𝑑𝑡 is the Taylor expansion of 𝑥(𝑡 + 𝜖). Since 𝑡 is
unchanged, the position function doesn’t change, and the Lagrangian just
experiences a change of variables - shifting 𝑡 in the function doesn’t change
the integral. Therefore the infinitesimal transformation is a symmetry.
Substituting 𝑥 + 𝛿𝑥 into our action, we get

𝑆′ = ∫
𝑡1

𝑡0 (
𝑚
2 (

𝑑𝑥
𝑑𝑡 − 𝜖 𝑑2𝑥

𝑑𝑡2 )
2

− 𝑉 (𝑥 − 𝜖 𝑑𝑥
𝑑𝑡 )

)
𝑑𝑡

≈ ∫
𝑡1

𝑡0 (
𝑚
2 ((

𝑑𝑥
𝑑𝑡 )

2
− 2𝜖 𝑑2𝑥

𝑑𝑡2
𝑑𝑥
𝑑𝑡 )

2
− 𝑉 (𝑥 − 𝜖 𝑑𝑥

𝑑𝑡 )
)

𝑑𝑡

where we remove higher order terms of 𝜖. Taylor expanding the potential
term, we get

𝑆′ = ∫
𝑡1

𝑡0
(

𝑚
2 ((

𝑑𝑥
𝑑𝑡 )

2
− 2𝜖 𝑑2𝑥

𝑑𝑡2
𝑑𝑥
𝑑𝑡 ) − 𝑉 (𝑥) + 𝜖 𝜕𝑉

𝜕𝑥
𝑑𝑥
𝑑𝑡 )) 𝑑𝑡

= ∫
𝑡1

𝑡0
(

𝑚
2 ((

𝑑𝑥
𝑑𝑡 )

2
− 2𝜖 𝑑2𝑥

𝑑𝑡2
𝑑𝑥
𝑑𝑡 ) − 𝑉 (𝑥) + 𝜖 𝜕𝑉

𝜕𝑡 )) 𝑑𝑡
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Subtracting our action that had the original 𝑥 position, we get

𝛿𝑆 = ∫
𝑡1

𝑡0
(−𝜖 𝑚

2 2𝑑2𝑥
𝑑𝑡

𝑑𝑥
𝑑𝑡 + 𝜖 𝜕𝑉

𝜕𝑡 ) 𝑑𝑡

= ∫
𝑡1

𝑡0
𝜖 (

𝜕
𝜕𝑡 (

𝑚
2

𝑑𝑥
𝑑𝑡

𝑑𝑥
𝑑𝑡 ) + 𝜕𝑉

𝜕𝑡 ) 𝑑𝑡

= 𝜖 [
𝑚
2 (

𝑑𝑥
𝑑𝑡 )

2
+ 𝑉 (𝑥)]

𝑡1

𝑡0

Since 𝛿𝑆 = 0, this means that the quantity 𝑚
2 (

𝑑𝑥
𝑑𝑡 )

2
+ 𝑉 (𝑥) is constant.

b Taking the time derivative of the total energy 𝐻(𝑡) = 1
2𝑚 (

𝑑𝑥
𝑑𝑡 )

2
+ 𝑉 (𝑥), we

get

𝜕𝐻(𝑡)
𝜕𝑡 = 𝑚𝑑𝑥

𝑑𝑡
𝑑2𝑥
𝑑𝑡2 + 𝜕𝑉 (𝑥)

𝜕𝑡
= −𝜕𝑉 (𝑥)

𝜕𝑥
𝑑𝑥
𝑑𝑡 + 𝜕𝑉 (𝑥)

𝜕𝑡
by Newton’s Law. By the Chain rule we have

−𝜕𝑉 (𝑥)
𝜕𝑥

𝑑𝑥
𝑑𝑡 + 𝜕𝑉 (𝑥)

𝜕𝑡 = −𝜕𝑉 (𝑥)
𝜕𝑡 + 𝜕𝑉 (𝑥)

𝜕𝑡 = 0

Therefore total energy is constant i.e. conserved.

Question 10.4. Give a very crude approximation for the path integral using

𝑆 = ∫
𝑡1

𝑡0
(

𝑚
2 (

𝑑𝑥
𝑑𝑡 )

2
− 𝑉 (𝑥(𝑡))) 𝑑𝑡

as follows. Pick an integer 𝑁 , rename the right-hand endpoint of the interval to be
𝑡𝑁 , put Δ𝑡 = (𝑡𝑁 −𝑡0)/𝑁 , and divide [𝑡0, 𝑡𝑁 ] into 𝑁 intervals [𝑡𝑖, 𝑡𝑖+1] of length Δ𝑡.
Put 𝑥𝑖 = 𝑥(𝑡𝑖) for 1 ≤ 𝑖 ≤ 𝑁 − 1. Approximate the path integral as an appropriate
finite-dimensional integral 𝑃𝑁 over the ordinary variables 𝑥1, ..., 𝑥𝑁−1.

The path integral can be “defined” by letting 𝑁 → ∞.
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Proof. We begin by splitting up the action into these time intervals. Define

𝑆𝑖 ∶= ∫
𝑡𝑖

𝑡𝑖−1
(

𝑚
2 (

𝑥𝑖 − 𝑥𝑖−1
Δ𝑡 )

2
− 𝑉 (𝑥𝑖 − 𝑥𝑖−1)) 𝑑𝑡

≈ 𝑚
2Δ𝑡(𝑥𝑖 − 𝑥𝑖−1)2 − 𝑉 (𝑥𝑖 − 𝑥𝑖−1)Δ𝑡

The full action 𝑆 is the sum of the 𝑆𝑖, so our action under this approximation is

𝑆 =
𝑁−1

∑
𝑖=1

𝑚
2Δ𝑡(𝑥𝑖 − 𝑥𝑖−1)2 − 𝑉 (𝑥𝑖 − 𝑥𝑖−1)Δ𝑡

Each of the 𝑥𝑖, 1 ≤ 𝑖 ≤ 𝑁 − 1 can range over the entire 1-dimensional domain,
(−∞, ∞), so our path integral approximation 𝑃𝑁 becomes

𝑃𝑁 = ∫
∞

−∞
... ∫

∞

−∞

⎛
⎜
⎜
⎝

𝑁−1

∑
𝑖=1

𝑚
2Δ𝑡(𝑥𝑖 − 𝑥𝑖−1)2 − 𝑉 (𝑥𝑖 − 𝑥𝑖−1)Δ𝑡

⎞
⎟
⎟
⎠

𝑑𝑥1...𝑑𝑥𝑁−1

11 Introduction to Supersymmetry
Question 11.1. If the 𝜓𝑖 are anticommuting variables, express 𝑒𝑥2+𝑥𝜓1𝜓2−𝜓3𝜓4 as
a polynomial in the 𝜓𝑖 whose coefficients are functions of 𝑥.

Proof. Since 𝑒𝑥 =
∞
∑
𝑛=0

𝑥𝑛

𝑛! , we factor our exponential into

𝑒𝑥2+𝑥𝜓1𝜓2−𝜓3𝜓4 = 𝑒𝑥2𝑒𝑥𝜓1𝜓2𝑒−𝜓3𝜓4

= 𝑒𝑥2

(

∞

∑
𝑛=0

(𝑥𝜓1𝜓2)𝑛

𝑛! ) (

∞

∑
𝑛=0

(−𝜓3𝜓4)𝑛

𝑛! )

= 𝑒𝑥2
(1 + 𝑥𝜓1𝜓2) (1 − 𝜓3𝜓4)

since (𝜓𝑖𝜓𝑗)𝑛 = 0 for 𝑛 ≥ 2. Therefore our polynomial in 𝜓𝑖 is

𝑒𝑥2 − 𝑒𝑥2𝜓3𝜓4 + 𝑥𝑒𝑥2𝜓1𝜓2 − 𝑥𝑒𝑥2𝜓1𝜓2𝜓3𝜓4
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Question 11.2. Consider a change of fermionic coordinates

𝜓′
1 = 𝑎𝜓1 + 𝑏𝜓2

𝜓′
2 = 𝑐𝜓1 + 𝑑𝜓2

Prove the change of variables formula

∫ 𝑓(𝜓′
1, 𝜓′

2)𝑑𝜓′
1𝑑𝜓′

2 = ∫ 𝑓(𝑎𝜓1 + 𝑏𝜓2, 𝑐𝜓1 + 𝑑𝜓2)(𝑎𝑑 − 𝑏𝑐)−1𝑑𝜓1𝑑𝜓2.

Proof. Subbing in 𝜓′
1 = 𝑎𝜓1 + 𝑏𝜓2, 𝜓′

2 = 𝑐𝜓1 + 𝑑𝜓2, we get the substitution in
the 𝑓 term in the integral, and we also get

𝑑𝜓′
1 = 𝑎𝑑𝜓1 + 𝑏𝑑𝜓2

𝑑𝜓′
2 = 𝑐𝑑𝜓1 + 𝑑𝑑𝜓2

Therefore 𝑑𝜓′
1𝑑𝜓′

2 = (𝑎𝑑𝜓1 + 𝑏𝑑𝜓2)(𝑐𝑑𝜓1 + 𝑑𝑑𝜓2). Multiplying this out, we get
𝑎𝑐𝑑𝜓2

1 + 𝑎𝑑𝑑𝜓1𝑑𝜓2 + 𝑏𝑐𝑑𝜓2𝑑𝜓1 + 𝑏𝑑𝑑𝜓2
2 . Due to anticommutativity, 𝑑𝜓2

1 =
𝑑𝜓2

2 = 0, so 𝑑𝜓′
1𝑑𝜓′

2 is equal to 𝑎𝑑𝑑𝜓1𝑑𝜓2 + 𝑏𝑐𝑑𝜓2𝑑𝜓1 = (𝑎𝑑 − 𝑏𝑐)𝑑𝜓1𝑑𝜓2.
Thus 𝑑𝜓′

1𝑑𝜓′
2 = 1

𝑎𝑑−𝑏𝑐 𝑑𝜓1𝑑𝜓2 by Berezin integration given in the book.

Question 11.3. Let 𝐴 be a 2𝑛 × 2𝑛 skew-symmetric matrix, and let

𝜓 = (𝜓1, ..., 𝜓2𝑛)

be a vector of mutually anticommuting variables. Prove that

∫
1
2𝑒−𝜓𝐴(𝜓)𝑡𝑑𝜓1...𝑑𝜓2𝑛 = Pf(𝐴),

where Pf(𝐴) is the Pfaffian of 𝐴, which satisfies Pf(𝐴)2 = det(𝐴).

Proof. Since𝐴 is skew-symmetric, 𝜓𝐴𝜓 𝑡 = ∑
1≤𝑖<𝑗≤2𝑛

2𝑎𝑖𝑗𝜓𝑖𝜓𝑗 due to anticommu-

tativity. Therefore 1
2𝑒−𝜓𝐴𝜓 𝑡 = 1

2 ∏
1≤𝑖<𝑗≤2𝑛

(1 − 2𝑎𝑖𝑗𝜓𝑖𝜓𝑗) since (𝜓𝑖𝜓𝑗)≥2 = 0. This

product will result in many multiplications of our fermionic variables, but the only
terms that will stay after fermionic integration over all 𝜓𝑖 will be the terms with all
2𝑛 𝜓𝑖s, as other terms will be constant with respect to fermionic integration over a
𝜓𝑗 that isn’t contained in the term. The terms that stay will thus be a signed sum
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of over all permutations 𝑖1, ..., 𝑖2𝑛 for 2𝑛𝑎𝑖1𝑖2 ...𝑎𝑖2𝑛−1𝑖2𝑛𝜓𝑖1 ...𝜓𝑖2𝑛 . Integrating these
terms gives the sum

2𝑛
∑

(𝑖1,...,𝑖2𝑛)∈𝑆𝑦𝑚2𝑛

𝑎𝑖1𝑖2 ...𝑎𝑖2𝑛−1𝑎𝑖2𝑛 ∫ 𝜖𝑖1,...,𝑖2𝑛𝑑𝜓1...𝑑𝜓2𝑛

= 2𝑛
∑

(𝑖1,...,𝑖2𝑛)∈𝑆𝑦𝑚2𝑛

𝜖𝑖1,...,𝑖2𝑛𝑎𝑖1𝑖2 ...𝑎𝑖2𝑛−1𝑎𝑖2𝑛

where 𝜖 is the Levi-Civita symbol for 2𝑛 elements. This is exactly the Pfaffian.

Question 11.4. Check that the direct calculation

𝑍 = ∫ exp(𝑆(𝑥, 𝜓1, 𝜓2))𝑑𝑥𝑑𝜓1𝑑𝜓2

= ∫ exp(−ℎ′(𝑥)2/2 + ℎ″(𝑥)𝜓1𝜓2)𝑑𝑥𝑑𝜓1𝑑𝜓2

= 𝑐√𝜋, 𝑐 ∈ {0, 1, −1}

of the (0+1)-dimensional supersymmetric path integral agrees with the localiza-
tion calculation

𝑍
√𝜋

= ∑
ℎ′(𝑥𝑖)=0

𝜖𝑖, 𝜖𝑖 =
{

+1 ℎ″(𝑥𝑖) > 0
−1 ℎ″(𝑥𝑖) < 0.

in all cases.

Proof. In the direct calculation, if ℎ′ has even degree, then 𝑐 = 0 as ℎ′(−∞) =
ℎ′(∞). If ℎ′ has odd degree, then 𝑐 = ±1, the sign being the same as that of the
leading coefficient 𝑎 of ℎ′, as ℎ′(±∞) = (±sign(𝑎)))∞.

Note that, if there are two adjacent zeros of ℎ′, then ℎ″ must change sign be-
tween these two points - if not, then ℎ″ wouldn’t be able to cross the zero line again
after the first zero.

Suppose that ℎ′ has even degree. Then there are an even number of solutions
𝑥𝑖 to ℎ′(𝑥𝑖) = 0. As outlined in the above note, every zero of ℎ′ is followed by
another zero where ℎ″ is of opposite sign. An even number of zeros means that
the +1 𝜖𝑖s are equal in number of the -1 𝜖𝑖s, giving 𝑍

√𝜋 = 0 if ℎ′ has even degree.
Suppose that ℎ′ has odd degree with leading coefficient 𝑎 > 0. Then ℎ′ has

an odd number of zeros and ℎ′ → −∞ as 𝑥 → −∞. Thus ℎ″ is increasing until
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the most negative zero of ℎ′. Therefore the leftmost zero contributes 𝜖𝑖 = +1 to
the sum. Since there are an odd number of zeros and the corresponding 𝜖𝑖s are
alternating, this sum ends with a +1.

The case where ℎ′ has odd degree with leading coefficient 𝑎 < 0. Then ℎ″ is
decreasing until until the most negative zero of ℎ′. By similar reasoning, the sum
ends with a -1.
Question 11.5. Prove the change of variables formula needed to justify the equal-
ity

𝑍′ = ∫ exp(−𝑆(𝑥̃, 0, 0))𝑑𝑥̃𝑑𝜓̃1𝑑𝜓̃2

Show how this leads to the result that 𝑍 is a sum over the critical points of the
local contributions

𝑍̃ = ±√𝜋
Proof. The change of variables is

(𝑥̃, 𝜓̃1, 𝜓̃2) = (𝑥 − 𝜓1𝜓2
ℎ′(𝑥) , 𝜓1, 𝜓2)

The action given in our original coordinates is the following, where we Taylor
expand then square:

𝑆(𝑥, 𝜓1, 𝜓2) = ℎ′(𝑥 − (𝜓1𝜓2/ℎ′(𝑥))2

2

= 1
2 (ℎ′(𝑥) − ℎ″(𝑥)𝜓1𝜓2

ℎ′(𝑥))
2

= ℎ′(𝑥)2

2 − ℎ″(𝑥)𝜓1𝜓2

𝑒−𝑆 = 𝑒− ℎ′(𝑥)2
2 +ℎ″(𝑥)𝜓1𝜓2

= 𝑒− ℎ′(𝑥)2
2 (1 − ℎ″(𝑥)𝜓1𝜓2)

The book claims that this change of variables satisfies 𝑑𝑥̃𝑑𝜓̃1𝑑𝜓̃2 = 𝑑𝑥𝑑𝜓1𝑑𝜓2,
and even explicitly states that we need the omitted definition of the Berezin integral
to justify this. So I’m not sure what he means, but I’ll just say that

∫ 𝑒−𝑆(𝑥,𝜓1,𝜓2)𝑑𝑥𝑑𝜓1𝑑𝜓2 = ∫ 𝑒− ℎ′(𝑥̃)2
2 𝑑𝑥̃𝑑𝜓̃1𝑑𝜓̃2 = ∫ 𝑒−𝑆(𝑥̃,0,0)𝑑𝑥̃𝑑𝜓̃1𝑑𝜓̃2
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In our coordinate change, our Lagrangian densities change

𝑒− ℎ′(𝑥)2
2 (1 − ℎ″(𝑥)𝜓1𝜓2) → 𝑒− ℎ′(𝑥̃)2

2

One has fermion factors, and the other doesn’t. The integral can therefore only
be nonzero where the coordinate change can’t happen, i.e. when ℎ′(𝑥) = 0. We
conclude that the integral is only contributed to by critical points of ℎ(𝑥).
Question 11.6. Verify that the supersymmetry transformations

𝛿𝑧 = 𝜖1𝜓1 + 𝜖2𝜓2

𝛿𝜓1 = 𝜖2𝑊 ′(𝑧)
𝛿𝜓2 = −𝜖1𝑊 ′(𝑧)

𝛿𝑧 = 𝜖1𝜓1 + 𝜖2𝜓2

𝛿𝜓1 = 𝜖2𝑊 ′(𝑧)
𝛿𝜓2 = −𝜖1𝑊 ′(𝑧)

preserve the action

𝑆 = |𝑊 ′(𝑧)|2 − (𝑊 ″(𝑧))𝜓1𝜓2 − (𝑊 ″(𝑧)) 𝜓1𝜓2

Recall that 𝜖𝑖 are anticommuting parameters.
Proof. Varying different parts of the action, we have

𝛿(|𝑊 ′(𝑧)|2) = 𝛿(𝑊 ′(𝑧)𝑊 ′(𝑧)) = 𝑊 ″(𝑧)𝛿𝑧𝑊 ′(𝑧) + 𝑊 ′(𝑧)𝑊 ″(𝑧)𝛿𝑧,
𝛿(𝑊 ″(𝑧)𝜓1𝜓2) = 𝑊 ‴(𝑧)𝛿𝑧𝜓1𝜓2 + 𝑊 ″(𝑧)𝛿𝜓1𝜓2 + 𝑊 ″(𝑧)𝜓1𝛿𝜓2,

𝛿(𝑊 ″(𝑧)𝜓1𝜓2) = 𝑊 ‴(𝑧)𝛿𝑧𝜓1𝜓2 + 𝑊 ″(𝑧)𝛿𝜓1𝜓2 + 𝑊 ″(𝑧)𝜓1𝛿𝜓2
Therefore the variation of the action is

𝛿𝑆 = 𝑊 ″(𝑧)𝑊 ′(𝑧)(𝜖1𝜓1 + 𝜖2𝜓2) + 𝑊 ′(𝑧)𝑊 ″(𝑧)(𝜖1𝜓1 + 𝜖2𝜓2)
− 𝑊 ‴(𝑧)(𝜖1𝜓1 + 𝜖2𝜓2)𝜓1𝜓2 − 𝑊 ″(𝑧)𝜖2𝑊 ′(𝑧)𝜓2 + 𝑊 ″(𝑧)𝜓1𝜖1𝑊 ′(𝑧)
− 𝑊 ‴(𝑧)(𝜖1𝜓1 + 𝜖2𝜓2)𝜓1𝜓2 − 𝑊 ″(𝑧)𝜖2𝑊 ′(𝑧)𝜓2 + 𝑊 ″(𝑧)𝜓1𝜖1𝑊 ′(𝑧)
= 𝑊 ″(𝑧)𝑊 ′(𝑧)(𝜖1𝜓1 + 𝜖2𝜓2) + 𝑊 ′(𝑧)𝑊 ″(𝑧)(𝜖1𝜓1 + 𝜖2𝜓2)
− 𝑊 ″(𝑧)𝜖2𝑊 ′(𝑧)𝜓2 + 𝑊 ″(𝑧)𝜓1𝜖1𝑊 ′(𝑧)
− 𝑊 ″(𝑧)𝜖2𝑊 ′(𝑧)𝜓2 + 𝑊 ″(𝑧)𝜓1𝜖1𝑊 ′(𝑧)
= 0

Therefore these supersymmetric transformations preserve the action.
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Question 11.7. Complete the calculation at the end of this chapter to show that
if 𝑊 (𝑧) is a polynomial and the critical points of 𝑊 (𝑧) all have multiplicity 1 as
solutions of 𝑊 ′(𝑧) = 0, then 𝑍, appropriately normalized, is just the number of
critical points of 𝑊 , i.e., the degree of 𝑊 ′.
Proof. With the action again given by

𝑆 = |𝑊 ′(𝑧)|2 − (𝑊 ″(𝑧))𝜓1𝜓2 − (𝑊 ″(𝑧)) 𝜓1𝜓2

we seek to compute the partition function

𝑍 = 1
2𝜋 ∫ 𝑒−𝑆𝑑𝑧𝑑𝑧𝑑𝜓1𝑑𝜓2𝑑𝜓1𝑑𝜓2

We start by expanding 𝑒−𝑆 :

𝑍 = 1
2𝜋 ∫ 𝑒−|𝑊 ′(𝑧)|2(1 + 𝑊 ″(𝑧)𝜓1𝜓2)(1 + 𝑊 ″(𝑧)𝜓1𝜓2)𝑑𝑧𝑑𝑧𝑑𝜓1𝑑𝜓2𝑑𝜓1𝜓2

= 1
2𝜋 ∫ 𝑒−|𝑊 ′(𝑧)|2𝑊 ″(𝑧)𝑊 ″(𝑧)𝑑𝑧𝑑𝑧

= 1
2𝜋 ∫ 𝑒−𝑊 ′(𝑧)𝑊 ′(𝑧)𝑊 ″(𝑧)𝑊 ″(𝑧)𝑑𝑧𝑑𝑧

were we did the Berezin integrals over our fermions 𝜓𝑖, 𝜓 𝑖.
We examine the partition function near critical points of 𝑊 (𝑧). Namely, we

expand around each critical point 𝑧𝑐:
𝑊 ′(𝑧) ≈ ����𝑊 ′(𝑧𝑐) + 𝑊 ″(𝑧𝑐)(𝑧 − 𝑧𝑐)
𝑊 ′(𝑧) ≈ ����

𝑊 ′(𝑧𝑐) + 𝑊 ″(𝑧𝑐)(𝑧 − 𝑧𝑐)
so our partition function becomes

𝑍 = 1
2𝜋 ∫ 𝑒−𝑊 ″(𝑧𝑐)(𝑧−𝑧𝑐)𝑊 ″(𝑧𝑐)(𝑧−𝑧𝑐)𝑊 ″(𝑧𝑐)𝑊 ″(𝑧𝑐)𝑑𝑧𝑑𝑧

= |𝑊 ″(𝑧𝑐)|2

2𝜋 ∫ 𝑒−|𝑊 ″(𝑧𝑐)|2|𝑧−𝑧𝑐|2𝑑𝑧𝑑𝑧

First we simplify our measure. Define 𝑎 + 𝑖𝑏 ∶= 𝑧 for 𝑎, 𝑏 ∈ ℝ. Recall that 𝑑𝑧𝑑𝑧
is 𝑑𝑧 ∧ 𝑑𝑧, so we have

𝑑𝑧 ∧ 𝑑𝑧 = 𝑑(𝑎 + 𝑖𝑏) ∧ 𝑑(𝑎 − 𝑖𝑏)
= 𝑑𝑎 ∧ 𝑑𝑎 − 𝑖𝑑𝑎 ∧ 𝑑𝑏 + 𝑖𝑑𝑏 ∧ 𝑑𝑎 + 𝑑𝑏 ∧ 𝑑𝑏
= 2𝑖𝑑𝑏 ∧ 𝑑𝑎
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due to anticommutativity for the wedge product. Our integral then becomes

𝑍 = |𝑊 ″(𝑧𝑐)|2

2𝜋 ∫ 𝑒−|𝑊 ″(𝑧𝑐)|2(𝑎2+𝑏2)2𝑖𝑑𝑏𝑑𝑎

since we’re integrating over all space, so we substitute 𝑎2 + 𝑏2 for |𝑧 − 𝑧𝑐|2 since
𝑎 and 𝑏 are our integration variables.

Recall that a Gaussian integral evaluates
∞
∫

−∞
𝑒−𝑎𝑥2𝑑𝑥 = √

𝜋
𝑎 , so our partition

function integrates to

𝑍 = |𝑊 ″(𝑧𝑐)|2

2𝜋 2𝑖 (√
𝜋

|𝑊 ″(𝑧𝑐)|2 )
2

= 𝑖

around each zero 𝑧𝑐 . Thus the partition function counts the number of critical
points points of 𝑊 , or, if the critical points of 𝑊 (𝑧) all have multiplicity 1, the
degree of 𝑊 ′.

12 Introduction to String Theory
Question 12.1. Suppose that a compact orientable 𝐶∞ surface Σ is equipped with
a Riemannian metric.

a Pick a chart with coordinates (𝑥1, 𝑥2) and an overlapping chart with coor-
dinates (𝑦1, 𝑦2), so that 𝑦1 and 𝑦2 can be expressed as functions of 𝑥1 and
𝑥2. If the metric is written as ∑𝑖𝑗 𝑔𝑖𝑗(𝑥)𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗 in the first chart, find the
expression ∑𝑖𝑗 ℎ𝑖𝑗(𝑦)𝑑𝑦𝑖 ⊗ 𝑑𝑦𝑗 for the same metric in the second chart.

b Verify that the condition of the metric being positive definite is independent
of coordinates, as claimed.

c Verify that the area form, interpreted as a 2-form, is independent of coordi-
nates, as claimed.

Proof. a Recall that the cotangent coordinates are such that 𝑑𝑥𝑗 = ∑𝑘
𝜕𝑥𝑗
𝜕𝑦𝑘

𝑑𝑦𝑘.
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Then the metric is written

∑
𝑖𝑗

𝑔𝑖𝑗(𝑥)𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗 = ∑
𝑖𝑗

𝑔𝑖𝑗(𝑥) ∑
𝑘

𝜕𝑥𝑖
𝜕𝑦𝑘

𝑑𝑦𝑘 ⊗ ∑𝑚

𝜕𝑥𝑗
𝜕𝑦𝑚

𝑑𝑦𝑚

= ∑
𝑖𝑗

𝑔𝑖𝑗(𝑥) ∑
𝑘,𝑚

𝜕𝑥𝑖
𝜕𝑦𝑘

𝜕𝑥𝑗
𝜕𝑦𝑚

𝑑𝑦𝑘 ⊗ 𝑑𝑦𝑚

b Recall that, similar to cotangent coordinates, we have 𝜕
𝜕𝑥𝑖

= ∑𝑗
𝜕𝑦𝑗
𝜕𝑥𝑖

𝜕
𝜕𝑦𝑗

. If
∑𝑖𝑗 𝑔𝑖𝑗(𝑥)𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗 is positive definite, then the two eigenvalues of the
metric are positive throughout the coordinates (𝑥1, 𝑥2).
Let (𝑎1(𝑥) 𝜕

𝜕𝑥1
, 𝑎2(𝑥) 𝜕

𝜕𝑥2
)𝑇 be eigenvectors of 𝑔𝑖𝑗 . We thus have

𝑔𝑖𝑗 (
𝑎1(𝑥)
𝑎2(𝑥)) = (

𝜆1(𝑥)𝑎1(𝑥)
𝜆2(𝑥)𝑎2(𝑥))

Changing bases to our (𝑦1, 𝑦2) coordinate basis, we have

(

𝜕𝑦1
𝜕𝑥1

𝑎1(𝑥) + 𝜕𝑦1
𝜕𝑥2

𝑎2(𝑥)
𝜕𝑦2
𝜕𝑥1

𝑎1(𝑥) + 𝜕𝑦2
𝜕𝑥2

𝑎2(𝑥))

This gives our change of basis matrix:

𝐴 =
(

𝜕𝑦1
𝜕𝑥1

𝜕𝑦1
𝜕𝑥2𝜕𝑦2

𝜕𝑥1

𝜕𝑦2
𝜕𝑥2

)

Note that det(𝐴) = 𝜕𝑦1
𝜕𝑥1

𝜕𝑦2
𝜕𝑥2

− 𝜕𝑦2
𝜕𝑥1

𝜕𝑦1
𝜕𝑥2

≠ 0, since the coordinates must span 2
dimensions, i.e. 𝑥1, 𝑥2 must be linearly independent, as must 𝑦1, 𝑦2. There-
fore 𝐴 is invertible, and we note that ℎ𝑖𝑗 = 𝐴−1𝑔𝑖𝑗𝐴. If x is an eigenvector
of 𝑔𝑖𝑗 , we have 𝑔𝑖𝑗x = 𝜆x. Thus we have

x = 𝐴−1y ⇒
𝑔𝑖𝑗x = 𝑔𝑖𝑗𝐴−1y

= 𝜆𝐴−1y ⇒
𝐴𝑔𝑖𝑗x = 𝐴𝑔𝑖𝑗𝐴−1y = ℎ𝑖𝑗y = 𝐴𝜆𝐴−1y = 𝜆y

Thus the eigenvalues are coordinate-independent, and if they are positive,
the metric remains positive-definite independent of coordinates.
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c Since the eigenvalues are basis independent, we can express our metric in
the diagonal basis

(
𝜆1(𝑥) 0

0 𝜆2(𝑥))

Therefore det(𝑔(𝑥)) = 𝜆1(𝑥)𝜆2(𝑥), which is always the same value, inde-
pendent of coordinates, and thus the area form Φ = √det 𝑔(𝑥)𝑑𝑥1 ∧ 𝑑𝑥2 is
coordinate-independent.

Question 12.2. Let 𝑀 be a complex manifold, and let 𝑇 𝑀 denote its real tangent
bundle when 𝑀 is viewed as a real manifold.

a Prove that 𝑇 𝑀 ⊗ ℂ is isomorphic to 𝑇 1,0𝑀 ⊕ 𝑇 0,1𝑀 as complex vector
bundles on 𝑀 .

b Prove that 𝑇 1,0𝑀 is a holomorphic vector bundle on 𝑀 .

Proof. First let 𝑓 be a change of coordinates on 𝑀 such that 𝑓(z′) = z. Let
𝑓(z′) = 𝑓(x′ + 𝑖y′) ∶= ∑𝑗 𝑥𝑗(x′, y′) + 𝑖 ∑𝑗 𝑦𝑗(x′, y′), where x, y, x′, y′ are real
coordinates on 𝑀 . If 𝑓 is holomorphic, then the Cauchy-Riemann equations state
that 𝜕𝑓

𝜕𝑧′
𝑗
, ∀𝑗 = 1, ..., 𝑛. It follows that

𝜕𝑓
𝜕𝑧′

𝑗
∶ = 𝜕z

𝜕𝑧′
𝑗

= ∑
𝑖

1
2 (

𝜕𝑥𝑖
𝜕𝑥′

𝑗
+ 𝑖 𝜕𝑥𝑖

𝜕𝑦′
𝑗

+ 𝑖 𝜕𝑦𝑖
𝜕𝑥′

𝑗
− 𝜕𝑦𝑖

𝜕𝑦′
𝑗 )

= 0

⇒ 𝜕𝑥𝑖
𝜕𝑥′

𝑗
= 𝜕𝑦𝑖

𝜕𝑦′
𝑗
, 𝜕𝑥𝑖

𝜕𝑦′
𝑗

= − 𝜕𝑦𝑖
𝜕𝑥′

𝑗

for all 𝑖, 𝑗 = 1, ..., 𝑛.

a Recall that an arbitrary vector in 𝑇𝑥𝑀 ⊗ ℂ is given by

𝑛

∑
𝑖=1

(𝑎𝑖
𝜕

𝜕𝑥𝑖
+ 𝑏𝑖

𝜕
𝜕𝑦𝑖

), {𝑎𝑖, 𝑏𝑖} ∈ ℂ
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with transition functions to coordinates (𝑥′, 𝑦′) given by

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝜕𝑥1
𝜕𝑥′

1
... 𝜕𝑥𝑛

𝜕𝑥′
1

𝜕𝑦1
𝜕𝑥′

1
... 𝜕𝑦𝑛

𝜕𝑥′
1

⋮ ⋱ ⋮ ⋮ ⋱ ⋮
𝜕𝑥1
𝜕𝑥′

𝑛
... 𝜕𝑥𝑛

𝜕𝑥′
𝑛

𝜕𝑦1
𝜕𝑥′

𝑛
... 𝜕𝑦𝑛

𝜕𝑥′
𝑛𝜕𝑥1

𝜕𝑦′
1

... 𝜕𝑥𝑛
𝜕𝑦′

1

𝜕𝑦1
𝜕𝑦′

1
... 𝜕𝑦𝑛

𝜕𝑦′
1

⋮ ⋱ ⋮ ⋮ ⋱ ⋮
𝜕𝑥1
𝜕𝑦′

𝑛
... 𝜕𝑥𝑛

𝜕𝑦′
𝑛

𝜕𝑦1
𝜕𝑦′

𝑛
... 𝜕𝑦𝑛

𝜕𝑦′
𝑛

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= (
𝐷x′x 𝐷x′y
𝐷y′x 𝐷y′y)

= (
𝐷x′x 𝐷x′y

−𝐷x′y 𝐷x′x)

where 𝐷⋅′ is the Jacobian with respect to the ⋅′ variables, and the second
equality is due to the Cauchy-Riemann equations. Furthermore, an arbitrary
vector in 𝑇 1,0

𝑥 𝑀 ⊕ 𝑇 0,1
𝑥 𝑀 is given by

(
𝑛

∑
𝑖=1

𝑐𝑖
1
2( 𝜕

𝜕𝑥𝑖
− 𝑖 𝜕

𝜕𝑦𝑖
),

𝑛

∑
𝑖=1

𝑑𝑖
1
2( 𝜕

𝜕𝑥𝑖
+ 𝑖 𝜕

𝜕𝑦𝑖
))

The transition functions for 𝑇 1,0𝑀 are given by

𝑔1,0
𝑖𝑗 ∶=

⎛
⎜
⎜
⎜
⎝

𝜕𝑧1
𝜕𝑧′

1
... 𝜕𝑧𝑛

𝜕𝑧′
1

⋮ ⋱ ⋮
𝜕𝑧1
𝜕𝑧′

𝑛
... 𝜕𝑧𝑛

𝜕𝑧′
𝑛

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎜
⎝

1
2 (

𝜕𝑥1
𝜕𝑥′

1
+ 𝜕𝑦1

𝜕𝑦′
1

− 𝑖 (
𝜕𝑥1
𝜕𝑦′

1
− 𝜕𝑦1

𝜕𝑥′
1 )) ... 1

2 (
𝜕𝑥𝑛
𝜕𝑥′

1
+ 𝜕𝑦𝑛

𝜕𝑦′
1

− 𝑖 (
𝜕𝑥𝑛
𝜕𝑦′

1
− 𝜕𝑦𝑛

𝜕𝑥′
1 ))

⋮ ⋱ ⋮
1
2 (

𝜕𝑥1
𝜕𝑥′

𝑛
+ 𝜕𝑦1

𝜕𝑦′
𝑛

− 𝑖 (
𝜕𝑥1
𝜕𝑦′

𝑛
− 𝜕𝑦1

𝜕𝑥′
𝑛 )) ... 1

2 (
𝜕𝑥𝑛
𝜕𝑥′

𝑛
+ 𝜕𝑦𝑛

𝜕𝑦′
𝑛

− 𝑖 (
𝜕𝑥𝑛
𝜕𝑦′

𝑛
− 𝜕𝑦𝑛

𝜕𝑥′
𝑛 ))

⎞
⎟
⎟
⎟
⎟
⎠

=

1
2 (𝐷x′x + 𝐷y′y − 𝑖𝐷y′x + 𝑖𝐷x′y)
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and the transition functions for 𝑇 0,1𝑀 are given by

𝑔0,1
𝑖𝑗 ∶=

⎛
⎜
⎜
⎜
⎝

𝜕𝑧1
𝜕𝑧1

′ ... 𝜕𝑧𝑛
𝜕𝑧1

′

⋮ ⋱ ⋮
𝜕𝑧1
𝜕𝑧𝑛

′ ... 𝜕𝑧𝑛
𝜕𝑧𝑛

′

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎜
⎝

1
2 (

𝜕𝑥1
𝜕𝑥′

1
+ 𝜕𝑦1

𝜕𝑦′
1

+ 𝑖 (
𝜕𝑥1
𝜕𝑦′

1
− 𝜕𝑦1

𝜕𝑥′
1 )) ... 1

2 (
𝜕𝑥𝑛
𝜕𝑥′

1
+ 𝜕𝑦𝑛

𝜕𝑦′
1

+ 𝑖 (
𝜕𝑥𝑛
𝜕𝑦′

1
− 𝜕𝑦𝑛

𝜕𝑥′
1 ))

⋮ ⋱ ⋮
1
2 (

𝜕𝑥1
𝜕𝑥′

𝑛
+ 𝜕𝑦1

𝜕𝑦′
𝑛

+ 𝑖 (
𝜕𝑥1
𝜕𝑦′

𝑛
− 𝜕𝑦1

𝜕𝑥′
𝑛 )) ... 1

2 (
𝜕𝑥𝑛
𝜕𝑥′

𝑛
+ 𝜕𝑦𝑛

𝜕𝑦′
𝑛

+ 𝑖 (
𝜕𝑥𝑛
𝜕𝑦′

𝑛
− 𝜕𝑦𝑛

𝜕𝑥′
𝑛 ))

⎞
⎟
⎟
⎟
⎟
⎠

=

1
2 (𝐷x′x + 𝐷y′y + 𝑖𝐷y′x − 𝑖𝐷x′y)

Thus the transition functions for 𝑇 1,0𝑀 ⊕ 𝑇 0,1𝑀 are

(

1
2 (𝐷x′x + 𝐷y′y − 𝑖𝐷y′x + 𝑖𝐷x′y) 0

0 1
2 (𝐷x′x + 𝐷y′y − 𝑖𝐷y′x + 𝑖𝐷x′y))

Applying the Cauchy-Riemann equations, we then seek to find a matrix 𝑃
such that

(
𝐴 𝐵
𝐶 𝐷) (

𝐷x′x + 𝑖𝐷x′y 0
0 𝐷x′x − 𝑖𝐷x′y)

= (
𝐷x′x 𝐷x′y

−𝐷x′y 𝐷x′x) (
𝐴 𝐵
𝐶 𝐷)

Thus we have

(
𝐴𝐷x′x + 𝑖𝐴𝐷x′y 𝐵𝐷x′x − 𝑖𝐵𝐷x′y
𝐶𝐷x′x + 𝑖𝐶𝐷x′y 𝐷𝐷x′x − 𝑖𝐷𝐷x′y) =

(
𝐷x′x𝐴 + 𝐷x′y𝐶 𝐷x′x𝐵 + 𝐷x′y𝐷
𝐷x′x𝐶 − 𝐷x′y𝐴 𝐷x′x𝐷 − 𝐷x′y𝐵)

Thus we require the sub-matrices in 𝑃 to be diagonal, and 𝐶 = 𝑖𝐴 and
𝐷 = 𝑖𝐵, so we have

𝑃 = (
𝐴 𝑖𝐷
𝑖𝐴 𝐷 )
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To have 𝑃 be invertible, we must require 𝐴 and 𝐷 to be invertible:

𝑃 −1 =
(

1
2𝐴−1 − 𝑖

2𝐴−1

− 𝑖
2𝐷−1 1

2𝐷−1 )

This is easy to do, (let 𝐴 = 𝐷 = 𝐼𝑑𝑛×𝑛 to be concrete), so these bundles are
isomorphic.

b It is given in the book that the fibers of 𝑇 1,0
𝑥 𝑀 are spanned by { 𝜕

𝜕𝑧𝑗
}, where

(𝑧1, ..., 𝑧𝑛) are any holomorphic coordinates in any chart on 𝑀 containing 𝑥.
The transition functions for 𝑇 1,0𝑀 are the Jacobians 𝜕𝑧𝑖

𝜕𝑧′
𝑗
. Since 𝑧𝑖 are holo-

morphic functions, their derivatives are also holomorphic, so the transition
functions are also holomorphic.

Question 12.3. Show that the bosonic string action

𝑆(𝑓 , 𝑔) = − 1
2𝜋𝛼′ ∫Σ

𝑛

∑
𝑖=1

2

∑
𝑗,𝑘=1 (𝑔𝑗𝑘(𝑥) 𝜕𝑓𝑖

𝜕𝑥𝑗

𝜕𝑓𝑖
𝜕𝑥𝑘 ) Φ,

where 𝑓 ∶ Σ → ℝ𝑛 is a 𝐶∞ map, (Σ is a Riemannian surface with metric 𝑔𝑖𝑗 with
inverse 𝑔𝑖𝑗), is independent of the coordinates that it is expressed in, so that the
bosonic string action makes sense.

Proof. In the first problem of the chapter, we showed that the area form Φ is
coordinate-independent. In a chart with coordinates x, we rewrite the integrand
in matrix form:

𝑛

∑
𝑖=1

(𝜕x𝑓𝑖)𝑇 𝑔−1
𝑗𝑘 (𝜕x𝑓𝑖)

Note that 𝜕x𝑓𝑖 are covectors, as ∑ 𝜕𝑓𝑖
𝜕𝑥𝑗

𝑑𝑥𝑗 gives the differential form 𝑑𝑓 .
The metric is written

2

∑
𝑖,𝑗=1

𝑔𝑖𝑗(𝑥)𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗

70



Since differential forms change via 𝑑𝑥′
𝑖 = ∑ 𝜕𝑥′

𝑖
𝜕𝑥𝑗

𝑑𝑥𝑗 , if this chart intersects with
another chart that has coordinates x′, the metric transforms

𝑔𝑖𝑗(x)𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗 ↦
2

∑
𝑖,𝑗=1

𝑔𝑖𝑗(
2

∑
𝑘=1

𝜕𝑥′
𝑖

𝜕𝑥𝑘
𝑑𝑥𝑘 ⊗

2

∑
𝑘=1

𝜕𝑥′
𝑗

𝜕𝑥𝑘
𝑑𝑥𝑘)

= (𝐷x′x)−𝑇 𝑔𝑖𝑗(x)(𝐷x′x)−1

⇒ 𝑔𝑖𝑗 = 𝑔−1
𝑖𝑗 ↦ 𝐷x′x𝑔𝑖𝑗(𝐷x′x)𝑇

Furthermore, the covectors transform as

𝜕𝑓𝑖
𝜕𝑥𝑗

↦ ∑
𝜕𝑥𝑘
𝜕𝑥′

𝑗

𝜕𝑓𝑖
𝜕𝑥𝑘

= (𝐷x′x)−𝑇 𝜕𝑓𝑖
𝜕𝑥𝑗

Thus under a change of coordinates the integrand becomes
𝑛

∑
𝑖=1

((𝐷x′x)−𝑇 𝜕x𝑓𝑖)𝑇 (𝐷x′x𝑔𝑖𝑗(𝐷x′x)𝑇 ) (𝐷x′x)−𝑇 𝜕x𝑓𝑖

=
𝑛

∑
𝑖=1

(𝜕x𝑓𝑖)𝑇 𝑔𝑗𝑘(𝜕x𝑓𝑖)

which is the same integrand. Thus the integral is coordinate-independent, so the
bosonic string action is coordinate-independent.

Question 12.4. Show that the term

1
2𝜋𝛼′ ∫Σ

⎛
⎜
⎜
⎝

𝑛

∑
𝑖,𝑗=1

ℎ𝑖𝑗(𝑓 (𝑧))
(

𝜓 𝑗
𝑧

𝜕𝜒 𝑖

𝜕𝑧
+ 𝜓 𝑖

𝑧
𝜕𝜒 𝑗

𝜕𝑧 )
⎞
⎟
⎟
⎠

𝑑𝑧 ∧ 𝑑𝑧

in the A-model action is independent of the choice of coordinates in which it is
expressed.

Proof. Recall that 𝑓 is a map 𝑓 ∶ Σ → 𝑋, ℎ𝑖𝑗 is the Kähler metric on 𝑋,

• 𝜒(𝑧) is a 𝐶∞ section of 𝑓 ∗𝑇 𝑋 ⊗ ℂ
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• 𝜓𝑧(𝑧) is a 𝐶∞ section of (𝑇 1,0Σ)∗ ⊗ 𝑓 ∗𝑇 0,1𝑋

• 𝜓𝑧(𝑧) is a 𝐶∞ section of (𝑇 0,1Σ)∗ ⊗ 𝑓 ∗𝑇 1,0𝑋

When changing coordinates on 𝑋 from (𝑤1, 𝑤1, ..., 𝑤𝑛, 𝑤𝑛) ∶= w to w′, we
have from before that ℎ𝑖𝑗(𝑓 (𝑧′)) = (𝐷w′w)−𝑇 ℎ𝑖𝑗(𝑓 (𝑧))(𝐷w′w)−1.

We know from the previous problem that vector fields transform via (𝐷w′w)𝜒(𝑧),
and that covectors transform via (𝐷x′x)−𝑇 𝜓𝑧(𝑧).

Thus under a change of coordinates on 𝑋 = ℂ𝑛, we get

(
𝜓 𝑗

𝑧𝑑𝑧 ⊗ ((𝐷w′w)𝑓 ∗( 𝜕
𝜕𝑧𝑖

))
𝑇

)
(𝐷w′w)−𝑇 ℎ𝑖𝑗(𝑓 (𝑧))(𝐷w′w)−1

(𝐷w′w𝜕𝜒 𝑗

𝜕𝑧 ) +

(
𝜓 𝑖

𝑧𝑑𝑧 ⊗ ((𝐷w′w)𝑓 ∗( 𝜕
𝜕𝑧𝑖

))
𝑇

)
(𝐷w′w)−𝑇 ℎ𝑖𝑗(𝑓 (𝑧))(𝐷w′w)−1

(
𝐷w′w𝜕𝜒 𝑗

𝜕𝑧 )

= 𝜓 𝑗
𝑧𝑑𝑧 ⊗ 𝑓 ∗( 𝜕

𝜕𝑧𝑖
)ℎ𝑖𝑗(𝑓 (𝑧))𝜕𝜒 𝑗

𝜕𝑧
+ 𝜓 𝑗

𝑧𝑑𝑧 ⊗ 𝑓 ∗( 𝜕
𝜕𝑧𝑖

)ℎ𝑖𝑗(𝑓 (𝑧))𝜕𝜒 𝑗

𝜕𝑧

which is our same action as before.
For a change of coordinates on Σ defined by (𝑧, 𝑧) ↦ (𝑧′, 𝑧′), we have

𝑑𝑧 ∧ 𝑑𝑧 ↦ (
𝜕𝑧
𝜕𝑧′

𝜕𝑧
𝜕𝑧′ − 𝜕𝑧

𝜕𝑧′
𝜕𝑧
𝜕𝑧′ ) 𝑑𝑧′ ∧ 𝑑𝑧′

For a holomorphic coordinate change, the Cauchy-Riemann equations require

𝜕𝑧
𝜕𝑧′ = 𝜕𝑧

𝜕𝑧′ = 0

so we get that 𝑑𝑧′ ∧ 𝑑𝑧′ = | 𝜕𝑧
𝜕𝑧′ |−2𝑑𝑧 ∧ 𝑑𝑧. Furthermore, we have

𝜓 𝑗
𝑧

𝜕𝜒 𝑖

𝜕𝑧
↦ 𝜓 𝑗

𝑧 (
𝜕𝑧
𝜕𝑧′ + 𝜕𝑧

𝜕𝑧′ )
𝜕𝜒 𝑖

𝜕𝑧 (
𝜕𝑧
𝜕𝑧′ + 𝜕𝑧

𝜕𝑧′ )

𝜓 𝑖
𝑧

𝜕𝜒 𝑗

𝜕𝑧 ↦ 𝜓 𝑖
𝑧 (

𝜕𝑧
𝜕𝑧′ + 𝜕𝑧

𝜕𝑧′ )
𝜕𝜒 𝑗

𝜕𝑧 (
𝜕𝑧
𝜕𝑧′ + 𝜕𝑧

𝜕𝑧′ )
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In order to keep 𝜓 𝑗
𝑧 as a section of (𝑇 1,0Σ)∗ and 𝜓 𝑖

𝑧 as a section of (𝑇 0,1Σ)∗, along
with the correct derivatives of 𝜒 components, this actually is

𝜓 𝑗
𝑧

𝜕𝜒 𝑖

𝜕𝑧
↦ 𝜓 𝑗

𝑧 (
𝜕𝑧
𝜕𝑧′ )

𝜕𝜒 𝑖

𝜕𝑧 (
𝜕𝑧
𝜕𝑧′ ) = 𝜓 𝑗

𝑧
𝜕𝜒 𝑖

𝜕𝑧
| 𝜕𝑧
𝜕𝑧′ |2

𝜓 𝑖
𝑧

𝜕𝜒 𝑗

𝜕𝑧 ↦ 𝜓 𝑖
𝑧 (

𝜕𝑧
𝜕𝑧′ )

𝜕𝜒 𝑗

𝜕𝑧 (
𝜕𝑧
𝜕𝑧′ ) = 𝜓 𝑖

𝑧
𝜕𝜒 𝑗

𝜕𝑧 | 𝜕𝑧
𝜕𝑧′ |2

Thus we have

1
2𝜋𝛼′ ∫Σ

⎛
⎜
⎜
⎝

𝑛

∑
𝑖,𝑗=1

ℎ𝑖𝑗(𝑓 (𝑧))
(

𝜓 𝑗
𝑧

𝜕𝜒 𝑖

𝜕𝑧
+ 𝜓 𝑖

𝑧
𝜕𝜒 𝑗

𝜕𝑧 )
⎞
⎟
⎟
⎠

𝑑𝑧 ∧ 𝑑𝑧 ↦

1
2𝜋𝛼′ ∫Σ

⎛
⎜
⎜
⎝

𝑛

∑
𝑖,𝑗=1

ℎ𝑖𝑗(𝑓 (𝑧′))
(

𝜓 𝑗
𝑧′

𝜕𝜒 𝑖

𝜕𝑧′ | 𝜕𝑧
𝜕𝑧′ |2 + 𝜓 𝑖

𝑧′
𝜕𝜒 𝑗

𝜕𝑧′ | 𝜕𝑧
𝜕𝑧′ |2

)
⎞
⎟
⎟
⎠

| 𝜕𝑧
𝜕𝑧′ |−2𝑑𝑧′ ∧ 𝑑𝑧′

1
2𝜋𝛼′ ∫Σ

⎛
⎜
⎜
⎝

𝑛

∑
𝑖,𝑗=1

ℎ𝑖𝑗(𝑓 (𝑧′))
(

𝜓 𝑗
𝑧′

𝜕𝜒 𝑖

𝜕𝑧′ + 𝜓 𝑖
𝑧′

𝜕𝜒 𝑗

𝜕𝑧′ )
⎞
⎟
⎟
⎠

𝑑𝑧′ ∧ 𝑑𝑧′

Thus the action is unchanged under holomorphic chance of coordinates.

Question 12.5. This problem considers transformations 𝑇 of fields

𝐹 =
2𝑛

∑
𝑘=1

∑
𝐽 𝑘=(𝑗𝑘

1 <...<𝑗𝑘
𝑘 )

𝑓𝐽 𝑘(𝑥1, ..., 𝑥2𝑛)𝜒 𝑗𝑘
1 ...𝜒 𝑗𝑘

𝑘

to differential forms on 𝑋:

𝑇 (𝐹 ) =
2𝑛

∑
𝑘=1

∑
𝐽 𝑘=(𝑗𝑘

1 <...<𝑗𝑘
𝑘 )

𝑓𝐽 𝑘(𝑥1, ..., 𝑥2𝑛)𝑑𝑥𝑗𝑘
1

∧ ... ∧ 𝑑𝑥𝑗𝑘
𝑘

a Show that the transformation from fields to differential forms defined in co-
ordinates above is independent of coordinates.

b Show that under this transformation, the BRST operator 𝑄 corresponds to
the usual exterior derivative 𝑑.
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Proof. a Under a change of coordinates 𝑥𝐼 ↦ 𝑦𝐼 on 𝑋, we know from before
that 𝜒 𝑖 ↦ 𝜒 𝑖 ∑𝑗

𝜕𝑦𝑗
𝜕𝑥𝑖

since 𝜒 𝑖 is a section of the tangent bundle.

Our 𝜒 𝑖 are fermions, since we have 𝑇 (𝜒 𝑖𝜒 𝑗) = 𝑑𝑥𝑖 ∧ 𝑑𝑥𝑗 = −𝑑𝑥𝑗 ∧ 𝑑𝑥𝑖 =
−𝑇 (𝜒 𝑗𝜒 𝑖). The linearity of the wedge product applies to our 𝜒 𝑖 in the same
way. Therefore a coordinate transformation gives

∑
𝐽 𝑘=(𝑗𝑘

1 <...<𝑗𝑘
𝑘 )

𝑓𝐽 𝑘(𝑥1, ..., 𝑥2𝑛)𝜒 𝑗𝑘
1 ...𝜒 𝑗𝑘

𝑘 ↦

∑
𝐽 𝑘=(𝑗𝑘

1 <...<𝑗𝑘
𝑘 )

𝑓𝐽 𝑘(𝑥1, ..., 𝑥2𝑛) det (𝐷xy) 𝜒 𝑗𝑘
1 ...𝜒 𝑗𝑘

𝑘

where 𝐷xy is the 𝑘×𝑘 Jacobian of the coordinate change. We know further-
more from before that the wedge product of the differential forms transforms
under changes of coordinates in exactly the same way:

∑
𝐽 𝑘=(𝑗𝑘

1 <...<𝑗𝑘
𝑘 )

𝑓𝐽 𝑘(𝑥1, ..., 𝑥2𝑛)𝑑𝑥𝑗𝑘
1

∧ ... ∧ 𝑑𝑥𝑗𝑘
𝑘

↦

∑
𝐽 𝑘=(𝑗𝑘

1 <...<𝑗𝑘
𝑘 )

𝑓𝐽 𝑘(𝑥1, ..., 𝑥2𝑛) det (𝐷xy) 𝑑𝑥𝑗𝑘
1

∧ ... ∧ 𝑑𝑥𝑗𝑘
𝑘

Thus the diagram commutes:

𝐹 (x) 𝐹 (y)

𝑇 (𝐹 (x)) 𝑇 (𝐹 (y))
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b We examine 𝑄(𝑔(𝑥𝑖)𝜒 𝑗):

𝑄(𝑔(𝑥𝑖)𝜒 𝑗) = 𝑄(𝑔(𝑥𝑖))𝜒 𝑗 + 𝑔(𝑥𝑖)𝑄(𝜒 𝑗)
= 𝑄(𝑔(𝑥𝑖))𝜒 𝑗

≈ 𝑄(𝑔(𝑎) + 𝜕𝑔
𝜕𝑥𝑖 (𝑎)(𝑥𝑖 − 𝑎))𝜒 𝑗

= [𝑄(𝑔(𝑎)) + 𝑄( 𝜕𝑔
𝜕𝑥𝑖 (𝑎))(𝑥𝑖 − 𝑎) + 𝜕𝑔

𝜕𝑥𝑖 (𝑎))𝑄(𝑥𝑖 − 𝑎)]𝜒 𝑗

= 𝜕𝑔
𝜕𝑥𝑖 (𝑎)𝑄(𝑥𝑖)𝜒 𝑗

= 𝜕𝑔
𝜕𝑥𝑖 𝜒 𝑖𝜒 𝑗

where we used that 𝑄 is a derivation, 𝑄(𝜒𝐼 ) = 0, Taylor expansion, the fact
that 𝑄 being a derivation implies that 𝑄 of a constant is 0, and 𝑄(𝑥𝐼 ) = 𝜒𝐼 .
Thus, for general functions 𝐹 , we have

𝑄(𝐹 ) ∶ = 𝑄
⎛
⎜
⎜
⎝

2𝑛

∑
𝑘=1

∑
𝐽 𝑘=(𝑗𝑘

1 <...<𝑗𝑘
𝑘 )

𝑓𝐽 𝑘(𝑥1, ..., 𝑥2𝑛)𝜒 𝑗𝑘
1 ...𝜒 𝑗𝑘

𝑘
⎞
⎟
⎟
⎠

=
2𝑛

∑
𝑘=1

∑
𝐽 𝑘=(𝑗𝑘

1 <...<𝑗𝑘
𝑘 )

2𝑛

∑
𝑚=1

𝜕𝑓𝐽 𝑘

𝜕𝑥𝑚 (𝑥1, ..., 𝑥2𝑛)𝜒𝑚𝜒 𝑗𝑘
1 ...𝜒 𝑗𝑘

𝑘 ⇒

𝑇 (𝑄(𝐹 )) =
2𝑛

∑
𝑘=1

∑
𝐽 𝑘=(𝑗𝑘

1 <...<𝑗𝑘
𝑘 )

2𝑛

∑
𝑚=1

𝜕𝑓𝐽 𝑘

𝜕𝑥𝑚 (𝑥1, ..., 𝑥2𝑛)𝑑𝑥𝑚 ∧ 𝑑𝑥𝑗𝑘
1

∧ ... ∧ 𝑑𝑥𝑗𝑘
𝑘

This is exactly the formula of the exterior derivative 𝑑𝑇 (𝐹 ).

13 Topological Quantum Field Theory
Question 13.1. Show that any holomorphic section of the canonical bundle of ℙ1

is identically zero.

Proof. We consider the coordinates according to the usual cover of ℙ𝑛: 𝑈0 =
{(𝑥0, 𝑥1) ∈ ℙ1|𝑥0 ≠ 0}, 𝑈1 = {(𝑥0, 𝑥1) ∈ ℙ1|𝑥1 ≠ 0} with coordinates 𝑦 ∶= 𝑥1

𝑥0
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and 𝑧 ∶= 𝑥0
𝑥1
. The transition functions for the canonical bundle are 𝑔𝑧𝑦 = 𝜕𝑧

𝜕𝑦
and 𝑔𝑦𝑧 = 𝜕𝑦

𝜕𝑧 . For the first one, substituting 1
𝑦 for 𝑧, we have 𝑔𝑧𝑦 = − 1

𝑦2 . Thus

our holomorphic section 𝜔 must satisfy 𝜔(𝑧) = −𝑥2
0

𝑥2
1
𝜔(𝑦) whenever 𝑥0, 𝑥1 ≠ 0.

Because 𝜔 is holomorphic, for each point in 𝑈1 ∩ 𝑈2, this equality can be re-
expressed as convergent power series:

∞

∑
𝑖=0

𝑎𝑖(
𝑥0
𝑥1

− 𝑎)𝑖 = −
𝑥2

0
𝑥2

1

∞

∑
𝑖=0

𝑏𝑖(
𝑥1
𝑥0

− 𝑎)𝑖

No matter which 𝑖 term is considered, there is always a mismatch in powers on
either side, since 𝑎 cannot be zero (0 ∉ ℙ1). Thus the only {𝑎𝑖} and {𝑏𝑖} that
satisfy this for any 𝑎 ∈ 𝑈1 ∩ 𝑈2 are such that all values are identically 0, i.e. 𝜔
must be zero.

Question 13.2. Given a complexmanifold𝑋 of dimension 𝑛, a holomorphic 𝑛−form
𝜔 on 𝑋, and a point 𝑥 ∈ 𝑋, show that the notion given in the text for 𝜔 to van-
ish at 𝑥 (𝜔(𝑧1(𝑥), ..., 𝑧𝑛(𝑥)) = 0 where (𝑧1(𝑥), ..., 𝑧𝑛(𝑥) are the coordinates of 𝑥)
when expressed in a given coordinate system is in fact independent of the choice
of coordinates.

Proof. Note that, in the first coordinate system, 𝜔 is expressed as

𝜔(𝑧1(𝑥), ..., 𝑧𝑛(𝑥))𝑑𝑧1 ∧ ... ∧ 𝑑𝑧𝑛

In different coordinates 𝑧′
1(𝑥), ..., 𝑧′

𝑛(𝑥), we have

𝜔(𝑧1(𝑥), ..., 𝑧𝑛(𝑥))𝑑𝑧1 ∧ ... ∧ 𝑑𝑧𝑛 = 𝜔(𝑧1(𝑥), ..., 𝑧𝑛(𝑥)) det
(

𝑧′
𝑗

𝑧𝑖 )
𝑑𝑧′

1 ∧ ... ∧ 𝑑𝑧′
𝑛

If 𝜔(𝑧1(𝑥), ..., 𝑧𝑛(𝑥)) = 0, then 𝜔(𝑧1(𝑥), ..., 𝑧𝑛(𝑥)) det(
𝑧′

𝑗
𝑧𝑖 ) = 0 as well, and thus

the zero of this 𝑛−form is independent of coordinates.

Question 13.3. Let 𝑋 be a compact complex manifold of dimension 𝑛. Show that
𝑋 is Calabi-Yau if and only if the canonical bundle of 𝑋 is isomorphic to the trivial
line bundle.
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Proof. Suppose the canonical bundle of 𝑋 is isomorphic to the trivial line bundle,
i.e. 𝑋 × ℂ. Then, for 𝑎 ≠ 0 ∈ ℂ, the section 𝑋 × 𝑎(𝑥) of the trivial bundle is
nowhere vanishing. If the bundles are isomorphic, there exist nowhere vanishing
holomorphic functions 𝑓𝛼 on each chart of 𝑋 such that 𝑔𝑡𝑟𝑖𝑣 = 𝑓𝛼𝑔𝛼𝛽𝑓 −1

𝛽 for all
transition functions 𝑔𝛼𝛽 of the canonical bundle. Since 𝑔𝑡𝑟𝑖𝑣, 𝑔𝛼𝛽 , and all 𝑓𝛼 are
nonvanishing, and the section 𝑋 × {𝑎} is nonvanishing, there is an associated
nonvanishing section of the canonical bundle, and 𝑋 must be Calabi-Yau.

Now suppose that 𝑋 is Calabi-Yau. Label the associated nonvanishing 𝑛-form
Ω. Now suppose we have any section of the trivial line bundle, labeled 𝑋 × 𝑎(𝑥).
The map 𝑋 × ℂ → ∧𝑛𝑇 ∗𝑋 given by 𝑎 ↦ 𝑎Ω is invertible: given a section Ω′ of
∧𝑛𝑇 ∗𝑋, we get Ω′(𝑥)

Ω(𝑥) is a complex number associated to each point 𝑥 ∈ 𝑋, i.e. a
section of 𝑋 × ℂ. Because Ω is nonvanishing, this map is always defined - thus
the bundles are isomorphic.

Question 13.4. Let 𝑌𝜓 be the family of quintic hypersurfaces in ℙ4 defined by the
equations

𝑥5
0 + 𝑥5

1 + 𝑥5
2 + 𝑥5

3 + 𝑥5
4 − 5𝜓𝑥0𝑥1𝑥2𝑥3𝑥4 = 0

and 𝐺 be the finite group

𝐺 = {(𝜁0, 𝜁1, 𝜁2, 𝜁3, 𝜁4) ∈ ℂ5|𝜁5
𝑖 = 1,

4

∏
𝑖=0

𝜁𝑖 = 1}

where 𝐺 acts on ℙ4 by the operation 𝐺 × ℙ4 → ℙ4:

(𝜁0, 𝜁1, 𝜁2, 𝜁3, 𝜁4) ⋅ (𝑥0, 𝑥1, 𝑥2, 𝑥3, 𝑥4) = (𝜁0𝑥0, 𝜁1𝑥1, 𝜁2𝑥2, 𝜁3𝑥3, 𝜁4𝑥4)

Let 𝜌 ∶ 𝐺 × 𝑌𝜓 → 𝑌𝜓 be the restriction of the action to 𝑌𝜓 , where 𝑦1 ∼ 𝑦2 if
𝜌(𝑔, 𝑦1) = 𝑦2 for some 𝑔 ∈ 𝐺. Show that the relation 𝑌𝜓 defined by the action of
𝐺 is an equivalence relation.

Proof. For reflexivity, note that

(𝜁0𝑥0)5 + (𝜁1𝑥1)5 + (𝜁2𝑥2)5 + (𝜁3𝑥3)5 + (𝜁4𝑥4)5 − 5𝜓𝜁0𝑥0𝜁1𝑥1𝜁2𝑥2𝜁3𝑥3𝜁4𝑥4 =
(𝜁0𝑥0)5 + (𝜁1𝑥1)5 + (𝜁2𝑥2)5 + (𝜁3𝑥3)5 + (𝜁4𝑥4)5 − 5𝜁0𝜁1𝜁2𝜁3𝜁4𝜓𝑥0𝑥1𝑥2𝑥3𝑥4 =

𝑥5
0 + 𝑥5

1 + 𝑥5
2 + 𝑥5

3 + 𝑥5
4 −

⎛
⎜
⎜
⎝

4

∏
𝑖=0

𝜁𝑖
⎞
⎟
⎟
⎠

5𝜓𝑥0𝑥1𝑥2𝑥3𝑥4 =

𝑥5
0 + 𝑥5

1 + 𝑥5
2 + 𝑥5

3 + 𝑥5
4 − 5𝜓𝑥0𝑥1𝑥2𝑥3𝑥4
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so 𝑦 ∼ 𝑦 for any 𝑦 ∈ 𝑌𝜓 .
For symmetry, if 𝑦1 ∼ 𝑦2, then there exists some 5-tuple 𝑔 ∶= (𝜁0, 𝜁1, 𝜁2, 𝜁3, 𝜁4)

such that 𝜌(𝑔, 𝑦1) = 𝑦2. We know none of the 𝜁𝑖 can be zero, since 𝜁5
𝑖 = 1; thus

we have 𝑔−1 = (𝜁−1
0 , 𝜁−1

1 , 𝜁−1
2 , 𝜁−1

3 , 𝜁−1
4 ) where 𝜌(𝑔−1, 𝑦2) = 𝑦1, so 𝑦2 ∼ 𝑦1.

For transitivity, if 𝑦1 ∼ 𝑦2 and 𝑦2 ∼ 𝑦3, then there exist 𝑔1, 𝑔2 such that
𝜌(𝑔1, 𝑦1) = 𝑦2 and 𝜌(𝑔2, 𝑦2) = 𝑦3. Then 𝑔1𝑔2 fulfills 𝜌(𝑔1𝑔2, 𝑦1) = 𝑦3, so 𝑦1 ∼
𝑦3.

Question 13.5. Let 𝐹 (𝑥0, ..., 𝑥4) be a homogeneous degree 5 polynomial whose
zero set in ℙ4 is 𝑋, and we can find local complex coordinates (𝑧1, ..., 𝑧4) such that
𝑋 is locally defined by 𝑓(𝑧1, 𝑧2, 𝑧3, 𝑧4) = 0, where 𝑓 is a holomorphic function.
We define the residue, assuming loss of generality that 𝜕𝑓(𝑧)

𝜕𝑧1
≠ 0 by the Implicit

Function Theorem, as

Ω = 𝑔(𝑧1, 𝑧2, 𝑧3, 𝑧4)𝑑𝑧2 ∧ 𝑑𝑧3 ∧ 𝑑𝑧4
𝜕𝑓(𝑧)/𝜕𝑧1 |𝑋

(NOTE: the text has 𝐹 in the numerator of Ω instead of 𝑔, but I’m pretty sure this
is wrong.)

a Show that the definition of the residue is independent of the choice of coor-
dinates.

b Show that the holomorphic 3-form Ω has no zeros.

Proof. a In different coordinates (𝑧′
1, ..., 𝑧′

4) on 𝑥 where 𝑓 defines 𝑋, we sup-
pose𝑋 is defined by 𝑓(𝑧′

1, ..., 𝑧′
4) = 0 for a holomorphic 𝑓 , wherewe assume

without loss of generality that 𝜕𝑓(𝑧′)
𝜕𝑧′

1
. Then

Ω′ =
𝑔(𝑧1, ..., 𝑧4)𝑑𝑧′

2 ∧ 𝑑𝑧′
3 ∧ 𝑑𝑧′

4
𝜕𝑓 ′(𝑧′)/𝜕𝑧′

1 |𝑋

Notice that

𝑑𝑧𝑓 ∧ Ω = 𝑔(𝑧1, ..., 𝑧4)𝑑𝑧1 ∧ 𝑑𝑧2 ∧ 𝑑𝑧3 ∧ 𝑑𝑧4
𝑑𝑧′𝑓 ∧ Ω′ = 𝑔(𝑧1, ..., 𝑧4)𝑑𝑧′

1 ∧ 𝑑𝑧′
2 ∧ 𝑑𝑧′

3 ∧ 𝑑𝑧′
4

= 𝑔(𝑧1, ..., 𝑧4)𝐽𝑑𝑧1 ∧ 𝑑𝑧2 ∧ 𝑑𝑧3 ∧ 𝑑𝑧4
= 𝐽𝑑𝑧𝑓 ∧ Ω′
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Thus both sides acquire a Jacobian determinant factor of the change {𝑧𝑖} →
{𝑧′

𝑖 }, leaving Ω coordinate-invariant:

𝐽𝑑𝑧𝑓 ∧ Ω′ = 𝐽𝑑𝑧𝑓 ∧ Ω

b From the Implicit Function Theorem, we know that 𝑑𝑓 ≠ 0. Furthermore,
the text gives

Λ ∶= 𝑥0𝑑𝑥1 ∧ ... ∧ 𝑑𝑥4 + ... + 𝑥4𝑑𝑥0 ∧ ... ∧ 𝑑𝑥3,

where Λ is then expressed locally as

𝑔(𝑧1, ..., 𝑧4)𝑑𝑧1 ∧ ... ∧ 𝑑𝑧4
𝑓(𝑧)

near 𝑋.
Since the globally-defined Λ is nonvanishing on ℙ4, 𝑔(𝑧1, ..., 𝑧4) must be
nonvanishing on the neighborhood of 𝑋 for which Λ is expressed in 𝑔.
Therefore 𝑔 is nonvanishing, and therefore 𝑑𝑓 ∧ Ω is nonvanishing. Thus
Ω must be nonvanishing.

Question 13.6. Prove that 𝑆1 is isomorphic to 𝑆1 as oriented manifolds.

Proof. An isomorphism in the category of manifolds is a diffeomorphism, so we
seek to prove that 𝑆1 is diffeomorphic to 𝑆1.

Define 𝑆1 in coordinates 𝑡 ∈ ℝ by (cos(𝑡), sin(𝑡)) ⊂ ℝ2. The tangent bundle
is then (− sin(𝑡), cos(𝑡)). If we define another manifold in these coordinates by
(− cos(𝑡), − sin(𝑡)) ⊂ ℝ2, then the tangent bundle is (sin(𝑡), − cos(𝑡)), which is the
tangent bundle of our 𝑆1 but with opposite sign. Thus it is 𝑆1.

The map from 𝑆1 to 𝑆1 in these definitions is given by (
−1 0
0 −1) with its

inverse being itself. This is a bijection, and the derivative is itself. Thus 𝑆1 and
𝑆1 are diffeomorphic.

Question 13.7. Find a natural one-to-one correspondence between (𝑉 ∗)⊗𝑟 ⊗𝑉 ⊗𝑠

and the set of linear transformations 𝑉 ⊗𝑟 → 𝑉 ⊗𝑠.
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Proof. Let 𝑤𝑖(⋅) be an element of 𝑉 ∗ and 𝑣𝑖 be an element of 𝑉 . An element of
(𝑉 ∗)⊗𝑟 ⊗ 𝑉 ⊗𝑠 is given by

𝑤1(⋅) ⊗ ... ⊗ 𝑤𝑟(⋅) ⊗ 𝑣1 ⊗ ... ⊗ 𝑣𝑠

For any element 𝑢1 ⊗ ... ⊗ 𝑢𝑟 ∈ 𝑉 ⊗𝑟, we have

𝑢1 ⊗ ... ⊗ 𝑢𝑟 → 𝑤1(𝑢1) ⊗ ... ⊗ 𝑤𝑟(𝑢𝑟) ⊗ 𝑣1 ⊗ ... ⊗ 𝑣𝑠

= 1 ⊗ ... ⊗ 1 ⊗
𝑟

∏
𝑖=1

𝑤𝑖(𝑢𝑖)𝑣1 ⊗ ... ⊗ 𝑣𝑠

→
𝑟

∏
𝑖=1

𝑤𝑖(𝑢𝑖)𝑣1 ⊗ ... ⊗ 𝑣𝑠 ∈ 𝑉 ⊗𝑠

Since the tensor product is linear, we have that 𝑤1(⋅) ⊗ ... ⊗ 𝑤𝑟(⋅) ⊗ 𝑣1 ⊗ ... ⊗ 𝑣𝑠

linearly maps elements from 𝑉 ⊗𝑟 to 𝑉 ⊗𝑠.

Question 13.8. Use the definition

⟨𝜔1, 𝜔2, 𝜔3⟩𝛽 ∶= #{𝑓 ∶ ℙ1 → 𝑋|𝑓∗[ℙ1] = 𝛽, 𝑓 (ℙ1) ∩ 𝑍𝑖 ≠ 0, 𝑖 = 1, 2, 3}

for 𝑍𝑖 ⊂ 𝑋 complex submanifolds of 𝑋 representing cohomology classes 𝜔𝑖 ∈
𝐻∗(𝑋) and 𝛽 ∈ 𝐻2(𝑋, ℤ), and plane geometry to show

⟨𝐻2, 𝐻2, 𝐻⟩1 = 1

on ℙ2, where 𝐻 ∈ 𝐻2(ℙ2) is the hyperplane class.

Proof. We know from Chapter 6 that 𝐻∗(ℙ2) = ℤ[𝐻]/(𝐻3). Furthermore, we
have the cellular decomposition ℙ0 ⊂ ℙ1 ⊂ ℙ2. Computing 𝐻2 ∈ 𝐻4(ℙ2), we
take two transversely intersecting hyperplanes and intersect, which results in ℙ0,
the generating cell of 𝐻4(ℙ2), i.e. 1 ∈ 𝐻4(ℙ2). For 𝑓∗[ℙ1] = 1, we must have
the image 𝑓(ℙ1) be the generator [ℙ1] of 𝐻2(ℙ2, ℤ). Thus we are looking for how
many ℙ1 images intersect with two ℙ0s (points) and one hyperplane.

We will set 𝐻 as the zero locus of 𝑎0𝑥0 + 𝑎1𝑥1 + 𝑎2𝑥2, and the first 𝐻2 as
𝑥0 = 𝑏 and the second 𝐻2 as 𝑥1 = 𝑐. There is only (𝑥0, 𝑥1) = (𝑏, 𝑐) that sat-
isfies these conditions, as then 𝑥2 = −𝑎0𝑏−𝑎1𝑐

𝑎2
. Thus there is only one map, and

⟨𝐻2, 𝐻2, 𝐻⟩1 = 1.
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14 Quantum Cohomology and Enumerative Geom-
etry

Question 14.1. Use the splitting principle to prove that for a rank 𝑟 holomorphic
vector bundle 𝐸 we have 𝑐1(Λ𝑟𝐸) = 𝑐1(𝐸).

Proof. Choose a basis {𝑒1, ..., 𝑒𝑟} of𝐸 such that 𝑐1(𝑒𝑖) = 𝛼𝑖. The splitting principle

states that 𝑐(𝐸) =
𝑟

∏
𝑖=1

(1+𝛼𝑖) for 𝛼𝑖 ∈ 𝐻2(𝑋), for 𝑋 the manifold 𝐸 is over. Taking

the single-power terms of the 𝛼𝑖 for 𝑐1, we get 𝑐1(𝐸) = ∑𝑖 𝛼𝑖.
Note that the dimension of Λ𝑟𝐸 is (𝑟

𝑟) = 1, and give the basis as 𝑒1 ∧...∧𝑒𝑟. We
map this to the element 𝑒1 ⊗ ... ⊗ 𝑒𝑟 By the splitting principle, we can think of this
as an element of line bundles 𝐿1 ⊗ ... ⊗ 𝐿𝑟, giving us 𝑐(∧𝑟𝐸) = (1 + 𝛼1 + ... + 𝛼𝑟).
Taking the single-power terms to get 𝑐1, we have 𝑐1(∧𝑟𝐸) = ∑𝑖 𝛼𝑖 = 𝑐1(𝐸).

Question 14.2. Check

dim𝑀0,𝑛(ℙ𝑁 , 𝑑) = 𝑁𝑑 + 𝑁 + 𝑑 + 𝑛 − 3

for the dimension of 𝑀0,𝑛(ℙ𝑁 , 𝑑).

Proof. The space 𝑀0,𝑛(ℙ𝑁 , 𝑑) is the set of isomorphism classes of maps 𝑓 ∶
(𝐶, 𝑝1, ..., 𝑝𝑛) → ℙ𝑁 with 𝐶 a tree of rational curves satisfying the the properties:

1. 𝑓∗[𝐶] = 𝑑[line]

2. the 𝑝𝑖 ∈ 𝐶 are distinct from each other and nodes of 𝐶

3. If 𝑓𝑖 = 𝑓|𝐶𝑖 is constant, then the component 𝐶𝑖 ∈ 𝐶 is required to have at
least three special points (nodes or 𝑝𝑖).

To consider the space of isomorphism classes, we must subtract the dimension
of the space of automorphisms ℙ1 → ℙ1. These automorphisms are of the form

(𝑥0, 𝑥1) ↦ (𝑎0𝑥0 + 𝑎1𝑥1, 𝑏0𝑥0 + 𝑏1𝑥2)

i.e. are indexed by (𝑎0, 𝑎1, 𝑏0, 𝑏1). Automorphisms without special points are
therefore in one-to-one correspondence with points in ℙ3, a 3-dimensional space.

The dimension of the space of degree 𝑑 maps from a single component 𝐶 ≅
ℙ1 to ℙ𝑁 is found the same way: A degree 𝑑 map from 𝑝1 to 𝑝𝑁 has 𝑁 + 1
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maps, one for each coordinate of ℙ𝑁 . These maps are homogeneous degree 𝑑
polynomials in two variables, which are indexed by 𝑑 + 1 coefficients each. Thus
a map from ℙ1 to ℙ𝑁 is indexed by (𝑁 + 1)(𝑑 + 1) coefficients, which are in
one-to-one correspondence with ℙ𝑁𝑑+𝑑+𝑁+1−1. So the dimension of the space of
isomorphism classes of maps ℙ1 → ℙ𝑁 with 𝑛 marked points is given by

𝑁𝑑 + 𝑑 + 𝑁 − 3 + 𝑛
This is the dimension in the case where 𝐶 is a single component.
Suppose instead that 𝐶 has a node, i.e. has two components, with the mapping

to ℙ𝑁 having degrees 𝑑1, 𝑑2, respectively, with 𝑑1 + 𝑑2 = 𝑑. Then, summing the
contributions of both components, gives 𝑁𝑑 + 𝑑 + 2𝑁 − 2 ∗ (3) + 𝑛 + 1, where the
extra +1 dimension comes from counting the node in common between the two
components. Imposing the condition that the image of the node in ℙ𝑁 matches
under both images of the components introduces one further dimension constraint
per coordinate:

𝑎0𝑦𝑑1
0 + 𝑎1𝑦𝑑1−1

0 𝑦1 + ... + 𝑎𝑑1𝑦𝑑1
1 ,

𝑏0𝑦𝑑2
0 + 𝑏1𝑦𝑑2−1

0 𝑦1 + ... + 𝑏𝑑2𝑦𝑑2
1 = anything

⇒ 𝑎0𝑦𝑑1
0 + 𝑎1𝑦𝑑1−1

0 𝑦1 + ... + 𝑎𝑑1𝑦𝑑1
1 = 𝑏0𝑦𝑑2

0 + 𝑏1𝑦𝑑2−1
0 𝑦1 + ... + 𝑏𝑑2𝑦𝑑2

1

Imposing this constraint thus introduces 𝑁 dimension reductions, and the dimen-
sion of the moduli space for a two-component tree is 𝑁𝑑 + 𝑑 + 𝑁 − 5 + 𝑛.
This reduces the dimension from that of the case where 𝐶 is single-component.
Thus cases of trees with nonzero nodes are lower-dimensional subspaces of an
(𝑁𝑑 + 𝑑 + 𝑁 − 3 + 𝑛)−dimensional space.

Therefore, dim𝑀0,𝑛(ℙ𝑁 , 𝑑) = 𝑁𝑑 + 𝑁 + 𝑑 + 𝑛 − 3.

Question 14.3. Show that the virtual dimension formula

𝐷 = ⟨𝑐1(𝑇 𝑋), 𝛽⟩ + dim𝑋 − 3 + 𝑛

follows from the dimension formula dim𝑀0,𝑛(ℙ𝑁 , 𝑑) = 𝑁𝑑 + 𝑁 + 𝑑 + 𝑛 − 3 for
ℙ𝑁 .

Proof. Since the dimension formula gives the dimension of the space of degree 𝑑
maps 𝑓 ∶ ℙ1 → ℙ𝑁 minus the dimension of automorphisms, plus the dimension
for each given point. It remains to find the dimension of the space of degree 𝑑
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maps 𝑓 ∶ ℙ1 → ℙ𝑁 . This is asserted without proof in the book as ⟨𝑐1(𝑇 ℙ𝑁 ), 𝛽⟩,
so I assume this problem is asking to prove that this is the dimension we seek.

Inℙ𝑁 , 𝛽 is given by 𝑑[line], where [line] is the homology class of a 1-dimensional
subspace of ℙ𝑁 , i.e. hyperplane. If 𝐻 ∈ 𝐻2(ℙ𝑁 ) is the cohomology class of a
generic hyperplane, we have ∫[line] 𝐻 = 1, since the integral counts the intersec-
tion points of a generic hyperplane with another generic hyperplane.

Recall from Chapter 8 that 𝑐1(𝑇 ℙ𝑁 ) = (𝑁 + 1)𝐻 , so ⟨𝑐1(𝑇 𝑋), 𝛽⟩ = (𝑁 +
1)𝑑 ∫[line] 𝐻 = (𝑁 + 1)𝑑, i.e. a degree 𝑑 curve intersects the (𝑁 + 1) twists of the
hyperplane class (𝑁 + 1)𝑑 times.

If 𝑓 ∶ ℙ1 → ℙ𝑁 defines an irreducible rational curve 𝐶 of degree 𝑑 such that
𝛽 = [𝐶], then

⟨𝑐1(𝑇 ℙ𝑁 ), 𝛽⟩ = ∫𝐶
𝑐1(𝑇 ℙ𝑁 ) = ∫ℙ1

𝑓 ∗𝑐1(𝑇 ℙ𝑁 )⟩ = ⟨𝑓 ∗𝑐1(𝑇 ℙ𝑁 ), [ℙ1]⟩

where [ℙ1] ∈ 𝐻2(ℙ1) is ℙ1’s fundamental class, and the second equality is the
pullback asserted in Chapter 12. This gives the tangent space along which 𝑓 can
vary, which is (𝑁 + 1)𝑑.

However, we are currently undercounting, because we are integrating over the
homology class [ℙ1], which encompasses more maps ruled out by homology’s
deformation-invariance. Thus we need to add the number of dimensions which
are covered by [ℙ1].

Since [ℙ1] corresponds to the class of any point [𝑥] ∈ 𝐻0(ℙ1) via Poincaré
Duality, we then examine the dimension of where a point 𝑥 is allowed to go in the
image of 𝑓 . Since this gets mapped to ℙ𝑁 , [𝑥] can range over all of ℙ𝑁 , so we
add dimℙ𝑁 = 𝑁 to our number of dimensions of the space of our 𝑓 .

Thus ⟨𝑐1(𝑇 ℙ𝑁 ), 𝛽⟩ + dimℙ𝑁 is the expected dimension of the space of maps
𝑓 ∶ ℙ1 → ℙ𝑁 . (This is the best justification I can give using only the content of
the book.)

Question 14.4. Compute all of the quantum products of pairs of elements from
the basis (1, 𝐻, 𝐻2) for the cohomology of ℙ2. Verify that the quantum product is
associative.

Proof. It’s given in the text that the cohomology of ℙ2 is spanned by the basis
(𝑇0, 𝑇1, 𝑇2) = (1, 𝐻, 𝐻2), with dual basis (𝑇 0, 𝑇 1, 𝑇 2) = (𝐻2, 𝐻, 1) respectively,
and intersection product given by ⟨𝐻𝑎, 𝐻𝑏⟩ = 𝛿𝑎,2−𝑏. 1 is the cohomology class of
ℙ2 itself, 𝐻 is the cohomology class of a hyperplane, and 𝐻2 is the cohomology
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class of a point. We also have

𝑇𝑖 ∗ 𝑇𝑗 = ∑𝑟
⟨𝑇𝑖, 𝑇𝑗 , 𝑇𝑟⟩𝑇 𝑟

By the dimension axiom, ⟨𝐻𝑎1 , 𝐻𝑎2 , 𝐻𝑎3⟩ is zero unless 𝑎1 + 𝑎2 + 𝑎3 = 3𝑑 + 2,
where 𝑑 is the degree of the image of the curve.

For 1 ∗ 1, 1 ∗ 𝐻, 1 ∗ 𝐻2, 𝐻 ∗ 1, 𝐻2 ∗ 1, 𝐻 ∗ 𝐻 , by the dimension axiom,
the only three-point functions that are not zero have two 𝐻2 arguments and one
𝐻 argument. Therefore, 𝑑 = 0 for all of pairings, and we have ⟨𝑇𝑖, 𝑇𝑗 , 𝑇𝑟⟩ =
∫𝑀0,3(ℙ2,0)[𝑒𝑣∗

1(𝑇𝑖)𝑒𝑣∗
2(𝑇𝑗)𝑒𝑣∗

3(𝑇𝑟)]. 𝑀0,3(ℙ2, 0) is just the space of constant maps
from (𝐶, 𝑝1, 𝑝2, 𝑝3) to ℙ2, which is classified by the image point in ℙ2, i.e. ℙ2

itself. The integrand, as we know from the text, in this case is just

[{𝑓 ∶ (𝐶, 𝑝1, 𝑝2, 𝑝3) → ℙ2|𝑓 (𝑝𝑖) ∈ 𝑇𝑖}]

Since the 𝑓 s are constant, all 𝑝𝑖 must map to a single point, so this cohomology
element is simply given by [𝑇𝑖 ∩ 𝑇𝑗 ∩ 𝑇𝑟]. Thus the quantum product for these
pairings is given by

∫ℙ2
𝑇𝑖 ⋅ 𝑇𝑗 ⋅ 𝑇𝑟

We now compute the quantum products:

• 1 ∗ 1: As argued above, this is given by (∫ℙ2 1 ⋅ 1 ⋅ 1)𝐻2 + (∫ℙ2 1 ⋅ 1 ⋅ 𝐻)𝐻 +
(∫ℙ2 1 ⋅ 1 ⋅ 𝐻2)1, which, when written in terms of cohomology pairing, is
⟨1, 1⟩𝐻2 + ⟨𝐻, 1⟩𝐻 + ⟨𝐻2, 1⟩1. Applying the pairing rule for ℙ2 above,
only the ⟨𝐻2, 1⟩1 = 1 term remains. Thus 1 ∗ 1 = 1.

• 1 ∗ 𝐻 : In the same way as above, this pairing is given by

(∫ℙ2
1 ⋅ 𝐻 ⋅ 1) 𝐻2 + (∫ℙ2

1 ⋅ 𝐻 ⋅ 𝐻) 𝐻 + (∫ℙ2
1 ⋅ 𝐻 ⋅ 𝐻2

) 1

= ⟨𝐻, 1⟩𝐻2 + ⟨𝐻2, 1⟩𝐻 + ⟨1, 1⟩1
= 𝐻

Thus 1 ∗ 𝐻 = 𝐻 .
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• 1 ∗ 𝐻2:

(∫ℙ2
1 ⋅ 𝐻2 ⋅ 1) 𝐻2 + (∫ℙ2

1 ⋅ 𝐻2 ⋅ 𝐻) 𝐻 + (∫ℙ2
1 ⋅ 𝐻2 ⋅ 𝐻2

) 1

= ⟨𝐻2, 1⟩𝐻2 + ⟨1, 1⟩𝐻 + ⟨𝐻, 1⟩1
= 𝐻2

Thus 1 ∗ 𝐻2 = 𝐻2.

• 𝐻 ∗1, 𝐻2∗1: Note that, due to commutativity of the intersection pairing, the
quantum product, at least in these cases, is commutative as well, so 𝐻 ∗ 1 =
𝐻 and 𝐻2 ∗ 1 = 𝐻2.

• 𝐻 ∗ 𝐻 :

(∫ℙ2
𝐻 ⋅ 𝐻 ⋅ 1) 𝐻2 + (∫ℙ2

𝐻 ⋅ 𝐻 ⋅ 𝐻) 𝐻 + (∫ℙ2
𝐻 ⋅ 𝐻 ⋅ 𝐻2

) 1

= ⟨𝐻2, 1⟩𝐻2 + ⟨1, 1⟩𝐻 + ⟨𝐻, 1⟩1
= 𝐻2

Thus 𝐻 ∗ 𝐻 = 𝐻2.

• 𝐻2 ∗ 𝐻 : by the dimension axiom, if 𝑑 = 1 there can be nonzero terms in
the sum, so the quantum product is given by

⟨𝐻2, 𝐻, 1⟩0𝐻2 + ⟨𝐻2, 𝐻, 𝐻⟩0𝐻 + ⟨𝐻2, 𝐻, 𝐻2⟩1𝑞1 =
⟨𝐻3, 1⟩𝐻2 + ⟨𝐻4, 1⟩𝐻 + ⟨𝐻2, 𝐻, 𝐻2⟩1𝑞1 =

⟨1, 1⟩𝐻2 + ⟨𝐻, 1⟩𝐻 + ⟨𝐻2, 𝐻, 𝐻2⟩1𝑞1 =
⟨𝐻2, 𝐻, 𝐻2⟩1𝑞1

From problem 8 in the previous chapter, we know that ⟨𝐻2, 𝐻, 𝐻2⟩1 = 1,
since intersection is commutative. Thus 𝐻2 ∗ 𝐻 = 𝑞.

• 𝐻 ∗ 𝐻2: Due to commutativity in the zero-degree correlation functions and
intersection in the one-degree correlation function, 𝐻 ∗ 𝐻2 = 𝑞.

• 𝐻2 ∗ 𝐻2 is computed in the book as 𝑞𝐻 .

Thus our multiplication table is
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1 𝐻 𝐻2

1 1 𝐻 𝐻2

𝐻 𝐻 𝐻2 𝑞
𝐻2 𝐻2 𝑞 𝑞𝐻

For associativity, we note that the group cohomology without 𝑞 factors is just reg-
ular group multiplication, which is associative by axiom. Furthermore, we have

𝐻2 ∗ (𝐻 ∗ 𝐻) = 𝐻2 ∗ 𝐻2 = 𝑞𝐻
(𝐻2 ∗ 𝐻) ∗ 𝐻 = 𝑞 ∗ 𝐻 = 𝑞𝐻,

𝐻2 ∗ (𝐻2 ∗ 𝐻) = 𝐻2 ∗ 𝑞 = 𝑞𝐻2

(𝐻2 ∗ 𝐻2) ∗ 𝐻 = 𝑞𝐻 ∗ 𝐻 = 𝑞𝐻2

Because the pairing, as established before, is abelian, the quantum pairing is asso-
ciative.

Question 14.5. Verify the Gromov-Witten potential for ℙ1.

Proof. Pick the basis (𝑇0, 𝑇1) = (1, 𝐻) of the cohomology 𝐻∗(ℙ1), with 𝐻 de-
noting the hyperplane class (the cohomology class of a point). From the previous
problem, ⟨𝐻, 1, 1⟩ = ∫ℙ1 𝐻 = 1 is the only nonzero degree-zero Gromov-Witten
invariant.

For higher-degree Gromov-Witten invariants, the dimension axiom gives 𝐷 =
2𝑑 + 𝑛 − 2. By the dimension axiom, for an 𝑛−point correlation function, we must
have ∑𝑖 𝑛𝑖 = 2𝑑 − 2 + 𝑛. Since all 𝑛𝑖 < 2, the only degree that works is 𝑑 = 1 and
each cohomology class must be 𝐻 .

Since each 𝐻 represents the cohomology of a point, we’ll label each of the 𝑛
𝐻s by distinct points 𝑞𝑖. The only degree 1 stable map 𝑓 ∶ (𝐶, 𝑝1, ..., 𝑝𝑛) → ℙ1

with 𝑓(𝑝𝑖) = 𝑞𝑖 for each 𝑖 is the isomorphism 𝐶 → ℙ1, and we must set 𝑝𝑖 to
𝑓 −1(𝑞𝑖). This is the only stable map. It’s given in the text that

𝑒𝑣∗
1(𝜔1)...𝑒𝑣∗

𝑛(𝜔𝑛) = [{𝑓 ∶ (𝐶, 𝑝1, ..., 𝑝𝑛) → 𝑋|𝑓(𝑝𝑖) ∈ 𝐻, 𝑖 = 1, ..., 𝑛}]

Since, 𝐻 is the cohomology class of a point in ℙ1, this is just the class of maps
with 𝑓(𝑝𝑖) = 𝑞𝑖 for all 𝑖, which is our single stable map. Thus ⟨𝐻, ..., 𝐻⟩1 = 1.

Therefore, for an element 𝛾 = 𝑡0 + 𝐻𝑡1 ∈ 𝐻∗(ℙ1), we have ⟨𝑡0 + 𝑡1𝐻, 𝑡0 +
𝑡1𝐻, 𝑡0 + 𝑡1𝐻⟩0 = 6𝑡1𝑡2

0⟨𝐻, 1, 1⟩0 = 3𝑡1𝑡2
0 and 𝑛−point correlation functions ⟨𝑡0 +

𝑡1𝐻, ..., 𝑡0 + 𝑡1𝐻⟩1 = 𝑡𝑛
1⟨𝐻, ..., 𝐻⟩1 = 𝑡𝑛

1 by linearity of integrals.

86



Φ(𝛾) = 1
𝑛! ∑

𝑛≥3
∑

𝛽
⟨𝛾, ..., 𝛾⟩𝛽𝑞𝛽

= 1
2𝑡1𝑡2

0 + ∑
𝑛>3

𝑡𝑛
1

𝑛!𝑞

Question 14.6. Verify the form of the Gromov-Witten potential for ℙ2.

Proof. With (1, 𝐻, 𝐻2) our cohomology basis of ℙ2, we first compute the zero-
degree Gromov-Witten invariants. As we computed a problem ago, we have

⟨𝐻2, 1, 1⟩0 = ∫ℙ2
𝐻2 ⋅ 1 ⋅ 1

which is just the integral of a point over all of ℙ2, which gives 1. Similarly, the
⟨𝐻, 𝐻, 1⟩0 gives the integral of the intersection of two hyperplanes, i.e. a point of
ℙ2, over ℙ2, which again is 1. Thus the powers of 𝐻 in the three-point correlation
functions must add to 2 mod 3 to give the cohomology class of a point, and thus a
nonzero integral. These, up to permutation, are the only correlation functions that
do this.

For nonzero 𝑑, the virtual dimension of 𝑀0,𝑛(ℙ2, 𝑑) is 3𝑑 − 1 + 𝑛. We seek to
find

⟨𝜔1, ..., 𝜔𝑛⟩𝑑 = ∫𝑀0,𝑛(ℙ2,𝑑)
𝑒𝑣∗

1(𝜔1)...𝑒𝑣∗
𝑛(𝜔𝑛)

If any of the 𝜔𝑖 are equal to 1 = [ℙ2], then the 𝑖𝑡ℎ point can go anywhere in
ℙ2. Thus our moduli space becomes 𝑀0,𝑛−1(ℙ2, 𝑑), and decreases a dimension.
However, 𝑒𝑣∗

𝑖 (1) = [𝑒𝑣−1
𝑖 (ℙ2)]. Since the 𝑖𝑡ℎ marked point can range over all of

ℙ2, the inverse of 𝑒𝑣𝑖 is the entirety of 𝑀0,𝑛(ℙ2, 𝑑). Thus 𝑒𝑣∗
𝑖 (1) = [𝑀0,𝑛(ℙ2, 𝑑)],

so the integrand doesn’t reduce the dimension. Thus the integral is 0 if one of the
𝜔𝑖 = 1.

As detailed in the text, define 𝐾𝑑 = ⟨𝐻2, ..., 𝐻2⟩𝑑 as the number of rational
curves in ℙ2 of degree 𝑑 passing through 3𝑑 − 1 general points. The virtual di-
mension of 𝑀0,𝑛(ℙ2, 𝑑) is 3𝑑 + 𝑛 − 1. If there are 𝑐 copies of 𝐻2 in our 𝑛−point
correlation function, then there are 𝑛 − 𝑐 copies of 𝐻 as well. Then the dimension
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axiom gives 2𝑐 + 𝑛 − 𝑐 = 3𝑑 + 𝑛 − 1, so there must be 𝑐 = 3𝑑 − 1 copies of 𝐻2

in our 𝑛−point correlation function:

⟨𝐻2, ..., 𝐻2⏟⏟⏟⏟⏟⏟⏟
3𝑑−1

, 𝐻, ..., 𝐻⟩𝑑

Each of the 𝐻2 are represented by 𝑞1, ..., 𝑞3𝑑−1 points, distinct because they are in
general position. Each of the 𝑛−3𝑑+1 copies of 𝐻 are lines 𝐿𝑖 in general position.
For a degree 𝑑 stable map 𝑓 ∶ (𝐶, 𝑝1, ..., 𝑝𝑛) → ℙ2, the first 3𝑑 − 1 marked points
must map to the 𝑞𝑖. Then 𝑓 must map 𝐶 to one of the 𝐾𝑑 rational curves of degree
𝑑 which pass through the points 𝑞𝑖. Proceeding as in the text, fix one of these 𝐾𝑑
rational curves and call it 𝐷. The last 𝑛 − 3𝑑 + 1 marked points must map to their
respective lines 𝐿𝑖, but they must also be contained in 𝐷. By Bézout’s Theorem,
each 𝐿𝑖 ∩ 𝐷 consists of 𝑑 points. If we choose the corresponding 𝑝𝑖 to be the
preimage of one of these 𝑑 points under 𝑓 , we have

⟨𝐻2, ..., 𝐻2, 𝐻, ..., 𝐻⟩𝑑 = 𝑑𝑛−3𝑑+1𝐾𝑑

Putting all of these correlation functions together, we have, for 𝛾 = 𝑡0 + 𝑡1𝐻 +
𝑡2𝐻2 ∈ 𝐻∗(ℙ2),

⟨𝛾, 𝛾, 𝛾⟩0 = 𝑡2𝑡2
0 (⟨𝐻2, 1, 1⟩0 + ⟨1, 𝐻2, 1⟩0 + ⟨1, 1, 𝐻2⟩0)

+ 𝑡2
1𝑡0 (⟨𝐻, 𝐻, 1⟩0 + ⟨𝐻, 1, 𝐻⟩0 + ⟨1, 𝐻, 𝐻⟩0)

= 3 (𝑡2𝑡2
0 + 𝑡2

1𝑡0) ,

⟨𝛾, ..., 𝛾⏟
𝑛

⟩𝑑 = 𝑡𝑛−3𝑑+1
1 𝑡3𝑑−1

2 (
𝑛

3𝑑 − 1)⟨𝐻2, ..., 𝐻2⏟⏟⏟⏟⏟⏟⏟
3𝑑−1

, 𝐻, ..., 𝐻⟩𝑑

= 𝑡𝑛−3𝑑+1
1 𝑡3𝑑−1

2 (
𝑛

3𝑑 − 1)𝑑𝑛−3𝑑+1𝐾𝑑

since there are ( 𝑛
3𝑑−1)ways to arrange 3𝑑−1 copies of𝐻2 in an 𝑛−point correlation

function. Plugging this into our Gromov-Witten potential, we get

Φ(𝛾) = 1
2𝑡2

0𝑡2 + 1
2𝑡0𝑡2

1 + ∑
𝑑

𝑡3𝑑−1
2 ∑

𝑛>3𝑑−1

1
𝑛!(𝑑𝑡1)𝑛−3𝑑+1 𝑛!

(3𝑑 − 1)!(𝑛 − 3𝑑 + 1)!𝐾𝑑𝑞𝑑

= 1
2𝑡2

0𝑡2 + 1
2𝑡0𝑡2

1 + ∑
𝑑

𝑡3𝑑−1
2 ∑

𝑛>3𝑑−1
(𝑑𝑡1)𝑛−3𝑑+1 1

(3𝑑 − 1)!(𝑛 − 3𝑑 + 1)!𝐾𝑑𝑞𝑑
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Relabeling our second sum 𝑛 − 3𝑑 + 1 → 𝑛′, we have

Φ(𝛾) = 1
2𝑡2

0𝑡2 + 1
2𝑡0𝑡2

1 + ∑
𝑑

𝑡3𝑑−1
2 ∑

𝑛>3𝑑−1

1
𝑛!(𝑑𝑡1)𝑛−3𝑑+1 𝑛!

(3𝑑 − 1)!(𝑛 − 3𝑑 + 1)!𝐾𝑑𝑞𝑑

= 1
2𝑡2

0𝑡2 + 1
2𝑡0𝑡2

1 + ∑
𝑑

𝑡3𝑑−1
2

1
(3𝑑 − 1)!𝐾𝑑𝑞𝑑

∑
𝑛′

(𝑑𝑡1)𝑛′ 1
𝑛′!

= 1
2𝑡2

0𝑡2 + 1
2𝑡0𝑡2

1 + ∑
𝑑

𝐾𝑑
𝑡3𝑑−1
2

(3𝑑 − 1)!𝑒𝑑𝑡1𝑞𝑑
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